Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



) f f , * ^ ' i '3 



)14 138 



RVARD COLLEGE 
LIBRARY 



7 m 



THE ESSEX INSTITUTE 
TEXT-BOOK COLLECTION 



GIFT OF 
GEORGE ARTHUR PLIMPTON 

OF NEW YORK 

lAHUART 25. 1924 




ELEMENTS 



or 



PUNE AND SOLID GEOMETRY. 



BT 



G. A. WENTWOETH, A. M., 

FBOFE880B OF MATHXlfATICS IN PHILLIPS SXXTBB ACADXMT. 



BOSTON: 

PUBLISHED BY GINN, HEATH, & CO. 

1882. 







1 



HARVARD COLLEGE LIBRARY 

GIFT Or 

GEORGE ARTHUR PLIMPTON 

JANUARY 5, 1924 



COPTBIOHT, 1877. 

By GINN and HEATH. 



J. S. Gushing, 

Superintendent of Printing, 

loi Pearl St., Boston. 



PREFACE. 



Most persons do not possess, and do not easily acquire, the 
power of abstraction requisite for apprehending the Greometri- 
cal conceptions, and for keeping in mind the successive steps 
of a continuous argument. Hence, with a very large proportion 
of beginners in Geometry, it depends mainly upon the form, in 
which the subject is presented whether they pursue the study 
with indifference, not to say aversion, or with increasing interest 
and pleasure. 

In compiling the present treatise, this fact h£ls been kept con- 
stantly in view. All unnecessary discussions and scholia have 
been avoided; and such methods have been adopted as experi- 
ence and attentive observation, combined with repeated trials, 
have shown to be most readily comprehended. No attempt has 
been made to render more inteUigible the simple notions of 
position, magnitude, and direction, which every chUd derives 
from observation ; but it is believed that these notions have 
been limited and defined with mathematical precision. 

A few symbols, which stand for wqrds and not for operations, 
have been used, but these are of so great utility in giving style 
and perspicuity to the demonstrations that no apology seems 
necessary for their introduction. 

Great pains have been taken to make the page attractive. 
The figures are large and distinct, and are placed in the middle 
of the page, so that they fall directly under the eye in imme- 
diate connection with the corresponding text. The given lines 
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of the figures are fuU lines, the lines employed as aids in the 
demonstrations are short-dotted, and the resulting lines are long- 
dotted. 

In each proposition a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. The reason for each step 
is indicated in small type between that step and the one' follow- 
ing, thus preventing the necessity of interrupting the process of 
the argument by referring to a previous section. The number 
of the section, however, on which the reason depends is placed 
at the side of the page. The constituent parts of the propo- 
sitions are carefully marked. Moreover^ each distinct assertion in 
the demonstratioTiSy and each particular 'direction in the construc- 
tions of the figures^ begins a new line ; and in no case is it neces- 
sary to turn the page in reading a demonstration^ 

This arrangement presents obvious advantages. The pupil 
perceives at on(5e what is given and what is required, readily 
refers to the figure at every step, becomes perfectly familiar with 
the language of Greometry, acquires facility in simple and accu- 
rate expression, rapidly learns to reason, and lays a foundation 
for the complete establishing of the science. 

A few propositions have been given that might properly be 
considered as corollaries. The reason for this is the great diffi- 
culty of convincing the average student that any importance 
should be attached to a corollary. Original exercises, however, 
have been given, not too numerous or too difficult to discourage 
the beginner, but well adapted to afford an effectual test of the 
degree in which he is mastering the subjects of his reading. 
Some of these exercises have been 'placed in the early part of 
the work in order that the student may discover, at the outset, 
that to commit to memory a number of theorems and to repro- 
duce them in an examination is a useless and pernicious labor ; 
but to learn their uses and applications, and to acquire a readi- 
ness in exem^ifying their utility, is to derive the full benefit 
of that mathematical training which looks not so much to the 
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attainment of information as to the discipline of the mental fao- 
tdties. 

It only remains to express my sense of obligation to Dr. 
I). F. Wells for valuable assistance, and to the University 
Press for the elegance with which the book has been printed ; 
and also to give assurance that any suggestions relating to the 
work will be thankfully received. 

G. A. WENTWORTH. 

Phillips Exetek Academy, 
January, 1878. 



NOTE TO 'THIRD EDITION. 

In this edition I have endeavored to present a more rigor- 
ous, but not less simple, treatment of Parallels, Ratio, and 
Limits. The changes are not sufficient to prevent the simulta- 
neous use of the old and new editions in the class ; *still they are 
very important, and have been made after the most careful and 
prolonged consideration. 

I have to express my thanks for valuable suggestions received 
from many correspondents ; and a special acknowledgment is due 
from me to Professor C. H. Judson, of Furman University, 
Greenville, South Carolina, to whom I am indebted for assist- 
ance in effecting many improvements in this edition. 

TO THS TSACHEB. 

•When the pupil is reading each Book for the first time, it will be 
well to let him write his proofs on the blackboard in his own lan- 
guage ; care being taken that his language be the simplest possible, 
that the arrangement of work be vertical (without side work), and 
that the figures be accurately constructed. 

This method will furnish a valuable exercise as a language lesson, 
will cultivate the habit of neat and orderly arrangement of work, 
and will allow a brief interval for deliberating on each step. 

After a Book has been read in this way the pupd should review 
the Book, and should be required to draw the figures free-hand. He 
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should state and prove the propositions orally, using a pointer to 
indicate on the figure every line and angle named. He should be 
encouraged, in reviewing each Book, lb do the original exercises ; to 
state the converse of propositions ; to determine from the statement, 
if possible, whether the converse be true or false, and if the converse 
be true to demonstrate it ; and also to give well-considered answers 
to questions which may be asked him on many propositions. 

The Teacher is strongly advised to illustrate, geometrically and 
arithmetically, the principles of limits. Thus a rectangle with a 
constant base 6, and a variable altitude x, will afford an obvious 
illustration of the axiomatic truth contained in [4J, page 88. If x 
increase and approach the altitude a as a limit, the area of the rec- 
tangle increases and approaches the area of the rectangle a 6 as a 
.limit ; if, however, x decrease and approach zero as a limit, the area 
of the rectangle decreases and approaches zero for a limit. An arith- 
metical illustration of this truth would be given by multiplying a 
constant into the approximate values of any repetend. If^ for exam- 
ple, we take the constant 60 and the repetend .3333, etc., the approxi- 
mate values of the repetend will be ^, ^^, -f^f^, AWo> ®*'^-> *^^ 
these values multiplied by 60 give the series 18, 19.8, 19.98, 19.998, 
etc., which evidently approach 20 as a limit ; but the product of 60 
into ^ (the limit of the repetend .333, etc.) is also 20. 

Again, if we multiply 60 into the different values of the decreasing 
series, ^, ^, y^, ^dinf^ e^-» which approaches zero as a limit, 
we shall get the decreasing series, 2, ^, •^, y}^, etc. ; and this series 
evidently approaches zero as a limit. 

In this way the pupil may easily be led to a complete comprehen- 
sion of the whole subject of limits. 

The Teacher is likewise advised to give frequent written examiua- 
tions. These should not be too difficult, and sufficient time should 
be allowed for accurately constructing the figures, for choosing the 
best language, and for determining the best arrangement 

The time necessary for the reading of examination-books will be 
diminished by more than one-half, if the use of the symbols employed 
in this book be permitted. 

G.A.W. 

Phillips Exeter Acadismy, 
January, 1879. 
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BOOK L 

bectilineait figuses. 

Intboddotobt Rbuares. 

A BocoH block of marble, under the etono-catter's hammer, 
may be made to aasome regularity of farm. 

If a block be cut in the shape repr*- 
aented in this diagram, 

It will have six fiat fates. 

Each face of the block is called a Sur- 
face. 

If these surfaces be made smooth by pol- 
ishing, so that, when a straight-edge is applied to any one of 
them, the etraight-edge in every part will touch the snr&ce, the 
surfaces are called Plaiie Surfaces. 

The sharp edge in which any two of these surfaces meet is 
called a Line. 

The place at which any three of these lines meet is called a 
Point. 

If now the block be removed, we may think of the plaxre 
occupied by the block as being of precisely the same shape and 
size as the block itself; also, as having lurfaees or boundaries 
which separate it fixtm surrounding epace. We may likewise 
think of these surfaces as having lines for their boundaries or 
limits ; and of these lines as having points for their extremities 
Qi limits. 

A Solid, aa the term ia used in Geometry, is a limited por- 
tion of space. 

After we acquire a clear notion of surfaces as boundaries of 
solids, we can easily conceive of surfaces apart from solids, and 
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suppose them of unlimited extent. Likewise we can conceive of 
lines apart from surfaces, and suppose them of unlimited length; 
of points apart from lines a& having poititicm^ but no extent, 

Definitionb. 

1. Def. Space or Extension has thiee Dtmennons, called 
Lengthy Breadth, and Thickness, 

2. Def. A Point has position without extension. 

3. Dep. a Line has only one of the dimensions of exten- 
sion, namely, length. 

The lines which we draw are only imperfect representations 
of the true lines of Geometry. 

A line may be conceived as traced or generated by a point in 
motion. 

4. Def. A Surf ace has only two of the dimensions of ex- 
tension, length and breadth, 

A surface may be conceived as generated by a line in motion. 

5. Def. A Solid has the three dimensions of extension, 
lengthy breadth, and thickness^ Hence a solid extends in all direc- 
tions. 

A solid may be conceived as generated by a surface in motion. 

Thus, in the diagram, let the upright B 

surface A BC D move to the right to ^ 
the position E F H K, The points 
A, By Cy and D will generate the lines • 
AEyBFyCK,Q,nd£>ff respectively. O 
And the lines AB, B Dy DC, and A C will generate the sur- 
faces A Fy BHy LKy Bud A K respectively. And the surface^ 
ABC D will generate the solid A H. 

The relative situation of the two points A and H involves 
threcy and only three, independent elements. To pass from A to H 
it is necessary to move East (if we suppose the direction ii ^ to 
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be due East) a distance equal to A E, North a distance equal to 
£F, and down a distance equal to F H. 

These thiee dimensions we designate for convenience length, 
breadth, and thickness. 

6. The limits (extremities) of lines are points. 
The limits (boundaries) of surfaces are lines. 
The limits (boundaries) of solids are surfaces. 

7. D£F. Extension is also called Magnitude, 

When reference is had to extetU^ lines, surfaces, and solids are 
called rriagnitudei. 

8. Dep. a Straight line is a line which has 
the same direction throughout its whole extent. 

9. Dep. A Curved line is a line which changes 
its direction at every point. 

10. Dep. a Broken line is a series of con- 
nected straight lines. 

When the word line is used a straight line is meant; and 
when the word curve is used a curved line is meant. 

1 1. Dep. a Plane Surface^ or a Plane, is a surface in which, 
if any two points be taken, the straight line joining these points 
will lie wholly in the surface. 

12. Dep. A Curved Surface is a surface no part of which 
is plane. 

13. Figure or form depends upon thfe relative position of 
points. Thus, the figure or form of a line (straight or curved) 
depends upon the relative position of points in that line ; the 
figure or form of a surface depends upon the relative position of 
poiuts in that surface. 

When reference is had to form or shape, lines, surfaces, and 
solids are called figures. 
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14. Def. a Plane Figure is a figure, all points of which 
are in the same plane. 

15. Def. Geometry is the science which treats of position^ 
magnitvde, and form. 

Points, lines, surfaces, and solids, with their relations, are 
the geometrical conceptions, and constitute the subject-matter of 
Geometry. 

16. Plane Geometry treats of plane figures. 

Plane figures are either rectilinear, curvilinear, or mixtilinear. 

Plane figures formed by straight lines are called rectilinear 
figures ; those formed by curved lines are called curvilinear fig- 
ures ; and those formed by straight and curved lines are called 
mixtUinear figures. 

17. Def. Figures which have the same form are called 
Similar Figures, Figures which have the same extent are called 
Equivalent Figures. Figures which have the same form and 
extent are called Equal Figures. 



On Straight Lines. 

18. If the direction of a straight line and a point in the 
line be known, the position of the line is known; that is, a 
straight line is determined in position if its direction and one of 
its points be known. 

Hence, all straight lines which. pass through the same point in 
the same direction coincide. 

Between two points one, and but one, straight line can be 
drawn ; that is, a straight line is determined in position if ttoo of 
its points he knoton. 

Of all lines between two points, the shortest is the straight 
line ; and the straight line is called the distance between the 
two points. 
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The point from which a line is drawn is called its origin. 

19. If a line, oa CB, ^ ^' ^ , be produced through C, 
the portions CB and CA may be regarded as different lines 
having opposite directions from the point C. 

Hence, every straight line, as ^i ^, 6 f , has two opposite 

directions, namely from A toward B, which is expressed by say- 
ing line A B, and from B toward A, which, is expressed by 
saying line B A. 

20. If a straight line change its magnitude, it must become 
longer or shorter. Thus by prolonging ii ^ to C, ^ f ^ ^ 
A C=A B + BC; and conversely, BC^AC—AB. 

• If a line increase so that it is prolonged by its own magnitude 
several times in succession, the line is muUipliedy and the result- 
ing line is called a multiple of the given line. Thus, if A B=' 
BC=CD, etc., ^ f ^ ? ^, then AC=2AB, AD-= 
SAB, etc. 

It must also be possible to divide a given straight line into an 
assigned number of e<][ual parts. For, assumed that the nth. 
part of a given line were not attainable, then the double, triple, 
quadruple, of the nth. part would not be attainable. Among 
these multiples, however, we should reach the nth multiple of 
this nth part, that is, the line itself. Hence, the line itself would 
not be attainable ; which contradicts the hypothesis that we have 
the given line before us. 

Therefore, it is altoays possible to add, subtract, multiply, and 
divide lines of given length, 

21. Since every straight line has the property of direction, 
it must be true that two straight lines have either the same 
direction or dijferenJt. directions. 

Two straight lines which have the same direction, tmthout coin- 
ciding, can never meet ; for if they could meet, then we should 
have two straight lines passing through the same point in the 
same direction. Such lines, however, coincide. § 18 
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22. Two straight lities which lie in the same plane and have 
different directions must meet if siifficiently prolonged ; and must 
have one, and hut one, point in common. 

Conversely : Two straight lines lying in the same plane which 
do not meet have the sarne direction; for if they had different 
directions they would meet, which is contrary to the hypothesis 
that they do not meet. 

Two straight lines which meet have different directions; ioTi 
if they had the same direction they would never meet (§ 21), 
which is contrary to the hypothesis that they do meet. 



On Plane Angles. 

23. Dep. An Angle is the difference in direction of two 
lines. The point in which the lines (prolonged if necessary) 
meet is called the Vertex, and the lines are called the Sides of 
the angle. 

An angle is designated by placing a letter at its vertex, and 
one at each of its sides. In reading, we name the three let- 
ters, putting the letter at the vertex between the other two. "When 
the point is the vertex of but one angle we usually name the 
letter at the vertex only ; thus, in Fig. 1, we read the angle by 
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calling it angle A, But in Fig. 2, ff is the common vertex of 
two angles, so that if we were to say the angle IT, it would not 
be known whether we meant the angle marked 3 or that 
marked 4. We avoid all ambiguity by reading the former as 
the angle E H D, and the latter as the angle E H F, 
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The magnitude of an angle depends wholly upon the extent 
of opening of its sides, and not upon their B 

length. Thus if the sides of the angle BAC^ 
namely, A B and -4 (7, be prolonged, their 

extent of opening will not be altered, and the A^ C 

size of the angle, consequently, will not be 
changed. 

24. Def. Adjacent Angles are angles 
haying a common vertex and a common 
side between them. Thus the angles 
C D E and C I) F are adjacent angles. 



E 



D 



-F 



C 



D 




25. Def. A Right Angle is an angle included between two 
straight lines which meet each other so that the two adjacent 
angles formed by producing one of the lines 

through the vertex are equaL Thus if the 
straight line A B meet the straight line C D 
so that the adjacent angles ABC ^tA ABD 
are equal to one another, each of these an- 
gles is called a right angle. 

26. Def. Perpendicular Lines are lines 
which make a right angle with each other. 

27. Def. An Acute Angle is an angle 
less than a right angle; as the angle BAC. 

28. Def.* An Obtuse Angle is an angle 
greater than a right angle ; as the angle 
DEF. 

29. Def. Acute and obtuse angles, in 
•distinction from right angles, are called ob- 

lique angles ; and intersecting lines which are not perpendicular 
to each other are called oblique lines, 

30. Def. The Complement of an angle is 
the difference between a right angle and the 
given angle. Thus ABB is the complement 
of the angle BBC; also D B C ib the com- 
plement of the angle A B £>. 
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31. Dep. The Supplement of an angle 
is the diiference between two right angles 
and the given angle. Thus A CD is the 
supplement of the angle £>C B; also DOB 
is the supplement of the angle AG D. 

32. Def. Vertical Angles are angles 
which have the same vertex, and their 
sides extending in opposite directions. 
Thus the angles ADD and COB axe 
vertical angles, as also the angles AQC 
and BOB. 



D 




On Angular Magnitude. 




33. Let the lines B B' and A A' be in 
the same plane, and let B B' be perpen- 
dicular to -4 -4' at the point 0. 

Suppose the straight line C to move 
in this plane from coincidence with -4, 
about the point as a pivot, to the po- 
sition ; then the line describes or 
generates the angle A C. 

The amount of rotation of the line, from the position Aio 
the position (7, is the Angular Magnitude A 0. 

If the rotating line move from the position A to the po- 
sition Bf perpendicular to OA, it generates a right angle ; to 
the position A' it generates two right angles ; to the position 
OB', as indicated by the dotted line, it generates three right 
angies; and if it continue its rotation to the position Ay 
whence it started, it generates four right angles. 

Hence the whole angular magnitude about a point in a plane 
is equal to four right angles, and the angular magnitude about 
a point on one side of a straight line drawn through that point 
is equal to two right angles. 
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Fig. 1. 

34. Now since the angular magnitude about the point is 
neither mcreased nor diminished by the number of lines which 
radiate from that point, the sum of all the angles about a point 
in a plane, as AOB + BOC+COD, etc., in Fig. 1, is equal 
to four right angles ; and the sum of all the angles about a point 

m 

on one side of a straight line drawn through that point, as 
AOB + BOC+COB, etc., Fig. 2, is equal to two right 
ayigles. 

Hence two adjacent angles, OCA and C B, 
formed by two straight lines, of which one is ' ^ 

produced from the point of meeting in both di- 
rections, are supplements of each other, and may J" 
be called supplefnentari/ adjacent angles. 




C 



' On the Method op Superposition. 

35. The test of the equality of two geometrical magnitudes 
is that they coincide point for point. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide. Two angles are 
equal, if they can be so placed that their vertices coincide in 
position and their sides in direction. 

In applying this test of equality, we assume that a line may 
be moved from one place to another without altering its length ; 
that an angle may be taken up, turned over, and put down, 
without altering the difference in direction of its sides. 
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This method enables us to com- 
pare unequal magnitudes of the 
same kind. Suppose we have two 
angles, ABC and A' W &. Let 
the side B QhQ placed on the side 
B^ C, so that the vertex B shall fall on i?', then if the side B A 
fall on B'A', the angle ABC equals the angle A' Bf C \ if the 
side B A fall between B C and B' A' in the direction B' D, the 
angle ABC '\^ less than A' B' C ; but if the side B A fell in the 
direction B^B, the angle A B C is greater than A' B' C. 

This method of superposition en- ^ q 

ables us to add magnitudes of the 

same kind. Thus, if we have two c D 

straight lines AB and CD, by ^ ' ^ 

placing the point C on B, and keeping C £> in the same direc- 
tion with A B, we shall have one continuous straight line A D 
equal to the sum of the lines A B 
and CD. 

Again : if we have the 3,ngles 
ABC .dJidi D E F, by placing 
the vertex B on E and the side 
BC xn, the direction of ED, the 
angle ABC will take the position 
A ED, and the angles DEF and. 
ABC will together equal the an- 
gle A EF. 




Mathematical Terms. 

36. Dbp. a Demonstration is a course of reasoning by which 
the truth or falsity of a particular statement is logically established. 

37. Dep. a Theorem is a truth to be demonstrated. 

38. Dep. A Construction is a graphical representation of 
a geometrical conception. 

39. Dbp. A Problem is a construction to be effected, or a 
question to be inveetigated. 
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40. Def. An Axiom is a truth which is admitted without 
demonstration. 

41. Def. A Postulate is a problem which is admitted to 
be possible. 

42. Def. A Proposition is either a theorem or a problem. 

43. Def. A Corollary is a truth easily deduced from the 
proposition to which it is attached. 

44. Def. A Scholium is a remark upon some particular fea- 
ture of a proposition. 

45. Def. An Hypothesis is a supposition made in the 
enunciation of a proposition, or in the, course of a demonstration. 

46. Axioms. 

1. Things which are equal to the same thing are equal to each 

other. 

2. When equals are added to equals the sums are equal. 

3. When equals are taken from equals the remainders are equal. 

4. When equals are added to unequals the sums are unequal 

5. When equals are taken from unequals the remainders are 

unequal. 

6. Things which are double the same thing, or equal things, 

are equal to each other. 

7. Things which are halves of the same thing, or of equal 

things, are equal to each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal to all its parts taken together. 

47. Postulates. 

Let it be granted — 

1. That a straight line can be drawn from any one point to any 

other point. 

2. That a straight line can be produced to any distance, or can 

be terminated at any point. 

3. That the circumference of a circle can be described about any 

centre, at any distance from that centre. 
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48. STMfiOLS AND AbBBEVIATIONS. 



.'. therefore. 

= is (or are) equal to. 

Z angle. 

A angles. 

A triangle. 

A triangles. 

II parallel. 
O parallelogram 
[U parallelograms. 

_L perpendicular. 

Jf perpendiculars, 
rt. Z right angle. 
rt. A right angles. 

> is (or are) greater than. 

< is (or are) less than. 
rt. A right triangle, 
rt. A right triangles. 

O circle. 

(D circles. 

+ increased by. 

— diminished by. 

X multiplied by. 

-T- divided by. 



Post, postulate. 

Def. definition. 

Ax. axiom. 

Hyp. hypothesis. 

Cor. corollary. 

Q. E. D. quod erat demonstran- 
dum. 

Q. E. F. quod erat fiaciendum. 

Adj. adjacent. 

Ext.- int. exterior-interior. 

Alt. -int. alternate-interior. 

Iden. identical. 

Cons, construction. 

Sup. supplementary. 

Sup. adj. supplementary-adja- 
cent. 

Ex. exercise. 

111. illustration. 



perpendicular and oblique lines. 15 

On Perpendicular and Oblique Lines. 

Proposition I. Theorem. 

49. When one straight line crosses another straight line 
the vertical angles are equal. 




Let line P cross AB atC 

We are to prove Z OVB'^Z ACP, 

ZOCA + Z0CB==2Tt,A, § 34 

{being sup.-adj. A). 

Z0CA'{'ZACP==2rtA, § 34 

(^171^ 8up,-cedj,A), 

.\ZOCA + ZOCB==ZOCA'^ZACP. Ax. 1. 

Take away from each of these equals the common Z OC A. 
Then ZOCB = Z ACP. 

In like maimer we may prove 

ZACO = ZPCB. 

Q. E. D. 

60. Corollary. If two straight lines cut one another, the 
four angles which they make at the point of intersection are 
together equal to four right an^<^ 
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Proposition II. Theorem. 

51. When the sum of two adjacent angles is equal to two 
right angles, their exterior sides form one and the same 
straight line. 



"F 



Let the adjacent angles Z0CA-hZ0CB = 2rt. A. 
We are to prove A C and C B in the same straight line. 
Suppose (7 -^ to be in the same straight line with A C* 
Then /.0CA-\-Z00F-=2ii.A. § 34 

{being sup.-adj. A), 

But ZOCA-¥ Z0GB = 2Tt,A, Hyp. 

/.Z OCA + Z. OCF==Z OCA + Z OOB. Ax. 1. 

Take away from each of these equals the common Z G A. 

Then Z OCF=Z GB. 

.\G B and (7^ coincide, and cannot form two lines as rep- 
resented in the figure. 

,\ AC and (7 ^ are in the same straight line. 

Q. E. D. 
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"4. 



Proposition III. Theorem. 
52. A perpendicular measures the shorteai distance from 
a point to a straight line. 




Let AB be the given straight line, C the given point, 
and CO the perpendicular. 

We are to prove G ^^ o.ny other line drawn from G to A B, 
asGF, 

Produce CO to U, making OE='GO. 

.Draw EF. 
On ^ J? as an axis, fold over OG F until it comes into the 
plane oi E F. 

The line G will take the direction of E, 
(since /.COF=/.EOF, each being a rt. Z. ). 

The point G will fall upon the point E, 
{since = E by cons.). 
.\UneGF=^lmeFE, 
(having their extremities in the same poinds). 

.'.GF-^ FE=^GF, 
G0+ 0E=2 GO. 

G0+ OE<GF-\- FE, 

(a straight line is the sTiortest distance between two points). 
Suhstitute 2GOioTGO+ OE, 

and 2 GF £ot G F + FE; then we have 

2 G0<2GF. 

.\GO<GF. 

Q. E. D 



§ 18 



and 
But 



Cons. 
§ 18 
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Proposition IV. Theorem. 

53. Two oblique lines drawn from a point in a perpen- 
dicular , cutting off equal distances from the foot of the per- 
pendicular y are equal. 




Let F C be the perpendicular, and C A and C two 
oblique lines cutting off equal distances from F. 



We are to prove C A = C 0. 

Fold over C F A^ on CF as an axis, until it comes into the 
plane ofCFO, 

FA will take the direction of FO, 
{smce Z. OF A — Z.C FO^ each being a rt. Z. ), 

Point A will fall upon point 0, 
iFA = FO, by hyp.). 



.*. line CA = line CO, 
{their extremities being the mine points). 



§ 18 



Q. E. D. 
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Proposition V. Theorem. 

54. The sum of two lines drawn from a point to the eX" 
tremities of a straight line is greater than the sum of two 
other lines similarly drawn^ but included by them. 




Let C A and C B be two lines drawn from the point 
to the extremities of the straight line A B, Let A 
and OB be two lines similarly drawn, but included 
byCAandCB, 

We are to 'prove C A -^ C B> A -\- B. 

Produce AO io meet the line C B dX E, 

Then AC + C E> AO + E, §18 

(a straight line is the shortest distance between two points), 

and BE+OE>BO. §18 

Add these inequalities, and we have 
CA + CE'{-BE+OE>OA + OE+OB. 
Suhstitute for C^ + J5^ its equal C B, 

and take away E from each side of the inequality. 
We have CA + CB>OA + OB, 

Q. E. D. 
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Pboposition VI. Theorem. 

55. Of two oblique lines drawn from the same point in a 
perpendicular, cutting off unequal distances from the foot of 
the perpendicular y the more remote is the greater. 

C 




Let C F be perpendicular to A B, and G K and OH two 
oblique lines cutting off unequal distances from F. 

We are to prove C H> K. 

Produce CF to E, making FE = F. 
Dmw EKmdEE. 

Cff=HE,a,JidCK=KE, §53 

(tioo obliqtie lines dravm fr<ym the same point in a ±, cutting off equal dis- 
tances from the foot of the JL, are equal). 

But GH^- HE>CK-V KEy §54 

{The swm of two oblique lines dravm from a point to the extremUies of a 
straight line is greater than the sum of two oOier lines similarly ^Jh^aum, 
but included by them); 

.\2GH>2CK', 

.\CH>CK. 

Q. E. D. 

66. Corollary. Only two equal strnght lines can be drawn 
from a point to a- straight line ; and of two unequal lines, the 
greater cuts off the greater distance from the foot of the perpen- 
dicular. 
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Proposition VII. Theorem. 

57. .Two equal oblique lines, drawn from the same point 
in a perpendicular^ cut off equal distances from the foot of 
the perpendicular. 




Let F be the perpendicular, and C E and C K he two 
equal oblique lines drawn from the point C, 

We are to prove FE= FK. 

Fold over C FA on C i^ as an axis, until it comes into the 
plane of CJ^^. 

The line FE will take the direction FK, 
{A CFE= A CFKy each being a H, Z). 

Then the point E must fall upon the point K ; 

otherwise one of these oblique lines must be more remote from 

the J., 

and .*. greater than the other; which is contrary to the 

hypothesis. . § 55 

.'.FE^'FK. 

Q. E. D. 
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Proposition VIIL Theorem. 

58. If dt the middle point of a straight line a perpen- 
dicular he erected, 

I. Any point in the perpendicular w at equal distances 
from the extremities of the straight line, 

n. Any point without the perpendicular is at unequal 
distances from the extremities of the straight line. 




Let P R be a perpendicular erected at the middle oi 
the straight line AB, any point in FE, and C any 
point without FE, 



I. 



We are to prove 
Since 



Draw A and OB. 
OA=^OB, 
FA=-FB, 



OA=^OB, §53 

{two oblique lines drawn from the same point in a 1^ eiUting off equal dia* 

tances/rom the foot of the JL, are equal). 



IL 



Draw CA and C B. 



We are to prove C A and C B unequal. 

One of these lines, as CA, will intersect the -L. 
From D, the point of intersection, draw D B. 
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DB^DAy §53 

(iwc obliqtit lines dravm from the mme point in a ±, cutting off equal dis- 
tances from the foot of t?ie 1^ are equal). 

CBKCD + DB, §.18 

(a straight line is the shortest distant between two points). 

Substitute for D B its equal D Ay then 

CBKCD + DA. 

But CD-^-DA^CA, Ax. 9. 

.\CB<CA. 

Q. E. D. 

59. The Locus of a point is a liae, straight or curved, con- 
taining all the points which possess a common property. 

Thus, the perpendicular erected at the middle of a straight 
line is the locus of all points equally distant from the extremi- 
ties of that straight line. 

60. Scholium. Since two points determine the position of 
a straight line, two points equally distant from the extremities 
of a straight line determine the perpendicular at the middle 
point of that line. 



Ex. 1. If an angle be a right angle, what is its complement? 

2. If an angle be a right angle, what is its supplement 1 

3. If an angle be f of a right angle, what is its complement ] 

4. If an angle be f of a right angle, what is its supplement 1 

5. Show that the bisectors of two vertical angles form one 
and the same straight line. 

6. Show that the two straight lines which bisect the two 
pairs of vertical angles are perpendicular to each other. 
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Proposition IX. Theorem. 

61. At a point in a straight line only one perpendicular 
to that line can he drawn ; and from a point without a 
straight line only one perpendicular to that line can be drawn. 

AE A F 




C B DC EB D 

Fig. 1. Fig. 2. 

Let BA {fig. 1) be perpendicular to D at the point B. 

We are to prove B A the only perpendicular to C D at the 
point B, 

If it be possible, let ^ ^ be another line J_ to (7 J9 at J5. 
Then Z J^^i? is a rt. Z. §26 

But Z^j52>isart. Z. §26 

.\/LEBD = /.ABD. Ax. 1. 

That is, a part is equal to the whole ; which is impossible. 
In like manner it may be shown that no other line but BA 
is ± to Ci> at B, 

LetAB {fig, 2) be perpendicular to CD from the point A. 
We are to prove A B the ordy l.to C D from the point A, 

If it be possible, let A E be another line drawn from A -L 
to CD. 

Conceive Z -4 ^^ to be moved to the right until the ver- 
. tex E falls on By the side E B continuing in the line CD, 

Then the line E A will take the position B F, 

Now i£AEhe±t6 CD, BFia ± to (7 A and there will 
be two Js to (7 J9 at the point B ; which is impossible. 

In like manner, it may be shown that no other line but 
ii -5 is X to CD from A, q, e^ q, 

62. Corollary. Two lines in the same plane perpendicular 
to the same straight line have the same direction ; otherwise 
they would meet (§ 22), and we should have two perpendicular 
lines drawn from their point of moeting to the same line ; which 
is impossible. 
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On Parallel Lines. 

63. Parallel Lines are straight lines which lie in the same 
plane and have the same direction, or opposite directions. 

Parallel lines lie in the same direction, when they are on 
the same side of the straight line joining their origins. 

Parallel lines lie in opposite directions, when they are on 
opposite sides of the straight line joining their origins. 

64. Ttoo parallel lines cannot meet, § 21 

65. Two lines in the same plane perpendicular to a given 
line have the same direction (§ 62), and are therefore paralleL 

66. Through a given point only one line can be drawn par- 
allel to a given line, § 18 




If a Straight line EF cut two other straight lines AB 
and C D, it makes with those lines eight angles, to which par- 
ticular names are given. 

The angles 1, 4, 6, 7 are called Interior angles. 

The angles 2, 3, 5, 8 are called Exterior angles. 

The pairs of angles 1 and 7, 4 and 6 are called Alternate- 
interior angles. 

The pairs of angles 2 and 8, 3 and 5 are called Alternate- 
exterior angles. 

The pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are 
called Exterior-ifUerior angles. 
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Proposition X. Theorem. 



67. If a straight line he perpendicular to one of two 
parallel lines, it is perpendicular to the other. 



A 



B 



I 



O 



M 



-----iC^ 



'N 



K 

Let A B and EF be two parallel lines, and let HE be 
perpendicular to A B. 

We are to prove HK JLto EF. 

Through C draw MN ± to HE. 

Then MN is fl to .1 ^. § 65 

(Two lines m the sameplarie ±to a given line are parcUlet). 

But EF is II to ^ -5, Hyp. 

.'.EF coincides with M K § 66 

{Throvjgh the same point only one lirie can be dravm II to a given line). 

.\ E F is ± to HE, 



that is 



IlEi3±toEF. 



Q. E. D. 
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Proposition XL Theoriim. 

68. If two parallel straight lines be cut hy a third 
straight line the alternate-interior angles are equal. 



Jjet EF and GH be two parallel straight lines cut by 

the line B G, 

We are to prove Z.B=^Z.G, 

Through 0, the middle point of B C7, draw AI)±ioGff, 

Then ^ i> is likewise ± to i^ ^^ § 67 

{a draight line ± to one of two lis is JL to the otJier), 

that 13, G D and j? ^ are both J. to ^ i>. 

Apply figure GOD to figure BOA so that OD shall Ml 

on OA, 

Then (7 wiU faU on 5, 

(since ZCOD = ZBOA, being vertical A) ; 

and point G will fall upon B, 

{since C= OB by construction). 

Then ± C /> wiU coincide with ± BA, § 61 

(Jrom a point wUJumt a straight line only one ± to thai line can be drawn), 

.'. Z G D coincides with A OB A, and is equal to it. 

Q. E. D. 

. Scholium. By the converse of a proposition is meant a 
proposition which has the hypothesis of the first as conclusion 
and the conclusion of the first as hypothesis. The converse of 
a truth is not necessarily true. Thus, parallel lines never meet ; 
its converse, lines which never meet are 'parallel, is not true unless 
the lines lie in the same plane. 



Note. — The converse of many propositions will be omitted, 
but their statement and demonstration should be required as an 
important exercise for the student. 
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Proposition XII. Theorem. 

69. Conversely : When two straight lines are cut hy a 
third straight line, if the alternate-interior angles be equal, 
the two straight lines are parallel. 




-iV 



Let EF cut thie straight lines A B and CD in the points 
H and K, and let the Z A HK = A HKD. 

We are to prove AB II to G D, 
Through the point H draw MN II to (7-0 ; 

then Z MHK = Z HKD, § 68 

{being alt.-int. A ). 

But Z A HK = Z HKD, Hyp. 

.\ZMHK=ZAHK Ax. 1. 

.*. the lines 3fl^ and A B coincide. 
But ifiV^is II to OD; Cons. 

.'. AB, which coincides with MI^, is II to CD. 

Q. E. D. 
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Proposition XIII. Theorem. 

« • 

70. If two parallel lines he cut by a third straight line, 
the exterior-interior angles are equaL 

E 




Let AB and C D be two parallel lines cut by^ the 
straight line E F^ in the points H and K, 

We are to prove A EHB = Z HKB. 

Z EHB = Z.A HK, § 49 

Qmng vertical A). 

But AAHK^AHKB, §68 

Qmivg alt -int. A). 

.',ZEffB = ZHED. Ax. 1 

In like manner we may prove 

ZEEA==ZHKC. 

Q. E. D. 



71. Corollary. The altemate-exterior angles, EEB and 
CKF, and also A HE and J9 KF, are equal. 
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Proposition XIV. Theorem. 

72. Conversely : When two straight lines are cut by a 
third straight line, if the exterior-interior angles be equal, 
these two straight lines are parallel. 




-N 



Let E F cut the straight lines AB and C D in the 
points E and K, and let the A EHB = Z HKD. 

We are to prove AB II to C D , 
Through \hQ point H draw the straight line M^N II to CD, 

Then Z EHN^Z. HKD, § 70 

(being ext. -int, A ). 

But ZEffB = ZffKD. ' Hyp. 

.-. Z EHB = Z EHK Ax. 1. 

.*. the lines MN and A B coincide. 
But MN\a I! to (7j9, Cons. 

,\ AB, which coincides with M^, is II to C D, 

Q. E. D. 



PABALLEL LINES. 31 



Pboposition XV. Theorem. 



78. If two parallel lines be cut hy a third straight line, 
the sum of the two interior angles on the same side of the 
secant line is equal to two right angles. 



E 




Let AB and C D be two parallel lines cut by the 
straight line EF in the points H and K. 

We are to prove Z BHK + Z HKD = two H, A. 

ZEEB + ZBHK= 2 It. A, §34 

{being sup.-adj. A), 

But Z EHB = Z HKD, § 70 

{beitig eoct.-int. A ). 
Substitute Z HKB for Z EHB in the first equality; 

then Z BHK + Z HKB = 2 rt. A 

Q. E. D. 



32 GEOMETBY. — BOOK L 



Proposition XYI. Theorem. 



74. Conversely : When two straight lines are cut hy a 
third straight line, if the two interior angles on the same side 
of the secant line he together equal to two right angles, then 
the two straight lines are parallel. 



E 




Let EF cut the straight lines AB and C D in the 
points H and K, and let the Z BHK + Z. HKD 
equal two light angles. 

We are to prove AB W to CD. 

Through the point H draw MJST II to D. 

Then Z NHK + Z HKD = 2 rt. ^, § 73 

Qkifig tvfo interior A on the same side of the secant line). 

But Z BHK + Z HKD = 2 rt. A Hyp. 

.\ZNHK+ZHKD = ZBHK+ZHKD. Ax. 1. 

Take away from each of these equals the common Z HKD, 

then Z NHK =ZB HK 

.*. the lines A B and M N coincide. 

But MN is II to C2> ; Cons. 

,\ ABy which coincides with MN, is II to CD, 

Q. E D. 
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Proposition XVII. Theorem. 

75. Two straight lines which are parallel to a third 
straight line are parallel to each other. 

H 



E 



O 



\P 



I 
K 



B 



D 



Let AB and CD he parallel to EF. 
We are to prove AB i! to D. 

Bt&w JIK± to EF. 
Since CDsiidEFaie II, HK is ± to C A § 67 

(if a straight line he ± to one of twp Ws, it is X to the other also). 
Since ii^ and ^^are II, HKib also ± to ^^, § 67 
.\ZnOB = ZHPD, 

(each being art, Z ). 

.-. ^ 5 is H to CD, § 72 

(^uihen two straight lines are cut by a third straight line^ if the esd-'irU, A 

be eq^ial, the two lines are II ). 

Q. E. D. 
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Proposition XVIII. Theorem. 

76. Two parallel lines are everywhere equally distant 

from each other. 

E M H _ 



T 



C- 



•D 



F P K 

Let AB and CD be two parallel lines, and from any 
two points in AB, as H and H, let EF and HK 
be drawn perpendicular to AB, - 

We are to prove EF= HK, 

Now EF and HK are ± to (7 i), § 67 

{a line X to one of two Wsis l.to the other also). 

Let M be the middle point of EH, 

Draw 3fF ±toAB, 

On M P as an axis, fold over the portion of the figure on 

the right of MP until it comes into the plane of the figure on 

the left. 

MB wHl faU on MA, 
{for Z PMH= Z. PME, each being art A); 

the point H will fall on E, 
{for MH= ME, by hyp.) ; 

iS'ir will fall on ^/^, 
{for A M HK = AMEF, each being art. Z) ; 

and the point K will fall on EF, or EF produced. 

Also, P/> will fall on PC, 
{Z MPK= Z. MPF, each being a rt Z) ; 

and the point K will fall on P 0, 

Since the point K falls in both the lines E F and P C, 

it must fall at their point of intersection F, 

.\HK=EF, §18 

{their extremities being the same points), 

Q. E. D. 
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Proposition XIX. Theobem. . 

77. Two angles whose sides are parallel, two and two, 
and lie in the same direction, or opposite directions, from their 
vertices, are equal, 
A D 





Pig. 1. Fig. 2. 

Let A B and E {Fig. i) have their sides BA and ED, 
and BC and EF respectively, parallel and lying 
in the same direction from their vertices. 

We are to prove the Z. B = Z. E, 

Produce (if necessary) two sides which are not li until they 
intersect, as at ZT; 

then Z.B = Z DEC, §70 

ijyeing ext, -int. A ), 

and Z E = Z DEC, §70 

.'.Z B = Z E. Ax. 1 

Let A B' and E {Fig. 2) have B' A' and E' 2)', and B' C 
and E' F' respectively, parallel and lying in oppo- 
site directions from their vertices. 

We are to prove the Z B' = Z E'. 

Produce (if necessary) two sides which are not 11 until they 
intersect, as at W. 

Then Z B! =^ Z E ff C, § 70 

{being ext. -int. A), 

and ZE'^^ZE'H' 0', § 68 

(being alt. -int. A ) ; 

.-. ZB^ = Z E\ Ax. 1. 

Q. E. D. 



36 GEOMETBY. — BOOK L 



Proposition XX. Theorem. 



78. If two angles have two sides parallel and lying in 
the same direction from their vertices^ while the other two 
sides are parallel and lie in opposite directions, then the two 
angles are supplements of each other. 



A 



Let i BG and D EF he two angles having B and ED 
parallel and lying in the same direction from their 
vertices, while EF and B A are parallel and lie in 
opposite directions. 

We are to prove Z. ABC a/nd A D EF supplements of each 
other. 

Produce (if necessary) two sides which are not II until they 
intersect as at H, 

AABQ=-ABHI), §70 

{bdm^ ext.'int. A ). 

Z DEF=ZBffE, §68 

(being alt -int. A ). 

But Z BE D and Z BEE a.Te supplements of each other, § 34 

{being sup. -adj. A). 

.\ Z ABC and Z D E F, the equals of Z BED and 
Z B E E, are supplements of each other. 

Q. E. D. 
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On Triangles. 

79. Def. a Triarvgle is a plane figure bounded by three 
straight lines. 

A triangle has six parts, three sides and three angles. 

80. When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the triangles are said to 
be equal in all respects, 

81. Def. In two equal triangles, the equal angles are called 
Homologous angles, and the equal sides are called HomologotLS 
sides. 

82. In equal triangles the equal sides are opposite the 
equal angles. 






80ALENE. ISOSCELES. EQUILATERAL. 

83. Def. A Scalene triangle is one of "which no two sides 
are equaL 

84. Def. An Isosceles triangle is one of which two sides 
are equal. 

85. Def. An Equilateral triangle is one of which the three 
sides are equal. 

86. Def. The Base of a triangle is the side on which the 
triangle is supposed to stand. 

In an isosceles triangle, the side which is not one of the 
equal sides is considered the base. 
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RIGHT. 



OBTUSE. 



ACUTE. 



87. Dbp. a Right triangle is one which has one of the 
angles a right angle. 

88. Def. The side opposite the right angle is called th^ 
Hypotenuse, 

89. Def. An Obtuse triangle is one which has one of the 
angles an obtuse angle. 

90. Def. An Acute triangle is one which has all the angles 

acute. 

C 




EQUIANGULAR. 




91. Dbp. An Equiangular triangle is one which has all 
the angles equal. 

92. Def. In any triangle, the angle opposite the base is 
called the Vertical angle, and its vertex is called the Vertex of 
the triangle. 

93. Def. The Altitude of a triangle is the perpendicular 
distance from the vertex to the base, or the base produced. 

94. Def. The Eocterior angle of a triangle is the angle in- 
cluded between a side and an adjacent side produced, as Z. CBD, 

95. Def. The two angles of a triangle which are opposite 
the exterior angle, are called the two opposite interior angles, as 
A A and C, 
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96. Any side of a triangle is less than the sum of the 
other two sides. 

Since a straight line is the shortest distance between two 

points, 

AC<AB-^ EG. 

97. Any side of a triangle is greater than the difference 
of the other two sides. 

In the inequality AC<AB'\-BC, 

take away A B from each side of the inequality. 

Then A0-AB<BC',0T 

BOAC-AB. 



Ex. 1. Show that the sum of the distances of any point in a 
triangle from the vertices of three angles of the triangle is greater 
than half the sum of the sides of the triangle. 

2. Show that the locus of all the points at a given distance 
from a given straight line A B consists of two parallel lines, 
drawn on opposite sides of A B^ and at the given distance 
from it. 

3. Show that the two equal straight lines drawn from a point 
to a straight line make equal acute angles with that line. 

4. Show that, if two angles have their sides perpendicular, 
each to each, they are either equal or supplementary. 
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Proposition .XXI. Theorem. 

98. The mm of the three angles of a triangle is equal 
to two right angles, 

B E 



/ 



Let ABO be a triangle. 
We are to prove Z B -b Z B C A -V Z A — two rt. ^. 
Draw C E\\jQ ABy and prolong A C. 

T}iQnZJSCF+ ZEOB + Z B0A = 2Tt.A, § 34 

^ (the sum of all the A about a point on the same side of a straight line 

= 2rt, d). 

But ZA = ZECF, §70 

{beiTig ext.-int. A\ 

a,ndZB = ZBCE, § 68 

{being alt. -int. A). 

Substitute hrZECFojidZB CE their equal A, A and ^. 
Then Z A+ ZB + Z BOA = 2 rt. A 

Q. E. D. 

99. Corollary 1. If the sum of two angles of a triangle be 
known, the third angle can be found by taking this sum from 
two right angles. 

100. Cor. 2. If two triangles have two angles of the one 
equal to two angles of the other, the third angles will be equaL 
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101. Cor. 3. K two right triangles have an acute angle 
of the one equal to an acute angle of the other, the other acute 
angles will he equal. 

102. Cob. 4. In a triangle there can he hut one right angle, 
or one ohtuse angle. 

103. CoR. 5. In a right triangle the two acute angles are 
complements of each other. 

104. CoR. 6. In an equiangular triangle, each angle is one 
third of two right angles, or two thirds of one right angle. 



Proposition XXIL Taeorem. 

105. The exterior angle of a triangle is equal to tie sum 
of the two opposite interior angles. 




Let BOB be an exterior angle of the triangle ABC. 
We are to prove Z. BCH^Z A + Z B. 

ZBCff-{-ZACB = 2Tt.A, §34 

{being sup. -adj. A), 

ZA + ZB+ZACB = 2Yt./^, § 98 

(three AofaA = two rt. A ). 
.\ZBCn-¥ZACB = ZA + ZB + ZACB. Ax. 1. 

Take away from each of these equals the common Z A C B; 

then ' ZBCH=^ZA-^ ZB. 

Q. E. D. 
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Proposition XXIII. Theorem. 

106. Two triangles are equal in all respects when two 
sides and the included angle of the one are equal respectively 
to two sides and the included angle of the other. 




B Af 




In the triangles ABC and A' B' G*, let AB^A'Bf, 
A C = A'C',ZA=ZA\ 

We are to prove A ABC= A A' B' C. 

Take up the A A BO and place it upon the A A' B' C so 
that A B shall coincide with A' B', 



Then A G will take the direction of A' C, 

{for ZA = ZA'.hy hyp,), 

the point G will fall upon the point G', 
{fdrAO=AfCf,hyhytp.); 

.'.GB = G'B', 

{their extremities "being the sorme points). 



§18 



.*. the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXIV. Theobsm. 

107. Two triangles are equal in all respects when a side 
and two adjacent angles of the one are equal respectively to a 
side and two adjacent angles of the other, 

a 





B Af 

In the triangles ABC and A' B' C, let AB^A'B', 
ZA=ZA^,j^B = ZB\ 

We are to prove AABG = AA'B'C\ 

Take up A ABC and place it upon A A* B' C, so that 
A B shall coincide with A' B'. 

A C will take the direction of A' C", 
(/or Z.A = Z.A'y by hyp,) ; 

the point (7, the extremity ci A C, will fall upon J.' C or 
A' C produced. 

^ (7 will take the direction of B' C", 
{farZ£ = Z £', by hyp.) ; 

the point C, the extremity of B C, will faU upon B* C or 
F C produced. 

.'.-the point C, falling upon both the lines A' C and B' C, 
must fall upon a point common to the two lines, namely, C 

.'. the two A coincide, and are equal in all respects. 

Q. E. D. 



1 
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Proposition XXY. Theorem. 

■ 

108. Two triangles are equal when the three sides of the 
one are equal respectively to the three sides of the other. 
B B 





In the triangles ABC and A' B' C", let A B ^ A' B', 
AG = A'C', BG = BC'. 

We are to prove A ABC = A A' B' C, 

Place A A^ B' C in the position A B* (7, having its greatest 
side A' C in coincidence with its equal A C, and its vertex at 
B'y opposite B. 

Draw B B' intersecting AC ^i H. 



Since AB^AB, Hyp. 

point -4 is at equal distances from B and BK 

Since BC^B'C, Hyp. 

point C7 is at equal distances from B and B', 

.\ AC ia 1. to BB* at its middle point, § 60 

(ttoo points at eqtuil distances from the extremities of a straigM line deter- 

mine the 1. at the middle of that line), 

Now if A ii ^' (7-be folded over on -4 (7 as an axis until it 
comes into the plane of A ABC, 

HB' wiU fall on H B, 
{for Z A HB = /.A HB'y each being a rt, Z), 

and point B^ will fall on B, 
(for ff£f = H£). 

•*• the two A coincide, and are equal in all respects. 

Q. E. D. 
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Proposition XXYL Theorem. 

109. Two right triangles are equal when a side and the 
hypotenuse of the one are equal respectively to a side and the 
hypotenuse of the other. 

A At 




C Er- 




in the light triangles ABC and A' B* C, IetAB= A' B', 
and AG = A'C'. 

We are to prove A ABC = A A' B'C. 

Take up the A ^ ^ (7 and place it upon A A' B' C\ so that 
A B will coincide with A' B', 

Then ^ (7 wiU faU upon B' C, 

(Jw AABC- AA^ W 0y eachbeingaH. Z\ 

and point C will fall upon (7' ; 

» 

otherwise the equal ohlique lines A C and A* C would cut 
off unequal distances from the foot of the _L, which is im- 
possible, § 57 
(two equal' oblique lines from a point in a X cut off equotl distances from the 

foot of the 1.), 

•'. the two A coincide, and are equal in all respects. 

Q. E. D. • 



.\<i 
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Proposition XXVIL Theorem. 

110. Two right triangles are equal when the hypotenuse 
and an acute angle of the^ one are equal respectively to the 
hypotenuse and an acute angle of the other. 





In the Tight triangles ABC and A' B' C, let AC =^ A' C, 
and ZA=ZA'. 



We are to pr<yve A ABC = A A'B'C*. 

AC = A' (7', 
ZA=ZA', 



Hyp. 
Hyp. 



then ZC = ZC', §101 

(if two rt. A have an aeiUe Aof th& one eqiial to an acute Z of t?ie others 

tJien the other acute A are eqiLal). 

.\AABC=-AA'B'C', § 107 

(^100 B^ are equal when a side and two adj. A of the one are eqval 

respectively to a side and two adj. A of the other), 

Q. E. D. 

111. Corollary. Two right triangles are equal when a 
side and an acute angle of the one are equal respectively to an 
homologous side and acute angle of the other. 
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Proposition XXYIII. Theobbk. 

112. In an isosceles triangle the angles opposite the 

equal sides are equal, 

C 




^ E 

Let ABC be an isosceles tiiangle, having the sides 
A G and C B equaL 

We are to prove Z. A= /. B, 

From G draw the straight line C7^ ao as to biBect the 
ZAGB. 

In the A ii GE sxABGE, 

AG=BG, Hyp. 

CE=GE, Iden. 

' ZAGE=^ZBGE.; Cons. 

.\AAGE=-ABGE, §106 

(tiDO A are eqtuil when Um sides and the included Z of the one are equal 
respectively to two sides and the included Z. of the other). 



.'.ZA=ZB, 

(Jbeing homologous A of eqiuU A ). 



Q. E. D. 



Ex. If the equal sides of an isosceles triangle be produced, 
show that the angles formed with the base by the sides produced 
are equal. 
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Proposition XXIX. Theorem. 

113. A straight line which bisects the angle at th^ vertex 
af an isosceles triangle divides the triangle into two equal 
triangles i is perpendicular to the base, and bisects the base. 

C 




Let the line C E bisect the Z A CB oi the isosceles 
AACB. 

We ar^ to prove I. AACE=ABCE\ 

II. lineCEJLtoAB; 
III. AE = BE. 



I. Inthe A JC^and^C^, 

AC = BC, 

CE=-CE, 

ZACE = /.BOEi 



Hyp. 
Iden. 
Cons. 



r.J\ACE = ABCE, §106 

(having two sides and the indtided Z of the <me equal respectively to tvxf sides 

and the inclvded A of the other). 

Also, 11. A CEA = Z CEB, 

(Peiiig homologous A of equal A ). 

.\CE\&±io AB, 
(a straight line meeting another^ making the adjaceni zi eqtial, is Jl. to 

that line). 

Also, III. AE=-EB, 

(being homologous sides of equaZ ^ ). 

Q. E. D. 
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Proposition XXX. Theorem. 

114. If two angles of a triangle be equal, the sides op- 
posite the eq?ial angles are equal, and the triangle is isosceles. 




In the triangle ABC, let the Z B^ZC. 
We are to prove A £ = AC, 

Btslw AD±toBC. 
In thQTt. AADB and ABC, 

AD = AI>, 

ZB = ZC, 

/. rt. A ADB = rt. A ADC, 

Quamng a side and an acute Z of the one equal respectv 

acute Z of the other). 

.\AB = AC, 

{being homologous sides of equal &i). 



Iden. 



§111 
to a side and an 



Q. E. D. 



"Ky- Show that an equiangular triangle is also equilateral. 
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Proposition XXXI. Theorem. 

115. If two triangles have two sides of the one equal 
respectively to two sides of the other, but the ificluded angle 
of the first greater than the included angle of the second, then 
the third side of the first will be greater than the third side 
of the second. 

B B B 




In the A ABC a,nd ABE, let A B =^ A B, BC^BB; 
but A ABO Z. ABE, 

We are to prove AO AE, 

Place the A so that AB of the one shall coincide with A B 

of the other. 

Draw jB i' so as to bisect Z. EBC, 

Drnw EK 

In the A EBFemd CBF 

EB = BC, Hyp. 

BF=BF, Uen. 

ZEBF=ZCBF, Cons. 

.-. the A ^^ Z' and (7 ^ ^ are equal, § 106 

Qmving two sides and the inclitded Z of one equal respectively to two sides 

and the included /.of the other). 

.\EF=FO, 

{being homologovs sides of equal ^). 

Now AF'\-FE>AE, § 96 

ipve sum of two sides of a IS. is greater than the third side). 

Substitute for FE its equal FC, Then 

AF-^- FOAE'.ox, 

AOAE, 

Q. E. D. 
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Proposition XXXIL Theorem. 

116. Conversely: If two sides of a triangle he equal 
respectively to two sides of another y hut the third side of the 
first triangle he greater than the third side of the second, then 
the angle opposite the third side of the first triangle is greater 
than the angle opposite the third side of the second. 





In the A ABC and A' B[ O, let AB = A'B', AG=^A' C \ 
but BOB C. 

We are to prove Z. A^ /. A', 
If Z ^ = Z ^', 

then would A ABC=- A A* B* C, §106 

{having two sides and the included A of the one equal respectively to tioo sides 

and the iiichided ^ of the other), 

and BC=^B*C\ 

{being homologous sides of equal ^ ). 

And if A<A', 

then would BC<B'C*, § 115 

{if two sides of a L, he equal respectively to two sides of another A, hd the 
included Z of the first be grecUer than the included A of the second, the 
third side of the first urUl be greater than the third side of the second.) 

But both these conclusions are contrary to the hypothesis ; 
.', A A does not equal Z J.', and is not less than Z J.'. 

.\AA>Z. A', 

Q. E. D 
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Proposition XXXIII. Theorem. 

117. Of two aides of a triangle y that is the greater 
which is opposite the greater angle. 




In the tziangle ABC let angle AG B be greater than 
angle B, 

m 

We are to prove A B > A C, 

Draw CU so as to make Z B CE = Z. B. 

Then EC = EB, §114' 

{beiTig sides opposite equal A ). 

Kow AE+EOAC, §96 

(the sum of two sides of a A is greater than the third side). 

Substitute for E C its equal E B, Then 

AE-^- EB>'AG, or 

AB>AC, 

Q. E. D. 



Ex. ABC and AB D are two triangles on the same base 
A By and on the same side of it, the vertex of each triangle 
being without the other. Jf AC equal A D, show that B C 
cannot equal BD, 
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Proposition XXXIV. Theorem. 

118. Of two angles of a triangle, that is the greater 
which is opposite the greater side. 

B 




In the txiangl0 ABC. let AB be greater than A C. 

We are to prove ^ ACB> Z B, 

Take A E equal to A C; 

DmwEO. 

ZAEC = ZACB, §112 

(being A opposite eqv/il sides). 

But ZAEOZB, §105 

{cm exterior Z of a A is greater than either opposite interior Z), 

and ZACB>ZACE. 

Substitute ioi Z ACE its equal ZAEC, then 

ZACB>ZAEC. 

Much more is Z ^ C5 > Z -ff. 

Q. E. D. 



Ex. If the angles ABC and ACB^ at the base of an 
isosceles triangle, be bisected by the straight lines BDy CD, 
show that BBC will be an isosceles triangle. 
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Proposition XXXV. Theorem.. 

119. The three bisectors of the thfee angles of a triangle 
meet in a point. 




Let the two bisectors of the angles A and C meet 
at 0, and OB be drawn. 

We are to prove B bisects the /. B. 

Draw the JS OK, OF, and OH. 
In the rt. A (7^ and CF, 

00 ^00, Iden. 

/.OCK=-ZOCF, Cons. 

.-.A OCK-=-A OCF, § 110 

(having the hypotentise and an aciUe Z of the one equal respectively to the 

hypotenuse and an acute Z. of the other), 

.\OF--^OK, 

ffumiologous sides ofeqwd iL ). 
In the rt. A 0^ P and 0^ ^, 

OA=-OA, Iden. 

AOAF=-AOAH, Cons. 

.\AOAF = AOAH, §110 

ifvaving the hypotewuse and an acute Z of the one equal respectively to the 

hypotenuse and an acvie Z of the other), 

.\OF=^OH, 

(being h&mologous sides of equal ^ ). 
But we have already shown F'^* K, 

,,OH-=OK, Ax.1 

Now in rt. a OHB and KB 
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OH=OK,^^OB=-OB, 

.'.AOHB^AOKB, §109 

(kaviTig the hypoienvse arid a side of the one equal respectively to (he hypote^ 

nuse and a side of the other), 

.-.Z OBU = A OBK, 

ifieimg homologotta A of equal ^ ). 

Q. E. D. 

Proposition XXXVL Theorem. 

120. TAe three perpendiculars erected at the middle 
points of the three sides of a triangle meet in a point. 

A 




Let DD'y E E', FF\ be three pezpendiculars erected 
at £>, E, F, the middle points of AB,A G, and B C. 

We are to prove they meet in some point , as 0, 

The two ^ I) D* and E E* meet, otherwise they would be 
parallel, and A B and A (7, being _1§ to these lines from the same 
point -4, would be in the same straight line ; 

but this is impossible, since they are sides of a A. 

Let be the point at which they meet. 

Then, since is in i) D', which is J- to -4 -ff at its middle 
point, it is equally distant from A and B, § 59 

Also, since is in j^^', -L to -4 (7 at its middle point, it is 
equally distant from A and C. 

.'. is equally distant from B and G ', 

.•. is in FF 1. to BC bX its middle point, § 59 

ifhe locus of all points equally distant from the extremities of a straight line 

is the 1. erected a/t the middle of t?iat line), 

Q. E. D. 
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Proposition XXXVIL Theorem. 

121. The three perpendiculars from the vertices of a tri- 
angle to the opposite sides meet in a point. 




In the triangle ABC, let B P, AH, C K, be the pei^ 

pendiculazs from the vertices to the opposite 
sides. 

We are to prove they meet in some point, as 0. 
Through the vertices -4, B, C, draw 

A'B II to BO, 

A' cn\ to AC, 

B'CnitoAB. 



In the A A BA' and ABC,viq have 

AB=^AB, 

ZABA'==ZBAO, 

(bein^ alternate interior A ), 

ZBAA'^AABC, 



Iden. 
§68 

§68 



.\AABA' = AABG, §107 

(having a side and two adj, A of the one equal respectively to a side and 

two adj\ A of the other), 

.\A'B=-AC, 

{being hovnologovs sides of egwd ^ ). 
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In the A C BC a.nd ABC, 

BC = BC, Iden, 

/.CBC'^^BCA, § G8 

{f>eing alternate interior A ). 

ZBOC' = ZCBA. §68 

.\ACBC' = AABO, § 107 

(having a side and two adj. A of the one eqitaZ respectively to a side and two 

adj. A of the other), 

.\BC'=^AC, 

(being homologous sides of equal ^). 

But we have already shown A' B^ AC, 

.\A'B = BC', Ax. 1. 

,\ B is the middle point of A' C 

Since BP\b1. to AC, Hyp. 

it is J- to A' C, § 67 

(a straight line which is ± to one of two \\s is J^ to the other also). 

But B is the middle point of -4' C" ; 

.'. j5P is ± to -4' C at its middle point. 

In like manner we may prove that 

^ ZT is JL to -4' J5' at its middle point, 

and C K A. to B' C at its middle point. 

.'. B P, AH, and (7^ are Js erected at the middle points 
of the sides of the A A' B' C 

.*. these Js meet in a point. § 120 

{the three JS erected ai the middle points of the sides of a b. nieet in a point). 

Q. E. D. 
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On Quadrilaterals. 

122. Def. a Qtiadrilateral is a plane figure bounded by 
four straight lines. 

123. Def. A Trapezium is a quadrilateral which has no 
two sides parallel. 

124. Def. A Trapezoid is a quadrilateral which has two 
sides parallel. 

125. Def. A Parallelogram is a quadrilateral which has 
its opposite sides parallel. 





TRAPEZIUM. 



TRAPEZOID. 



PARALLELOGRAM. 



126. Def. A Rectangle is a parallelogram which has its 
angles right angles. 

127. Def. A Square is a parallelogram which has its 
angles right angles, and its sides equal 

128. Def. A Rhombus is a parallelogram which has its 
sides equal, but its angles oblique angles. ♦ 

129. Def. A Rkomhoid is a parallelogram which has its 
angles oblique angles. 

The figure marked parallelogram is also a rhomboid. 



REOTANQLE. 



SQUARE. 



RHOMBUS. 
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130. Def. The side upon \vliich a parallelogram stands, 
and the opposite side, are called its lower and upper bcues; and 
the parallel sides of a trapezoid are called its bases. 

131. Def. The Altitude of a parallelogram or trapezoid is 
the perpendicular distance between its bases. 

132. Def. The Diagonal of a 
quadrilateral is a straight line joining 
any two opposite vertices. 




Proposition XXXVIII. Theobem. 

133. TAe diagonal of a parallelogram divides the figure 
into two equal triangles, 

B C 




Let ABCE be SL paraUelogmm, and A C its diagonaL 
We are to prove AABC='A A EC. 
Inthe A^jBCandil^a 

AG'^^ AC, Iden. 

AACB^ACAE, §68 

(being alt.'irU. A). 

ZGAB=^ZACE, §68 

.\AABC=^AAEC, §107 

(having a side atid two adj. A of the one eqital respectively to a side and two 

adj, A Cj the other). 

Q. E. D. 
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Proposition XXXIX. Theorem. 

134. In a parallelogram the opposite sides are equals 
and the opposite angles are equal, 

B C 



."" 




Let the ttgure ABC E be a parallelogram. 

We are to prove BC^ AE, and AB^ EC, 

also, ZB = Z E, andZBAE = Z BCE. 

Praw A C. 

AABC=-AAEO, §133 

{the diagoTidl qfa CJ divides the figure into tvx) eqtuil ik ). 

.\BO = AE, 

and AB=^CE, 

{being hoTnologous sides of eqtuU A ). 

ZB = ZE, 

{being horrvologous A ofequaZ ^ ). 

ZBAG=-ZACE, 
and ZEAC = ZACB, 

Qmng homologous A of eqwd i&). 
Add these last two equalities, and we have 

ZBAO-^- ZEAC=-ZAOE-\' ZACB\ 
or, ZBAE^ZBCE, 

Q. E. D. 

136. Corollary. Parallel lines comprehended between par- 
allel lines are equal. 
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Proposition XL. Theorem. 



136. If a quadrilateral have two aides equal and par- 
allel, then the other two sides are equal and parallel, and the 
figure is a parallelogram. 





Let the figure ABC E be a quadiilatend, having the 
side A E equal and parallel to B C, 

We are to prove A B equal and II to E G* 



Draw A G. 




luihQ A A BG SLTidi A EG 




BG-AE, 


Hyp. 


AG-AG, 


Iden. 


ABGA^A GAE, 


?68 


{being alt -int. A). 





.\AABG = AACE, § 1C6 

(hdwing two sides and the included /.of the one eqiml respectively to two sides 

and the inclvded A of the other), 

.\AB = EGy 

(being homologous sides of equal ^ ). 

Also, /.BAG = /.AGE, 

(being homologous A of equal ^ ) ; 

,\AB'\^ II to^C, §69 

{;when two Straight lines are cvJt by a third straight line, if the alt.-int, A be 

eqital the lines are parallel), 

.'. the figure A B GE is a O, § 125 

(the opposite sides being parallel), 

Q. E. D. 
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Proposition XLL Theorem. 

137. If in a quadrilateral the opposite sides be equal, the 
figure is a parallelogram. 

B C . 




Let the figure A B G E be a quadiilatersd having 
BC==AB and AB^^EC. 

We are to prove figure ABCEa O. 

Draw A C, 
InihQ A A B C mdi A E C 

BO = AE, Hyp. 

AB = CE, Hyp. 

AC = AC, Iden. 

.\AABC = AAEC, §108 

{having three sides of the one equal respectively to three sides of the other). 

.\ZAGB=^ZCAE, 
and ZBAO = ZACE, 

(being h/ymologous A of equal ^ ). 

.'.BCia II toAE, 
and ^^is II to EO, §69 

(toh,en two straight lines lying in the same plane are cut by a third straight 
line, if the alt.-int. A be equal, the lines are parallel). 

.-. the figure ABCEiaAlO, § 125 

Qvaving iti opposite sides parallel), 

Q. E. D. 
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Proposition XLIL Theorem. 
138. The diagonals of a parallelogram bisect each other. 

B C 




Let the figure ABCE be a parallelograjnt and let 
the diagonals A C and BE cut each other at 0, 

We are to prove AO =^0 0, and B = E. 

JuthQAAOE and BOC 

AE = BC, §134 

(being opposite sides of a CJ\ 

ZOAE=ZOCB, §68 

(^6171^ alt. -int. A ), 

ZOEA=Z OBC; §68 

.\AAOE = ABOO, §107 

{having a side and two adj. Aofihe one equal respectively to a side aTvd tivo 

adj. Aofihe other). 



and 



.\AO = OC, 

BO = OE. 
(being homologous sides of equal ^ ). 



Q. E. D. 
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Proposition XLTII. Theorem. 

139. The diagonals of a rhambua bisect each other at 

right angles. 

A E 




Let the figure A B C E be a rhombus, having the 
diagonals A C and BE bisecting each other at 0, 

We are to prove Z. AO E aiid A AO B rL A, 

In the A ^ ^ and A OB, 

AE=^AB, §128 

(jbeing sides of a rhoinbus) ; 

OE^OB, §138 

(pie diagonals of a CD bisect each, otJier) ; 

AO=^AO, Iden. 

.\AAOE = AAOB, §108 

(having three sides of the one equal respectively to three sides of the other) ; 

.',/. AOE = /.AOB, 

{being homologous A of equal A ) ; 
.-. Z AOE and Z AOBarQit. A. §25 

( When one straight line meets another strainht line so as to make the adj. zi 

equalf each Z. is art. Z ). 

Q. E. D. 
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Proposition XLIV. Theorem. 

140. Two parallelograms y having two aides and the in- 
eluded angle of the one equal respectively to two sides and the 
included angle of the other, are equal in all respects, 

B C B a 



A DA' I> 

In the pazallelogmms A B C D and A' B' O L', le 
AB = A'B*, AD = A'D', and /.A=^AA', 

We are to prove that the UJ are equal. 

Apply EJ A BCD to OJ A' B' C L', so that ^ 2> wiU fall 
on and coincide with A* L'. 

Then A B will fall on A' B\ 
{for ZA = ZA',by hyp.), 

and the point B will fall on B', 
{/or AB = A' B', by hyp.), 

Now, B C and B^ C are hoth II 'to A' D' and are drawn 
through point B' \ 

.•.the lines B C and B* C coincide, § G6 

and C falls on B' C or B' C produced. 

In like manner D C and D' C are II to A' B' and are drawi? 
through the point D'. 

.-. D C and D' C coincide ; § 63 

.-.the point O falls on D* C, or L' C produced ; 

.\C falls on both B' C and D' C \ 

•\ (7 must fall on a point common to hoth, namely, C 

.'.the two JH coincide, and are equal in all respects. 

Q. E. D. 

141. Corollary. Two rectangles having the same hase and 
altitude are equal; for they may be applied to each other and 
will coincide. 
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Proposition XLV. Theorem. 

142. The straight line which connects the middle poinU 
of the non-parallel sides of a trapezoid is parallel to the par- 
allel sides y and is equal to half their sum. 

A F E 





a H 



Let SO be the straight line Joining the middle points 
of the non-parallel sides of the trapezoid ABCE, 

We are to prove SV II to A E and B C ', 
also SO = i{AE + BC). 

Through the point draw FH II to A B, 

and produce BC to meet FO II a.t H, 

liit\iQAFOEB,Ti^COH 

OE=OC, Cons. 

Z,OEF=ZOCH, §68 

(beirvg alt -int. A ), 

ZFOE = ZCOn, §49 

(being vertical A ). 

.\AFOE=-ACOff, /.. §107 

{having a side and two adj. A of the one equal respectively to a side attd two 

adj. A of the other). 
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and OF=OH, 

(being homologous aides of equal ^ ). 

Now Fff^AB, § 135 

( II lines eomprehended between II lines are equal) ; 

.\FO = AS. Ax. 7. 

.-. the figure AF0S\s2lOI, § 136 

{having two opposite sides equal and parallel), 

.'.SOia II to AF, §125 

(being opposite sides of a CD). 

iSOisalso II to BC, 
(a straigKt line II to one of two II lines is II to the other also). 

Now SO = AF, §125 

(being opposite sides of a O), 

and SO = BH. §125 

But AF=AE— FE, 

and BH=-BC+ CH, 

Substitute for 4 ^ and BH their equals, A E — FE and 
BC^ CH, 

and add, observing that CH= FE; 

then 2S0 = AE+ BC. 

.\SO-=-\{AE+ BC). 

Q. E. D. 
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On Polygons in General. 

143. Def. a Polyg<m is a plane figure bounded by straight 

lines. 

144. Def. The bounding lines are the sides of the polygon, 
and their sum, slsAB + BC+CD, etc., is the Perimeter of 
the polygon. 

The angles which the adjacent sides make with each other 
are the angles of the polygon. 

145. Def. A Diagonal of a polygon is a line joining the 
vertices of two angles not adjacent. 

B B' 



O A' 



D Ff 



146. Def. An Equilateral polygon is one which has all its 
sides equal. 

147. Def. An Equiangular polygon is one which has all 
its angles equal. 

148. Def. A Convex polygon is one of which no side, 
when produced, will enter the surface bounded by the perimeter. 

149. Def. Each angle of such a polygon is called a Salient 
angle, and is less than two right angles. 

150. Def. A Concave polygon is one of which two or more 
sides, when produced, will enter the surface bounded by the 
perimeter. 

151. Def. The angle F D E \a called a Re-entrant angle. 
When the term polygon is used, a convex polygon is meant. 
The number of sides of a polygon is evidently equal to the 

number of its angles. 

By drawing diagonals from any vertex of a polygon, the fig- 
ure may be divided into as many triangles as it has sides less two. 
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152. Dep. Two polygons are Equals when they can be 
divided by diagonals into the same number of triangles, equal 
each to each, and similarly placed; for the polygons can be 
applied to each other, and the corresponding triangles will evi- 
dently coincide. Therefore the polygons will coincide, and be 
equal in all respects. 

153. Dep. Two polygons are MutvaJLly Equiangular, if the 
angles of the one be equal to the angles of the other, each to 
each, when taken in the same order; as the polygons ABC DE F, 
and A' B' C D' E' P, in which /.A = ZA', Z B = /.B', 
ZC = /.C', etc. 

154. Dep. The equal angles in mutually equiangular poly- 
gons are called Homologous angles; and the sides which lie 
between equal angles are called Homologotis sides. 

155. Dep. Two polygons are Mvttuilly Equilateral, if the 
sides of the one be equal to the sides of the other, each to each, 
when taken in the same order. 






Fig. 1. Fig. 2. Kg. 8. Fig. 4. 

Two polygons may be mutually equiangular without being 
mutually equilateral ; as Figs. 1 and 2. 

And, except in the case of triangles, two polygons may be 
mutually equilateral without being mutually equiangular; as 
Figs. 3 and 4. 

If two polygons be mutually equilateral and equiangular, 
thei/ are equal, for they may be applied the one to the other so 
as to coincide. 

156. Dep. A polygon of three sides is a Trigon or Tri- 
angle ; one of four sides is a Tetragon or Quadrilateral ; one of 
five sides is a Pentagon ; one of six sides is a Hexagon ; one of 
seven sides is a Heptagon ; one of eight sides is an Octagon ; one 
of t^n sides is a Deeaxfon ; one of twelve sides is a DofJecac/on. 
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Proposition XLVI. Theorem. 

157. The sum of the interior angles of a polygon is 
equal to two right angles, taken as many times less two as 
the figure has sides. 




Let the figure ABCDEF be a polygon having n sides. 

_ • 

We are to prove 

ZA-b,ZB+ZC, etc., = 2rt A{n— 2). 

From the vertex A draw the diagonals ACy A Dy and A E, 

The sum of the A of the A = the sum of the angles of the 
polygon. 



Now there are (n — 2) A, 
and the sum of the A of each A = 2 rt. zi. 



§98 



.*. the sum of the A of the A, that is, the sum of the A of 

the polygon = 2 rt. ^ (n — 2). 

Q. E. D. 

158. Corollary. The sum of the angles of a quadrilateral 
equals two right angles taken (4 — 2) times, i. e. equals 4 right 
angles ; and if the angles be all equal, each angle is a right 
angle. In general, each angle of an equiangular polygon of n 

sides is equal to -^ '- right angles. 

n 



I 
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Phopositios XLVII, Theorem, 

09- The erterioT angles of a poli/gon, made by produ- 
<^^ng mch ofiit tides w succession, are together equal to four 
right angles. 



or, 



2 K rt. -i. 



having its sides 

Irt.A. 
B,C,D,E; 

$ 31 

§34 

t. A; 

A ^ 2 ft. A taken 



Biit tUe interior ^ = 2 rt. zS taken as many times a 
^^^ ^^ Wdes Uss two, = 2 rt. ^ (™ - 2), 



2 n it. zi — -4 rt. A. 
■ . the exterior A = \iA. A. 
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EXEBGISES. 

1. Show that the sum of the interior angles of a hexagon is 
equal to eight right angles. 

2. Show that each angle of an equiangular pentagon is f of 
a right angle. 

3. How many sides' has an equiangular polygon, four of 
whose angles are together equal to seven right angles 1 

4. How many sides has the polygon the sum of whose in- 
terior angles is equal to the sum of its exterior angles 1 

5. How many sides has the polygon the sum of whose in- 
terior angles is double that of its exterior angles 1 

6. How many sides has the polygon the sum of whose 
exterior angles is double that of its interior angles 1 

7. Every point in the bisector of an angle is equally distant 
from the sides of the angle ; and every point not in the bisector, 
but within the angle, is unequally distant from the sides of the 
angle. 

8. BAC is & triangle having the angle 'B double the angle 
A. li B D bisect the angle B, and meet AC m D, show that 
B D is equal to A D. 

9. If a straight line drawn parallel to the base of a triangle 
bisect one of the sides, show that it bisects the other also ; and 
that the portion of it intercepted between the two sides is equal 
to one half the base. 

10. ABCDis & parallelogram, i^ and F the middle points 
of A D and B C respectively ; show that B E and D F will 
trisect the diagonal A G. 

11. If from any point in the base of an isosceles triangle 
parallels to the equal sides be drawn, show that a parallelogram 
is fonned whose perimeter is equal to the sum of the equal 
sides of the triangle. 

12. If from the diagonal 5 2) of a square ABC D, BE he. 
cut off equal to B (7, and E F he drawn perpendicular to B D, 
show that DE is equal to E Fy and also to F C. 

13. Show that the three lines drawn from the vertices of a 
triangle to the middle points of the opposite sides meet in a 
point. 
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Definitions. 

160. Def. a Circle is a plane figure bounded by a curved 
line, all the points of which are equally distant from a point 
within called the Centre. 

161. Def. The Circumference of a circle is the line which 
bounds the circle. 

162. Def. A Eadius of a circle is any straight line drawn 
from the centre to the circumference, as -4, Fig. 1. 

163. Def. A Diameter of a circle is any straight line pass- 
ing through the centre and having its extremities in the circum- 
ference, as A By Fig. 2. 

By the definition of a circle, all its radii are equal. Hence, 
all its diameters are equal, since the diameter is equal to twice 
the radius. 

M M 






Fig. 1. 

164. Def. An Arc of a circle is any portion of the circum- 
ference, as A MB, Fig. 3. 

165. Def. A Semi-drcumference is an arc equal to one 
half the circumference, qa AM B, Fig. 2. 

166. Def. A Chord of a circle is any straight line having 
its extremities in the circumference, as A B, Fig. 3. 

Every chord subtends two arcs whose sum is the cir- 
cumferenGe. Thus the chord A B, (Fig. 3), subtends the arc 
A M B and the arc ABB, Whenever a chord and its arc are 
spoken of, the less arc is meant unless it be otherwise stated. 
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167. Def. a Segment of a circle is a portion of a circle 
enclosed by an arc and its chord, sls A MB, Fig. 1. 

168. Def. A Semicircle is a segment equal to one half the 
circle, aa A D (7, Fig. 1. 

169. Def. A Sector of a circle is a portion of the circle 
enclosed by two radii and the arc which they intercept, oa AC B, 
Fig. 2. 

170. Def. A Tangent is a straight line which touches the 
circumference but does not intersect it, however far produced. 
The point in which the tangent touches the circumference is 
called the Point of Contact, or Point of Tangency. 

171. Def. Two Circumferences are tangent to each other 
when they are tangent to a straight line at the same point. 

172. Def. A Secant is a straight line which intersects the 
circumference in two points, as -4 Z>, Fig. 3. 




173. Def. A straight line is Inscribed in a circle when its 
extremities lie in the circumference of the circle, as A B, Fig. 1. 

An angle is inscribed in a. circle when its vertex is in the 
circumference and its sides are chords of that circumference, as 
Z^^C7, Fig. 1. 

A polygon is inscribed in a circle when its sides are chords 
of the circle, as A A B C, Fig. 1. 

A circle is inscribed in a polygon when the circumference 
touches the sides of the polygon but does not intersect them, 
as in Fig. 4. 

174. Def. A polygon is Circiimscribed about a circle when, 
all the sides of the polygon are tangents to the circle, as in Fig. 4. 

A circle is circumscribed about a polygon when the circumfer- 
ence passes through all the vertices of the polygon, as in Fig. 1. 
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175. Def. Equal circles are circles which have equal radiL 
For if one circle be applied to the other so that their centres 
coincide their circumferences will coincide, since- all the points 
of both are at the same distance from the centre. 

176. Every diameter bisects the circle 
and its circumference. For if we fold over 
the segment A MB on A B as a,ix axis until 
it comes into the plane of A PB, the arc 
A MB will coincide with the arc A PB ; 
because every point in each is equally dis- 
tant from the centre 0. 




Proposition I. Theorem. 

177. TAe diameter of a circle ia greater than any other 
chord. 

Let AB be the diameter of the circle 
A MB, and A E any other chord. 

We are to prove A B >- A E, 

From (7, the centre of the O, draw C E. 
CE=CB, 
(being radii of the same circle). 

But AC+CE>AE, § 96 

(the sum of two sides of a A> the third side). 
Substitute for C E, in the above inequality, its equal CB. 
Then AC'^CB>AE,ot 

AB>AE. 

Q. E. D. 
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Proposition IL Theorem. 

178. A atraiglit line cannot intersect the circumference 
of a circle in more than two points. 




Lat HK be any line cutting the circumference A MP, 

We are to prove that H K can intersect the drcitmference 
in only two points. 

If it "be possible, let H K intersect the circumference in three 
points, H, F, and K. 

From 0, the centre of the O, draw* the radii Off, OP, 
and K, 



Then 



Off, OP, and K qxq equal, 
(jking radii of the same circle). 



§163 



.'.if ffK could intersect the circumference in three points, 

we should have three equal straight lines Off, OP, and K 

drawn from the same point to a given straight line, which is 

impossible, § 56 

(ou/y two equal straight lines can be drawn frora a point to a siraigJit line). 

.'.a straight line can intersect the circumference in only- 
two points. 

Q. E. D. 
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Proposition IIL Theorem. 

179. In the same circle, or equal circles , equal angles 
at the centre intercept equal arcs on the circumference. 





P P 

In the equal circles ABP and A'B'F' let Z.O=ZO'. 

We are to prove arc BS = arc R' S'. 

Apply O A BF to OA'B'F', 

80 that Z shall coincide with A C* 

The point 22 will fall upon B', § 176 

{for 011= OfBf, being radii of equal ©), 

and the point S will fall npon S', § 176 

{for 0S= Of S^, being radii ofeqV'CU 



Then the a.TC BS must coincide with the arc B'S*. 
For, otherwise, there would be some points in the circumference 
unequally distant from the centre, which is contrary to the 
definition of a circle. § 160 



Q. E. D. 
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Proposition IV. Theorem. 

180. Conversely : In the same circle, or equal circles, 
equal arcs subtend equal angles at the centre. 




. Ai 




In the equal circles ABP and A' B' P' let arc RS 
= arc R' S'. 

We are to prove Z ROS^Z. R' 0' S'. 

Apply O ^^P to O A'B'P', 

so that the radius R shall fall upon 0* Rf. 

Then S, the extremity of arc RS, 

will fall upon S\ the extremity -of arc R' S^, 
(Jor ES=ItfSf,by hyp.), 

:\OSwm coincide with 0' S', § 18 

{th>eir extremities being the same points). 

,\ Z. RO S will coincide with, and he equal to, Z i?' 0^ S'. 

Q. E. D. 
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Proposition V. Theorem. 

181. In the same circle, or equal circles, equal arcs are 
subtended by equal chords. 





In the equal circles ABP and A' B^ P let arc RS 

We are to prove chord li S = chord E' S*. 

Draw the radii R, S, 0* R\ and 0' ^. 



In the AROSoxidiRfO'S' 



OR=0'R', 

(Jbeing radii of equal ©), 

OSLO'S', 



§176 



§176 



Z.O = Z.O*, § 180 

{equal arcs in equal ® subtend equal A at the centre), 

.\AROS = AR'0'S\ § 106 

{tux) sides and the included Z. of the one hein>g equal respectively to two sides 

and the inxHuded Z. of the otfffr). 

.'. chord RS= chord R' S\ 
" (J)eing Jiomologous sides of equal A ). 

Q. E. D. 
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Proposition VI. Theorem. 

182. Conversely : In the mme circle , or equal drcleSy 
equal chords subtend equal arc%^ 





In the equal circles ABP and A*B*F', let chord BS 
= chord R*S'. 

We are to pro/ve arc R S = arc R' S\ 

Drdw the radii R, S, 0* W, and 0' aS*. 

In the A ^ 6> aS' and 7?' 6>' /^' 

RS = R'S\ Hyp. 

OR = 0'R', §176 

{being radii of equal (D), 

OS=0'S'', J 176 

.\AROS = AR'0'S', §108 

{three sides of the one being equal to three sides of the other), 

^.\Z = Z 0', 

{being homologous A of equal ii). 

.•.arci?AS'=arci?'AS", § 179 

(in the same 0, w equal ©, equal A at the centre intercept equal arcs on the 

circumference). 

Q. E. D. 
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Eboposition VII. Theorem. 

f 83. The radius perpendicular to a chord bisects the 
chord and the arc subtended by it. 




S 

Let AB be the chord, and let the radius OS be per- 
pendicular to A B at the point M. 

We are to prove AM= BM, and arc AS=^ arc B S, 

Draw CA and CB. 
CA = CB, 

(being radii of the aanie O) ; 

.\ A AC B \a isosceles, § 84 

(t?ie opposite sides being equal) ; 

.\± OS bisects the base A B and the Z 0, § 113 
(the ± drawn from ike vertex to the base of an isosceles A bisects the base and 

the /.aA the vertex), 

.\AM=BM. 

Also, sinceZ^CAS'^^Z^C/S; 

arc -4 aS' = arc aS'^, §179 

(equal A at the centre intercept equal arcs on the circumference), 

Q. E. D. 

184. Corollary. The perpendicular erected at the middle 
of a chord passes through the centre of the circle, and bisects 
the arc of the chord. 
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Proposition VIIL Theorem. 

185. In the same circle, or equal circles, equal (jhordi 
are equally distant from the centre ; and of two unequal 
chords the less is at the greater distance from the centre. 




E 
In the circle AB EC let the chord A B equal the chord 
OF, and the chord CE be less than the chord C F. 
Let Pj OH, and OK be Js drawn to these chords 
from the centre 0. 

We are to prove 0P= Off, and Off< OK. 

Join OAsLudO 0. 
In the rt. A ^ P and (70 iy 

OA=OC, 

{being radii of the same O) ; 

AP = Cff, §183 

{being halves of eqvitil chords) ; 

.\AAOF=ACOff, §109 

. .\OP=OH. 

Again, since CE< CF, 

t\iQZCOE<COF, §116 

and the arc CF< the arc CF. 

.'.-L OK will intersect CF in some point, as m. 
Now OK>Om. Ax. 8 

But Om>OH, §62 

(a J. u the shortest distance from a point to a straight line). 
/.much more i& 0K'> GIT. 

Q. K. D. 
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Pboposition IX. Theorem. 

186. A straight line perpendicular to a radius at its 
extremity is a tangent to the circle. 




Let BA be the radius, and MO the straight line 
perpendicular to BA at A. 

We are lo prove M tangent to the circle. 

From B draw any other line to MOydA BC H, 

BH>BA, §52 

(ft J. nuasurea the shortest distance from a point to a straight line), 

.'. point ZT is without the circumference. 

V 

But BH is any other line than B A, 

.'. every point of the line MO is without the circumference, 
except A, 

,', MO is SL tangent to the circle at A, § 171 

Q. E. D. 

187. Corollary. When a straight line is tangent to a 
circle, it is peipendicular to the radius drawn to the point of 
contact, and therefore a perpendicular to a tangent at the point 
of contact passes through the centre of the circle. 
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Pbopositio:n X.' Theorem. 

188. When two circumferences intersect each other, the 
line which joins their centres is perpendicular to their common 
chord at its middle point. 




Let C and CT be the centres of two circumferences 
which intersect at A and B. Let AB be their 
common chord, and G G' join their centres. 

We are to pr(yve C G' JL to A B at its middle point, 

A -L drawn through the middle of the chord A B passes 
through the centres G and C", § 184 

(a ± erected at the middle of a chord passes thrtmgh the centre of the O). 

.*. the line G C, having two points in common with this -L, 
nwst coincide with it. 

.'. (7 (7' is ± to -4 J5 at its middle point 

Q. E. D. 



Ex. 1. Show that, of all straight lines drawn from a point 
without a circle to the circumference, the least is that which, 
when produced, passes through the centre. 

Ex. 2. Show that, of all straight lines drawn from a point 
within or without a circle to the circumference, the greatest is 
that' which meets the circumference after passing through the 
centre. 
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Proposition XI. Theorem. 

.189. When two circumferences are tangent to each other 

their point of contact is in the straight line joining their 

centres, 

A 




Let the two circumferences, whose centres are C and 

C", touch each other at 0, in the straight line A B, 

and let GC* be the straight line Joining their cen- 
tres. 

We are to prove is in the straight line C C 

A J- to -4 B, drawn through the point 0, passes through the 
centres C7 and C, § 187 

{a J. to a tangent at the point of contact passes through the centre of the O). 

,\ the line C C, having two points in common with this J_, 
must coincide with it. 



/. C? is in the straight line C C, 



Q. E. D. 



Ex. AB, BL chord of a circle, is the base of an isosceles 
triangle whose vertex C is without the circle, and whose equal 
sides meet the circle in D and K Show that C B \s equal 
to CK 
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On Measurement, 

190. Def. To measure a quantity of any kind is to find 
how many times it contains another known quantity of the sam^ 
kind. Thus, to measure a line is to find how many times it con- 
tains another known line, called the linear unit. 

191. Def. The number which expresses how many times 
a quantity contains the unit, prefixed to the name of the unit^ 
is called the nnmjerical measure of that quantity j as 5 yards, etc. 

192. Def. Two quantities are commensurable if there be 
some third quantity of the same kind which is contained an 
exact number of times in each. This third quantity is called 
the common measure of these quantities, and each of the given 
quantities is called a multiple of this common measure. 

193. Def. Two quantities are incommensurable if they 
have no common measure. 

194. Def. The magnitude of a quantity is always relative 
to the magnitude of another quantity of the same kind. No 
quantity is great or small except by comparison! This relative 
magnitude is called their Ratio, and this ratio is always an ab- 
stract number . 

When two quantities of the same kind are measured by the 
same unity their ratio is the ratio of their numerical measures, 

195. The ratio of a to 6 is written -, or a : 6, and by this 
is meant : ^ 

How many times b is contained in a; a 

or, what part a is of b, h 

I. If 6 be contained an exact number of times in a their 
ratio is a whole number. 

If 6 be not contained an exact number of times in a, but 

if there be a common measure which is contained m times in a 

m 
and n times in 6, their ratio is the fraction — . 

n 

II. If a and b be incommensurable, their ratio cannot be 
exactly expressed in figures, l3ut if 6 be divided into n equal 
parts, and one of theso parts bo containo;! m times in a with 

1 7fh 

a remainder less than - part of b, then — is an approximate 

n n 

value of the ratio ~ , correct within - . 

6 n 
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Again, if each of these equal parts of 6 be divided into n 
equal parts ; that is, if 6 be divided into n^ equal parts, and if 
one of these part» be contained m/ times in a with a remainder 

less than —^ part of 6, then —5^ is a nearer approximate value 
?r n^ 

of the ratio - , correct within —s- . 
b n^ 

By continuing this process, a series of variable values, 

— I —^9 —it 6^c., will be obtained, which will differ less and 
n rr nr ^ 

less from tne exact value of - . We may thus find a fraction 

which shall differ from this exact value by as little as we please, 
that is, by less than any assigned quantity. 

Hence, an incommensurable ratio is the limit toward which 
its successive approximate values are constantly tending. 

On the Theory op Limits. 

196. Def. When a quantity is regarded as having a fixed 
value, it is called a Constant ; but^ when it is regarded, under 
the conditions imposed upon it, as having an indefinite number 
of diffei'ent values, it is called a Variable, 

197. Dep. When it can be shown that the value of a vari- 
able, measured at a series of definite intervals, can by indefinite 
continuation of the series be made to differ from a given con- 
stant by less than any assigned quantity, however small, but 
cannot be made absolutely equal to the constant, that constant 
is called the Limit of the variable, and the variable is said to 
approach indefinitely to its limit. 

If the variable be increasing, its limit is called a superior 
limit ; if decreasing, an inferior limit. 

198. Suppose a point d ^ ^T f ^ 

to move from A toward -5, under the conditions that the first sec- 
ond it shall move one-half the distance from A to B, that is, 
to M ; the next second, one-half the remaining distance, that is, 
to J^P ; the next second, one-half the remaining distance, that 
is, to 3/", and so on indefinitely. 

Then it is evident that the moving point may approach as 
near to B as we please, but unU never arrive at B, For, however 
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near it may be to B at any instant, the next second it will pass 
over one-half the interval still remaining ; it must, therefore, 
approach nearer to -5, since Iialf the interval still remaining is 
some distance, but will not reach £^ since fialf the interval still 
remaining is not the whole distance. 

Hence, the distance from A to the moving point is an in- 
creasing variable, which indefinitely approaches the constant * 
-4 jB as its liTnit ; and the distance from the moving point to B 
is a decreasing variable, which indefinitely approaches the con- 
stant zero as its liTnit. 

If the length of -4 jB be two inches, and the variable be 
denoted by a;, and the difference between the variable and its 
limit, by v : 

after one second, a? = 1, v = 1 ; 

after two seconds, x = l-\-i, v=i\ 

after three seconds, a:=l + } + }, t; = i; 

after four seconds, a; = l + } + t + J, t; = i; 
and so on indefinitely. 

Now the sum of the series 1 + } + i + J etc., is evidently 
less than 2 ; but by taking a great number of terms, the sum 
can be made to differ from 2 by as little as we please. Hence 
2 is the limit of the sum of the series, when the number of the 
terms is increased indefinitely ; and is the limit of the vari- 
able difference between this variable sum and 2. 

Ihn. will be used as an abbreviation for limit. 

199. [1] The difference between a variable and its limit is 
a variable whose limit is zero, 

[2] If two or more variables, v, v\ v", etc., have zero for a 
limit, their sum, v -{- 1;' + v", etc., will have zero for a limit. 

[3] If the limit of a variable, v, be zero, the limit of a^v 
will be the constant a, and the limit of aXv will be zero. 

[4] The product of a constant and a variable- is also a va- 
riable, and the limit of the product of a constant and a variable 
is the product of the constant and the limit of t/ie variable. 

[5] The sum or product of two variables, both of which are 
either increasing or decreasing, is also a variable. 
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Proposition I. 
[6] If two variables he always equal, their limits are equal. 

Let the two variables A M and 
A N be always equal, and let A C 
and A B be their respective limits. 

We are to prove A C = AB, 

Suppose AG>AB, Then we may 
diminish AC io some value A C such qi^ 
that^C" = 4^. p 

Since A M approaches indefinitely to C^ 
A C, we may suppose that it has reached 
a value A P greater than A C\ 

Let ji Q be the corresponding value of A N, 

Then AP=-AQ, 

Now AG'-=^AB, 

But both of these equations cannot be true, for -4 jP > A C\ 
and A Q<AB, .\AC cannot be greater than A B, 

Again, suppose ACKAB. Then we may diminish A B to 
some value A B' such .that AC = AB', 

Since A N approaches indefinitely to ^ 5 we may suppose 
that it has reached a. value A Q greater than A B', 

Let A P\>Q the corresponding value of A M, 

Then AP=AQ, 

Now AC=AB', 

But both of these equations cannot be true, for A P <. A C, 
and AQ> AB', .'.AG cannot be less than A B. 

Since A C cannot be greater or less than A B, it must be 
equal to ^ ^. * Q- ^' ^' 

[7] Corollary I. If two variables be in a constant ratht, 
their limits are in the same ratio. For, let x and y be two variables 

X 

having the constant ratio r, then - == r, or, x=^r y^ therefore 

y 

Urn. ix) = lim. (ry) = rX Urn. (y), therefore ,. — == r. 
• ^ ^ ^ ^ hm. (y) 

[8] Cor. 2. Since an incommensurable ratio is the limit of 
its successive approximate values, two incommensurable ratios - 
and -jj are equal if they always have the same approximate vulioes 
zvhen expressed wiihin the same measure of precision. 
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Proposition II. 

[9] The limit of the algebraic sum of two or more variables 
is the algebraic sum of their limits. 

Let Xy y, 2, be variables, a, b, and c, ^ -^ +— 

their respective limits, and v, t/, and v", 

the variable differences between x, y, z, b i-^ 

and a, b, c, respectively. 

We are to prove Urn. (a? + y + 2) = a + 6 + c. c -^ k~^ 

Now, x = a — Vy y^b — 't/y z = c — v". 
Then, x-\-7/-\-z = a — v+b--i/ + c — v'\ 

.'. lim,(x+y+z)=lim.(a — v+b — t/+c — v"). [6 

But, lim. (a — v+b — v'-\-c — v'^) = a+b+c, [3 

.*. lim. (X + y-\- z) = a + b-\- c. 

Q. E. D. 

Proposition lit 

[10] The limit of the prodtict of two or more variables is the 
product of their limits. 

Let Xy yy Zy be variables, ay by c, their respective 
limits, and v, t/, v'\ the variable differences between 
Xy yy Zy and ay by c, respectively. 

We are to prove lim. (xyz)^=abc, 

Now, x = a'-'Vy y=^b — v'y z = c — v". 

Multiply these equations together. 

Then, xyz = abc^^ terms which contain one or more of 
the factors v, t/, v", and hence have zero for a limit. [31 

.'. lim. (xyz) = lim. (abc^ terms whose limits are zero). [6 J 
But lim. (ab c'^f terms whose limits are zero) = abc. 

.'. lim. (xyz) = abc, 

Q. E. D. 

For decreasing variables the proofs are similar. 



Note. — In the application of the principles of limits, refer- 
ence to this section (§ 199) will always include the fundamental 
truth of limits contained in Proposition I. ; and it will be left as 
an exercise for the student to determine in each case what other 
truths of this section, if any, are included in the reference. 
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Pboposition XII. Theorem. 

200. In the same circle^ or equal circles, two eommen^ 
surable arcs have the same ratio as the angles which they 
subtend at the centre, 

fJt^h E K 




^ 



r 



V 
o 



p 

In the circle APC let the two arcs be AB and A (7, 
aj^d A OB and AOC the A which they subtend. 

• ip. , arc^ J5 Z AOB 
We are to prove r—- = ^— ; • 

^ arc ^ (7 ZAOC 

Let JIKhes. common measure of AB and A C, 
Suppose If K to be contained in A B three times, 



Then 



and in -4 C five times. 
arc ^ 5 3 



arc AC 5 

At the seyeral points of division on -4 -5 and A C draw radii. 

These radii will divide ZAOC into five equal parts, of 

which Z AOB will contain three, § 180 

(m the sam4 Q, or eqtial (D, eqtial ares.svhtend equal A at the centre), 

'''ZAOC 6* 

arc ^ ^ _ 3 
arc -4 C 5 ' 

3,TcAB ^ ZA0n ^^ 2 

•'• arc ^(7 Z AOC' 

Q. E. D. 



Bat 
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Proposition XIIL Theorem. 

201. In the same circle, or in equal circles, incom^ 
mensurable arcs have the same ratio *as the angles which 
they subtend at the centre, 

pi p 





In the two equal ® ABP and A'B'P' let A B and A' B 
be two incommensurable arcs, and C, C* theA which 
they subtend at the centre, 

jr. , arc A'B' Z C 
We are to prove = . 

^ arc ii ^ ZC 

Let ABhe^ divided into any number of equal parts, and 
let one of these parts be applied to -4'^' as often as it will be 
contained in A'B'.. 

Since AB and A' B' are incommensurable, a certain num- 
ber of these parts will extend from A' to some point, as D, 
leaving a remainder D B' less than one of these parts. 

Draw C D. 
• Since A B and A'D are commensurable, 

arc^^^ ^ ZA'G'D c goo 

arc ^ ^ "" Z ^ C^ ' ^ 

{two commenmrahle arcs have the same ratio as the A which (hey svMend at 

the centre). 

Now suppose the number of parts into which ^ ^ is divided 
to be continually increased ; then the length of each part will 
become less and less, and the point D will approach nearer and 
nearer to B', that is, the arc A' D will approach the arc A' B' as 
its limit, and the Z A' C D the Z A' C B' as its limit. 
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ihen the limit of will be > 

arc ^ ^ urc il i^ 

and the limit of ^ ^ ^ — will be ^-____. 

. Z^C^ Z.ACB 

Moreover, the corresponding values of the two vanableSy . 

namely, 

arc^^2> ^^ AA'C'D ^ 

arc -4 -5 AACB* 



are equal, however near these variables approach their limits. 

arcJ'^ , /.A'CB 
and 

arc^^ Z.ACB 



.'. their limits and — are equal § 199 



Q. E. D. 

202. ScHOLiTTH. An angle at the centre is said to be meas- 
ured by its intercepted arc. This expression means that an angle 
at the centre is such part of the angular magnitude about that 
point (four right angles) as its intercepted arc is of the whole 
circumference. 

A circumference is divided into 360 equal arcs, and each 
arc is called a degree, denoted by the symbol (**). 

The angle at the centre which one of these equal arcs sub- 
tends is also called a degree. 

A quadrant (one-fourth a circumference) contains there- 
fore 90"; and a right angle, subtended" by a quadrant, con- 
tains 90". 

Hence an angle of 30" is J of a right angle, an angle of 45" 
is J of a right angle, an angle of 135° is | of a right angle. 

Thus we get a definite idea of an angle if we know the • 
number of degrees it contains. 

A degree is subdivided into sixty equal parts called min- 
utes, denoted by the symbol ('). 

A minute is subdivided into sixty equal parts called sec- 
onds, denoted by the symbol ("). 



1 
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Proposition XIV. Theorem. 

203. An inscribed angle is measured by one-half of Hie 

arc intercepted between its sides, 

B B B 




Case L 

In the circle FAB {Fig. 1), let the centre C be in one 
of the sides of the inscribed angle B. 

We are to prove Z, B is measured by \ arc P A. 

Draw CA. 
GA = CB, 

ifid'njg radii of the same 0). 

' .\Z.B=^Z.A, § 112 

{Jbeing opposite equal sides). 

ZPCA=ZB+ZA. § 105 

(the exterior Z-ofat^is equal to the sum of the two opposite interior ^). 
Substitute in the above equality Z B for its equal Z A, 
Then we have ZP0A = 2ZB. 

But Z P (7^ is measured hy A P, § 202 

(fhe Z. at the centre is measured by the intercepted are). 

.'. 2 Z B is measured by A P. 
.'. Z B is measured hj ^ A P. 
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Case II. 

In the circle BAE (Fig. 2), let the centre C fall 
within the angle EBA, 

We are to prove Z. E BA is measured hy \ arc tl A. 

Draw the diameter BC P, 

Z, PB A ia measured by J arc P -4, (Case I.) 

Z PBEia measured by J arc PE, * (Case I.) 

.-. Z PEA + Z PBEis measured by J (arc PA + arc PE). 

.'. Z'EBA is measured by J arc EA. 

Case III. 

In the circle BFP {Fig. 3), let the centre C fall with- 
out the angle A BF, 

We are to prove Z A BF is measured hy \ arc A F. 

Draw the diameter BC P. 

Z PBFia measured by ^ arc P F, (Case I.) 

Z PBA is measured by ^ arc P^, (Case L) 

.'.Z PBF—Z PBA ismeasuredby J(arcPP— arcP-4). 

.'. Z AB F'v& measured by i arc A F. 

Q. E. D. 

204. Corollary 1. An angle inscribed in a semicircle is 
a right angle, for it is measured by one-half a semi-circumfer- 
ence, or by 90**. 

205. Cor. 2. An angle inscribed in a segment greater than 
a semicircle is an acute angle ; for it is measured By an arc less 
than one-half a semi-circumference ; i. e. by an arc less than 90**. 

206. Cor. 3. An angle inscribed in a segment less than a 
semicircle is an obtuse angle, for it is measured by an arc greater 
than one-half a semi-circumference ; i. e. by an arc greater 
than 90**. 

207. Cor. 4. All angles inscribed in the same segment are 
equal, for they are measured by one-half the same arc. 
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Proposition XV. Theorem. 

208. An angle formed hy two chorda , and whoae verUx 
lies between the centre and the circumference ^ is measured hy 
one-half i he intercepted arc plus one-half the arc intercepted 
by its sides produced. 




Let the Z AOC be formed hy the chords A B and CD, 
We are to prove 

A AOC is measured hy \ arc AC -^ \ arc B D. 

Draw A Z>. 

ZCOA=-Z.D-\-AA, §105 

((he exterior /.of a t^ is equal to ike sum of the two opposite interior A ). 

But Z Z) is measured by ^ arc AC, § 203 

{an inscribed Z is measured by i the intercepted arc) ; 

and Z A is measured hj ^ arc B D, § 203 

.\Z C OAis measured hj ^ aic A C + ^ a,TC B D. 

Q. E. D. 



Ex. Show that the least chord that can be drawn througli 
a given point in a circle is perpendicular to the diameter drawu 
through the point. 
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Proposition XVI. Theorem. 

209, An angle formed by a tangent and a ehord is 
measured by one-half the intercepted arc. 




Let HAM he the angle formed by the tangent OM 
and chord AH, 

We are to prove 

Z, HA M is measured hy ^ arc A EH 

Draw the diameter AC F, 

Z FAMia&Tt,Z, §186 

{t?ie radius draum to a tangent at the point of contact is ± to it), 

Z FAM, being a rt. Z, is measured by J the semi-circum- 
ference AEF. 

Z FAHia measured by ^ arc FH, § 203 

{an inscribed Z. is measured by i the intercepted arc) ; 

.-. Z FAM— Z /'^ i7 is measured by ^ (arc il^i?'— arc HF), 

.*. Z HA Mis measured by J arc AE H 

Q. E. D. 
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Proposition XVII. Theorem. 

210. An angle forined by two secants, two tangents, or 

a ^tangent and a secant, and which has its vertex without the 

circumference, is measured by one-half the concave arc, minus 

one^half the convex arc, 






M 

Fig. 1. Fig. 2. 

Case I. 
Let the angle {Fig. 1) be formed by the two secants 
OA and OB. 

We are to prove 

Z. is measured by \ o^ta A B — \ arc E G. 

Draw CB, 

ZACB=-ZO-^ Z.B, § 105 

(the exterior Zofa Ais equal to the sum of the two opposite interior d ). 

By transposing, . 

ZO = ZACB''ZB, 

But ZACBis measured by J arc A B, § 203 

(an inscribed A is measured by i the intercepted arc), 

and Z. B ia measured by J arc C B, § 203 

.*. Z. is measured by J arc -4 -5 — J arc CB. 
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Case II. 

Let the angle {Fig, 2) be formed by the two tan' 
gents OA and OB. 

We are to prove 

Z. U measured 6y J arc 4 MB — J arc -4 SB. 

Draw A B. 
ZABC-=ZO-i-ZOAB, §105 

(the exterior ZofaAie equal to the awn of the two opposite interior A ). 

By transposing, 

Z = ZABC-Z OAB. 

But ZABGS& measured by ^ arc -4 M By § 209 

(an /.foTTMd by a tangent and a chord is measured by \ the intercepted arc), 

and Z OAB is measured by J arc A SB. § 209 

.'. Z ia measured by J arc .4 MB — ^ arc -4 SB, 

Case III. 

« 

Let the angle (Fig. 3) be formed by the tangent 
OB and the secant OA. 

We are to prove 

Z is measured by ^ sltc A D S -^ ^ arc C E S. 
Draw OS. 

ZACS-^ZO + ZCSO, §105 

(pu exterior /.ofal^is equal to the sum of the ttoo opposite interior A). 
By transposing, 

Z = ZACS-ZCSO. 

But Z ACS is measured by ^ a.vc A D S, § 203 

(being an inscribed /). 

and Z CSOis measured by \ oxt^ C E S, § 209 

(being an Z formed by a tangent and a chord). 

.". Z is measured by J arc ADS— | arc C E S. 

Q. E. D. 



100 



GEOMETRY. BOOK H. 



Supplementary Propositions. 
Proposition XVIII. Theorem. 

211. Two parallel lines intercept upon the circum- 
ference equal arcs. 





Pig. 1. 

Let the two parallel lines CA and B F (Fig:. 1), inter- 
cept the arcs C B' and A F. 



§68 



We are to prove arc C B = arc A F. 

Draw A B, 

ZA=ZB, 

{being alt. -int. A). 
But the arc CB i8 double the measure of Z A. 
and the arc ^ /* is dduble the measure of Z B. 

.". SLTC C B = &TC A F. Ax. 6- 

Q. E. D. 

212. Scholium. Since two parallel lines intercept on th(J 
circumfetence equal arcs, the two parallel tangents ^ N and 
P (Fig. 2) divide the circumference in. two semi-circumferences 
AC B and AQB, and the line A B joining the points of contact 
of the two tangents is a diameter of the circle. 
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Proposition XIX. Thborkm. 

213. If the 9um of two arcs be less tlian a circvm^ 
ference the greater arc is subtended by tlie greater chord ; 
and conversely, the greater chord subtends the greater arc. 

B 




P 
In the circle A CP let the two arcs A B and BC to- 
gether he less than the circumference, and lot 
AB he the greater. 

We are to prove chord A B '> chord B C. 

Drawee. 
In the A ^ -fi (7 

Z C, measured by J the greater ^tg AB, . § 203 
is greater than Z A, measured by \ the less arc B G. 

.-. the side ii 5 > the side BG, § 11 7 

(m at^ih^ greaUr /.haathe greaUr side oppoeUe to U). 

CoNVERSELT : K the chord A B he greater than the 

chord B G. 

We are to prove arc AB> arc B (7. 

IniliQ A ABG, 

AB>BG, , Hyp. 

.\ZG>A, §118 

{in aAt?ie greater side has the greater Z oppasiU to lO- 
.-. arc A B, double the measure of the greater Z G, is greater 
than the arc B G, domble the measure of the less Z A. ^ ^ ^ 
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Proposition XX. Theorem. 

214. If the sum of two area be greater than a circum- 
ference y the greater arc u subtended by the less cliord ; and, 
conversely, the less chord subtends the greater arc, 

B 




E 
In the circle BOE let the arcs AECB and BA EG 
together he greater than the circumference, and 
let arc AECB be greater than arc BAEC, 

We are to prove chord AB< cliord B C, 

From the given arcs take the common arc AEC ; 

we have left two arcs, CB and A B, less than a circumference, 

of which CB is the greater. 

.-. chord CB> chord A B, § 213 

{w?ien the sum of two arcs is less than a circumferencef the greater arc is 

subtended by the greater chorci). 

.*. the chord A B, which subtends the greater arc AECB, 
is less than the chord B C, which subtends the less arc BAEC. 

Conversely : If the chord ^ J5 be less than chord B C. 

We are to prove arc AECB > arc BAEC. 

Arc A B + Q.rc AECB = the circumference. 

Arc BC + SLic B A E C = the circumference. 

.-. arc il ^ + arc ^ ^(7 5 = arc ^ (7 +' arc BA EC. 

But arc ^^< arc 5 C, §213 

{being subtended by the less chord). 

.'. Sivc A E C B > s,rc B A E C. 

Q. E. D. 
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On Constructions. 



Proposition XXL Problem. 



215. To find a point in a platie, having given its diS' 
iances from two known points. 



n \ 



Let A and B he the two known points; n the dis- 
tance of the required point from A, o its distance 
from B, 

It is required to find a point at the given distances from A 
and B, 

Erom ^ as a centre, with a radius equal to n, describe an arc. 

From -5 as a centre, with a radius equal to o, describe an arc 
intersecting the former arc at C, 

G is the required point. 

Q. r. F. 



216. Corollary 1. By continuing these arcs, another point 
below the points A and B will be found, which will fulfil the 
conditions. 

217. CoR. 2. When the sum of the given distances is equal 
to the distance between the two given points, then the two arcs 
described will be tangent to each other, and the point of tan- 
gency will be the point required. 
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Let the distance from A to B equal n -\- o. 

From A Bs a, centre, with a \/ 

radius equal to n, describe an arc ; A' c\ 'B 

and from ^ as a centre, with '^ 

a radius equal to o, describe an ^ 

arc. 

These arcs will touch each ~ 

other at C, and will not intersect. 

.*. (7 is the only point which can be found. 

218. Scholium* 1. The problem is impossible when the 
distance between the two known points is greater than the sum 
of the distances of the required point from the two given points. 

Let the distance from Aio B be greater than » + o. 

Then from ii as a centre, 
with a radius equal to «, de- '^' 
scribe an arc; 

and from jS as a centre, with a 
radius equal to o, describe an arc. 

These arcs will neither touch 



nor intersect each other ; 

hence they can have no point in common. 

219. ScHO. 2. The problem is impossible when the distance 
between the two given points is less than the dijfference of tlie 
distances of the required point from the two given points. 

Let the distance from ^ to -ff be less than n — o. 



\ 
\ 
\ 


1 

1 












1 


1 
1 


\ 


n 







From ii as a centre, with a radius ^-^"^ "^-v^ 
equal to n. describe a circle : / ^ \ 

and from -5 as a centre, with a / / \ \ 

radius equal to o, describe a circle. I i a- »n I ^ 

The circle described from 5 as a \ \ / / 

centre will fall wholly within the circle ^ \^ y / 

described from ^ as a centre ; o \ / 

hence they can have no point in ^ ^^ ■'^ 

common. 



CONSTEUCTION8. 105 



Proposition XXIL Problem. 

220. To bisect a given straight line. 

C 

Y 

I 
I 

^ 1 



\ 

I 



J. 



A 

E 
Let AB be the given straight line* 

It is required to bisect the line A B. 

From A and B as centres, with, equal radii, describe arcs 
intersecting at G and E, 

Join CE. 

Then the line CE bisects A B. 
For, CaikdE, being two points at equal distances from the 
extremities A and B, determine the position of a J. to the mid- 
dle point ofAB. § 60 

Q. E. F. 

Proposition XXIIL Problem. 

221. At a given point in a straight line, to erect a 
perpendicular to that line. R 



/^X 



^ HO" 

Let be the given point in the strjkight line A B, 

It is required to erect a A. to the line A B at the point 0. 

TakQOH==OB. 

From B and H as centres, with equal radii, describe two 
arcs intersecting at B, 

Then the line joining B is the L required. 
For, and B are two points at equal distances from B and IT, and 
.•.determine the position of a -L to the line ITB at its 
middle point 0, § 60 

Q. E. F. 
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Pboposition XXrV. Problem. 

222. From a point without a atraight line, to let /all a 
perpendicular upon that line. 



X 



/ 






._^ ^..-"X 



Let AB be a given strsdght line, and V a given point 
without the line. 

It is required to let fall aJ-to the line A B from the point C. 

From (7 as a centre, with a radius sufficiently great, 

describe an arc cutting A BeX the points U and K. , 

From H and K as centres, with equal radii, 

describe two arcs intersecting at 0. 

Draw C 0, 

and produce it to meet AB 9.im. 

Cm is- the _L required. 

For, C and 0, being two points at equal distances from H 
and K, determine the position of a J. to the line U K B.t its 
middle point. § 60 

Q. E. F. 
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Proposition XXV. Problem. 

223. To construct an arc equal to a given arc whose 
centre is a given point. 





O^ 



Let C he the centre of the given arc A B. 

It is required to construct an arc equal to arc A B. 

Draw CB, G A, and A B. 

From C as a centre, with a radius eqnal to CB, 

describe an indefinite arc B' F. 

From ^' as a centre, with a radius equal to chord A B, 

describe an arc intersecting the indefinite arc at il'. 

Then arc ^' -ff' »= arc ^ B. 

For, draw chord -4' B\ 

The © are equal, 
{beiTig described vnth equal radii), 

and chord A' B' = chord A B ; Cons. 

.-. arc A' B^^SLTcAB, § 182 

{in equal (D equal chords subtend equal arcs). 



Q. E F. 
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Proposition XXVI. Problem. 

2^4. At a given point in a given straight line to con- 
struct an angle equal to a given angle. 

F 





B B 

Let C be the given point in the given line C Bfy and 
C the given angle. 

It is required to construct an /. at C equal to the Z. C, 

From C as a centre, with any radius os CB, 
describe the aic AB, terminating in the sides of the Z. 

Draw chord A B. 

From C as a centre, with a radius equal to C B, 

describe the indefinite arc -ff ' F. 

From 5' as a centre, with a radius equal to A B, 

describe an arc intersecting the indefinite arc at A', 

Draw A' C. 
Then AC'=^AC. 
For, join^'^'. 

The © to which belong arcs A B and A* Bf are equal, 
{)>ei'ivg described vjUh equal radii). 

and chord A' B' = chord A B ; Cons, 

.-. arc A' B' = arc AB, § 182 

(m equaX ® equal chords subtend equal arcs), 

.•.Z(7' = Z(7, §180 

(in equal (D equal arcs subtend equal A at the centre), 

Q. E. F. 



C0N8TBUCTI0N8. 
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Pbofobition XXYIL Problem. 



225. To bisect a given arc 

A 



E 



\. 



X<^ 



Let A OB be the given arc. 



It is required to bisect the arc A OB, 

Draw the chord A B. 

From A and B as centres, with equal radii, 

describe arcs intersecting at E and C. 

Draw E C. 

E C hiaectaihe arc A OB. 

For, E and C, being two points at equal distances from 
A and B, determine the position of the J. erected at the middle 
ofchopd^^; §60 

and a X erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 



Q. E. F. 



110 



GEOMKTEY. — BOOK II. 



Proposition XXVIII. Problem. 

226. To bisect a given angle. 

A 




Let AUB be the given angle* 

It M required to bisect A AE B. 

From ^ as a centre, with any radius, as E Aj 

describe the arc -4 j8, terminating in the sides of the Z. 

Draw the chord A B. 

From A and B as centres, with equal radii, 

describe two arcs intersecting at C, 

Join E C. 

E C bisects the Z E. 

For, E and (7, being two points at equal distances from A and 
B, determine the position of the J. erected at the middle of 
AB, § 60 

And the -L erected at the middle of a chord passes through 
the centre of the O, and bisects the arc of the chord. § 184 

.'. arc il = arc B^ 

.\ZAEC = ZBEC, §180 

{in the same circle equal arcs tnibtend equal A at the centre), 

a E. F 



CONSTRUCTIONS. Ill 



Proposition XXIX. Problem. 

227. Through a given point to drato a atraighi line 
parallel to a given straight line. 




Let AB be the given line, and H the given point. 

It is required to draw through the point H a litie H to iJie 
line A B. 

Draw H Aj making the /. H A B, 

At the point H construct /.AHE==AHAB. 

Then the line IT ^ is U to ^ ^. 

For, Z.EHA^AHAB\ Cons. 

.-. HE is n to ^ J9, § 69 

{yohzn two straight lines^ lyituf in the same plane, are cut by a third straight 
liiiCf if the alt. -int, A he eqtuil, t/ie lines are parallel). 

Q. E. F. 



Ex. 1. Find the locus of the centre of a circumference which 
passes through two given points. 

2. Find the locus of the centre of the circumference of a 
given radius, tangent externally or internally to a given cir- 
cumference. 

3. A straight line is drawn through a given point A, inter- 
secting a given circumference at B and C. Find the locus of 
the middle point P of the intercepted chord B (7. 
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Pboposition XXX. Problem. 

&2S. Tn^o angles of a triangle being given to find the 

third. 

R 

I 



I 
I 



j::>s/^.,. 




Let A and B be two given angles of a tiiangle. 

It is requii^ed tofi/nd the third Z. of the A. 

Take any straight line, ba E F, and at any point, as H^ 

construct Z R HF equal to Z B, 

and Z SHE equal to Z -4. 

Then Z RHS\aihe Z required. 

For, the sum of the three /4 of a A = 2 rt. ^, § 98 

and the sum of the three A about the point H, on the same 
8ideof^i^=2rt. A §34 

Two A of the A being equal to two A about the 
point H, Cons. 

the third Z of the A must be equal to the third Z about 

the point H, 

a E. F. 
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PB0F0SITI017 XXXI. Problem. 

229. Two sides and tie included angle of a triangle 
being given, to construct the triangle* 




Let the two sides of the tziangle be E and F, and 
the included angle A. 

It is required to construct a A having tufo sides equal to E 
and F respectively j and their included Z = Z il. 

Take HE equal to the side F. 

At the point H draw the line HM^ ) 

making the Z KHM =^ /. A. 
On HM take EC equal to E. 

Draw G K. 

Then A CHE is the A requiiei 

a E. F. 
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Proposition XXXIL Problem* 

230. A side and two adjacent angles of a triangle being 
given, to consktict the triangle. 

O 

/ 
/ ^^ 

E^ ^^C 





Let CE be the given side, A and B the given angles. 

It is required to construct a A having a side equal to C B, 
and tuH> A adjacent to that side equal to A A and B respectively. 

At point C construct an Z. equal to Z A. 

At point E construct an Z equal to Z B. 

Produce the sides until they meet at 0. 

Then A C OE k the A required. 

Q. E. F. 

231. Scholium. The problem is impossible when the two 
given angles are together equal to, or greater than, two right 
angles. 
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Pboposition XXXTTL Pbobleh. 

232. The t^ree tides of a triangle being given, to eon* 
struct the triangle. 



^y 



V 




m 



n 



I 
B 



Let the three sides be m, n, and o. 

' It is required to construct a A having three sides respectively^ 
eqxial to m, », and o. 

Draw A B equal to n. 

From ii as a centre, with a radius equal to o, 

descrilbe an arc ; 
and £rom ;^ as a centre, with a radius equal to m, 

describe an arc intersecting the former arc at C. 



Then 



Draw CA and C B. 
ACABia the A required. 



•«• 



Q. E. F. 



233» Scholium. The problem is impossible when one side 
is eqv<il to or greater than the sum of the other ttvo. 
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PBOPOBinoy XXXTV. Problem. 

234. The hypotenuse and one aide of a light triangle 
being given, to construct the triangle. 




m 



Let m be the given side, and o the hypotenuse. 

It is required to construct a rt, A having the hypotenuse 
equal o and one side equal m. 

Take A B equal to m. 

At A erect a J., il X. 

Fiom ^ as a centre, with a radius equal to o, 

describe an arc cutting AX ^.iC. 



Then 



Draw CB. 
A C AB]a the A required. 



0. E. F. 
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Proposition XXXV. Problem. 

235. The base, the altitude, and an angle at the base, 
of a triangle being given, to construct the triangle. 




m 




Let equal the base, m the altitude, and the angle 
at the base. 

It is required to construct a A fiaving the hose equal to o, 
the altitude equal to m, and an /. at the hose equal to C, 

' Take A B equal to o. 

At the point A, draw the indefinite line A R, 

making the Z. BA R=^ A C 

At the point A, erect a J. ^ JT equal to m. 

From X draw XS II to A B, 

and meeting the line AB at S. 

Draw SB. 



Then A A SB is the A required. 



a E. F. 
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Proposition XXXVI. Problem. 

236. Tioo aides of a triangle and the angle opposite one 
of them being given ^ to construct the triangle. 

Case I. 

When the given angle is acute, and the side opposite to it is less than 

the other given side, 

D 

X 

// \ 



AZ 



UA^ 



— , _._— — 

a 



E 



Let c be the longer and a the shorter given side, and 
A A the given angle. 

It is required to construct a A having tioo sides equal to a 
and c respectively, and the Z. opposite a equal to given Z. A. 
Construct A D AE equal to the given Z A, 

On ^ Z) take AB=^c. 

From ^ as a centre, with a radius equal to a, 

describe an arc intersecting the side AE ^iC and C", 

Draw B C and B C", 
Then both the A ABC and A B C" fulfil the conditions, 
and hence we have two constructions. 

When the given side a is exactly equal to the J- B C, there 
will be but one construction, namely, the right triangle ABC. 

When the given side a is less than B C, the arc described 
from B will not intersect A E, and hence the problem is im- 
possible. 
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Case II. 

When the given angle is acute, right, or obttue, and the side opposite 
toitia greater than the other given side, 

D 




7"h'E 




Kg. 1. 



Pig. 2. 



v 



s 

When the given angle is obtuse. 
Construct tlie Z. DAE (Fig. 1) equal to the given Z S, 

Take A B equal to a. 
From J? as a centre, with a radius equal to Cy 
describe an arc cutting EAaiC, and EA produced at C. 

Join BCsLndB C\ 

Then the A ABCia the A required, and there is only one 
construction ; for the A ABC will not contain the given Z S, 

When the given angle is aeutSf as angle B A CL 
There is only one construction, namely, the ABAC (Fig. 1). 

When the given A is a right angle. 

There are two constructions, the equal ABAC and BAC 
(Fig. 2). Q. E. F. 

The problem is impossible when the given angle is right or 
obtuse, if the given side opposite the angle be less than the 
other given side. §117 
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m 

Pboposition XXXYIL Pboblem. 

237. Two sides and an included angle of a parallelo- 

grav^ being given y to construct the parallelogram. 

R 




-HE 



/ 



/'• 



/ 

r 

B 



I 



m 



Let m and o be the two sides, and C the included 
angle. 

It 18 required to construct a O having two adjacent sides 
equal to m and o respectively, and their- included A equal to A C. 

Draw A B equal to o. 

From A draw the indefinite line A E, 

making the Z A equal to Z C. 

On AB take A H equal to m. 

From ZT as a centre, with a radius equal to o, describe 
an arc. 

From ;5 as a centre, with a radius equal to m, 

describe an arc, intersecting the fonner arc at E, 

J)tb,w E ff and E B. 

The quadrilateral ABE His the O required 

For, AB = HE, Cons. 

AH=BE, Cons. 

.-. the figure ABE£lisa,CJ, § 1^6 

(a qiuxdrilateralf which has its opposite' sides eqicaJ, isa CJ). 

Q. E. F. 



C0NSTBUCTI0N8. 121 



Proposition XXXYIIL Problem. 

238. To describe a circumference through three points 
not in the same straight line. 



f 
/ 
/ 

/ 

f 

I 

\ 

\ 

\ 



y' 






/ 
/ 



v 
N 
\ 
\ 

o ! 



V>x. 



V/ 



-Jo 



"^^2^'^-^' 



Let the three points be A^ By and C. 

It is required to descri&e a circumference through the three 
points A, By and (7. 

Draw AB^ndiB C. 

Bisect ABBJidiB C. 

At the points of bisection, E and Fy erect J§ intersect- 
ing at 0, 

From as a centie, with a radius equal to Ay describe a 
circle. 

Q ABC \b the O required. 

For, the point Oy being in the A. EG erected at the middle 
of the line A By is at equal distances from A and B ; 

and also, being in the 1. FO erected at the middle of the 
line C By is at equal distances from B and (7, § 68 

(every point in the ± erected at the middle of a straight line is at equal 

distances from the extremities of that line), 

.'. the point is at equal distances from Ay By and C, 

and a O described from as a centre, with a radius equal 

to OAy will pass through the points Ay By and C. 

Q. E. F. 

239. Scholium. The same construction serves to describe 
a circumference which shall pass through the three vertices of a 
triangle, that is, to circumscribe a circle about a given triangle. 
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Proposition XXXIX. Problem. 

240. Through a given point to draw a tangent to a 
given circle. 




C 



M 




Case 1. — When the given point is on the circumference. 

Let ABC {Fig, 1) be a given circle, and C the given 
point on the circumference. 

It is required to draw a tangent to the circle at G, 

From the centre 0, draw the radius (7. 

At the extremity of the radius, (7, draw G M ± to 0, 

Then C if is the tangent required, §186 

(a straight litie A. to a radius at its extremity is tangent to the O). 

Case 2. — When the given point is without the circumference. 

Let ABO {Fig. 2) be the given circle, its centre, 
E the given point without the circumference. 

It is required to draw a tangent to the circle ABO from 
the point E, 

Join E, 

On ^ as a diameter, describe a circumference intersecting 
the given circumference at the points M and H, 

Draw il/ and //, EM and EH, 

Now Z if ^ is a rt. Z, § 204 

ijmnjg inscribed in a semicircle), 

,\ EM is ± to CM at the point M; 

.', EM 18 tangent to the O, § 186 

(a straight line A. to a radius at its extremity is tangevU to the O). 

In like maimer we may prove HE tangent to the given 0. 

Q. E. F. 

241. Corollary. Two tangents drawn from the same point 
to a circle are equal. 
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Proposition XL. Problem. 
242. To inscribe a circle in a given triangle. 




Let ABC be the given triangle* 
It is required to inscribe a O in the A AB C. 
Draw the line A E, bisecting Z. Ay 
and draw the line E, bisecting Z. C. 
Draw EH ± to the line A G. 
From E, with radius EH, describe the O KMH. 
The O KHM is the O required. 
' For, draw EK^^ioAB^ 
m^EMl-ioBG. 
In the rt. A ^ KE and A HE 

AE=-AE, 

ZEAK=Z EAH, 

,\AAKE = AAHE, 



Iden. 
Cons. 
§110 



{Two rt. A are eqtial if the hypotenuse and an acute Z of the otia he eqtuzl 
respectively to the hypotenuse and an acute Zofihe other). 

.\EK=^EH, 

(being homologous sides of equal A). 

In like manner it may be shown EM= EH 

.-. EK, EH, and EM are all equal. 

.*. a O described from ^ as a centre, with a radius equal ioElf, 

will touch the sides of the A at points H, K, and M, and 
be inscribed in the A. § 174 

QE. F. 
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Proposition XLI. Problem. 

248. Upon a given straight line, to describe a segment 
which shall contain a given angle. 




7 



M 



Let AB be the given line, and M the given angle. 

It is required to describe a segment upon the line A By which 
shall contain AM, n 

At the point B construct Z. ABE equal to Z. M, 

Bisect the line ABhjt\vQ 1.F H. 

From the point B, draw BO l.to E B. 

From 0, the point of intersection oi F H and j5 0, as a 
centre, with a radius equal to By describe a circumference. 

Now the point 0, being in a ± erected at the middle of 

A By is at equal distances from A and By § 58 

(every point in a A. erected at the middle of a straight line is at equal dis- 
tances from the extremities of that line) ; 

•'. the circumference will pass through A. 

Now BEis±ioOBy Cons. 

.•. BE is tangent to the O, § 186 

(a straight line A. to a radiiLS at its extremity is tangent to the O). 

.'. Z ABE ia measured by J arc ^ i?, § 209 

(being an Z formed by a tangent and a chord). 

Also any Z inscribed in the segment A HB, as for instance 
Z A KB, is measured by ^ arc A B, § 203 

{bein^ an inscribed Z ). 
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{being both measured by i tfie same arc) ; 

,\Z A£B=^Z M. 
,'. segment AHB is the segment required. 



Q. E. F. 



Proposition XLII. Problem. 
244. To find the ratio of two commensurable straight 

lines. 

E H 

A 1 LI_B 

K 

C , , r^D 

F 
Let AB and C D be two straight lines. 

It is required to find the greatest common measure of AB 

and C Df so as to express their ratio in figures. 

Apply CD to AB SiS many times as possible. 

Suppose twice with a remainder EB. 

Then apply EB to C J) a.s many times as possible. 

Suppose three times with a remainder FD. 

Then apply FD to E B os many times as possible. 

Suppose once with a remainder II B, 

Then apply SB to FD sls many times as possible. 

Suppose once with a remainder KD. 

Then apply K D to H B qq many times as possible. 

Suppose KB is contained just twice in HB. 

The measure of each line, referred to KD as a unit, will 
then be as follows : — 

HB =2KD; 

FB = .HB-\- KD = 3KD; 

EB =^ FD^-HB^ bKD, 

CD =-3EB+FD = 18 KD; 

AB ^2CD+ EB = 41ZZ>. 

. AB 41 KD 
" O^ "" ISKD' 
AB 41 



.•. the ratio of 



^^ !«' Q.E.F. 
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Exercises. 

1. If the sides of a pentagon, no two sides of which are 
parallel, be produced till they meet ; show that the sum of all 
the angles at their points of intersection will be equal to two 
light angles.- 

2. Show that two chords which are equally distant from the 
centre of a circle are equal to each other ; and of two chords, that 
which is nearer the centre is greater than the one more remote. 

3. If through the vertices of an isosceles triangle which has 
each of the angles at the base double of the third angle, and is 
inscribed in a circle, straight lines be drawn touching the circle ; 
show that an isosceles triangle will be formed which has each 
of the angles at the base one-third of the angle at the vertex. 

4. AD B is a. semicircle of which the centre is O ; and A EC 
is another semicircle on the diameter AC ] AT is a common 
tangent to the two semicircles at the point A, Show that if 
from any point F, in the circumference of the first, a straight 
line FG hQ drawn to C, the part F K^ cut off by the second 
semicircle, is equal to the perpendicular F H to the tangent A T, 

5. Show that the bisectors of the angles contained by the 
opposite sides (produced) of an inscribed quadrilateral intersect 
at right angles. 

6. If a triangle ABC'hQ formed by the intersection of three 
tangents to a circumference whose centre is 0, two of which, 
A M and A iV, are fixed, while the third, B (7, touches the cir- 
cumference at a variable point P ; show that the perimeter of 
the triangle ABC is constant, and equal io A M + A N, or 
2 AM. Also show that the angle BOC is constant. 

7. A B is any chord and AG is tangent to a circle at A, 
CD E a, line cutting the circumference in D and F and parallel 
to ^ ^ ; show that the triangle A CD is equiangular to the 
triangle FAB, 
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Constructions. 

1. Draw two concentric circles, such that the chords of the 
outer circle which touch the inner may he equal to the diameter 
of the inner circle. 

2. Given the base of a triangle, the vertical angle, and the 
length of the line drawn from the vertex to the middle point 
of the base : construct the triangle. 

3. Given a side of a triangle, its vertical angle, and the radius 
of the circumscribing circle : construct the triangle. 

4. Given the base, vertical angle, and the perpendicular from 
the extremity of the base to the opposite side : construct the 
triangle. 

5. Describe a circle cutting the sides of a given square, so 
that its circumference may be divided at the points of inter- 
section into eight equal arcs. 

6. Construct an angle of 60°, one of 30**, one of 120**, one 
of 150°, one of 45% and one of 135°. 

7. In a given triangle ABC, draw Q D E parallel to the base 
B C and meeting the sides of the triangle at D and Ey so that 
2) JS^ shall be equal to />^ + EG. 

8. Given two perpendiculars, A B and CD, intersecting in 0, 
and a straight line intersecting these perpendiculars in E and F -, 
to construct a square, one of whose angles shall coincide with 
one of the right angles at 0, and the vertex of the opposite angle 
of the square shall lie in E F, (Two solutions.) 

9. In a given rhombus to inscribe a square. 

10. If the base and vertical angle of a triangle be given ; 
find the locus of the vertex. 

11. If a ladder, whose foot rests on a horizontal plane and 
top against a vertical wall, slip down; find the locus of its 
middle point. 



u. 



BOOK III. 

PROPORTIONAL LINES AND SIMILAR POLYGONS. 



On the Theory of Proportion. 

245. Dep. The Tenas of a ratio are the quantities com^ 
pared. 

246. Def. The Antecedent of a ratio is its first term. 

247. Def. The Gonseqrient of a ratio is its second term. 

248. Dep. A Proportimi is an expression of equality "be- 
tween two equal ratios. 

A proportion may be expressed in any one of the following 
forms: — 

L a \ h : : c : d 

% a \ h = e \ d 

3. ? = 1. 
h d 

Form 1 is read, « is to 5 as c is to d. 

Form 2 is read, the ratio of a to 6 equals the ratio of c to d. 
Form 3 is read, a divided by h equals c divided by d. 
The Terms of a proportion are the four quantities com- 
pared. 

The first and third terms in a proportion are the ante- 
cedents, the second and fovrth terms are the consequents. 

249. The Eoctremes in a proportion are the first and fourth 
terms. 

250. The Means in a proportion are the second and third 
term£L 
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251. Def. In the proportion a :b : : c : d; d ia a Fourth 
Proportional to a, h, and c» 

252. Def. In the proportion a :h i :h \c\ c is a Third 
Proportional to a and 6. 

253. Def. In the proportion a :h i :h \ c, h \a a Mean 
Proportimud between a and c. 

254. Def. Four quantities are Reciprocally Proportional 
when the first is to the second as the reciprocal of the third is to 
the reciprocal of the fourth. 

Thus a : 6 : : - : — . 

c d 

If we have two quantities a and 6, and the reciprocals of 

these quantities - and - ; these four quantities form a recipro- 

a b 

cal proportion, the first being to the second as the reciprocal of 
the second is to the reciprocal of the first. 

As a : 6 : : - : -. 

6 a 

255. Def. A proportion is taken by Alternation, when the 
means, or the extremes, are made to exchange places. 

Thus in the proportion 

a \ h : \ c : d, 
we have either 

a ; c : I h : d, or, d ; h ; : c : a, 

256. Def. A proportion is taken by Inversion, when the 
means and extremes are made to exchange places. 

Thus in the proportion 

a : h : \ c : d, 
by inversion we have 

h : a : : d : c, 

257. Def. A proportion is taken by Composition, when 
the sum of the first and seccmd is to the second as the sum of 
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the third and fourth is to the fourth ; or when the sum of the 
first and second is to the first as the sum of the third and fourth 
is to the third. 

Thus if a : b : : c : d, 

we have by composition, 

a + b : b : : c + d : dy 

or, a + b : a : : c + d : c, 

258. Dep. a proportion is taken by Division, when the 
difference of the first and second is to the second as the dif- 
ference of the third and fourth is to the fourth ; or when the 
difference of the first and second is to the first as the difierenco 
of the third and fourth is to the third. 

Thus if a : b : : c : d, 

we have by division 

a — b : b : : c — d id, 

or^ a — b : a : : c — d : c 

Proposition I. 

259. In every proportion the product of the extremes w 
equal to the product of the means. 

Let a : b : : e : d. 

We are to prove ad = be. 

Now ? = i, 

b d' 

whence, by multiplying by b d, 

ad = be. 

Q. E. D. 
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In the treatment of proportion, it is assumed that fractions 
may be found which will represent the ratios. It is evident that 
a ratio may be represented by a fraction when the two quanti- 
ties compared can be expressed in integers in terms of any 
common unit Thus the ratio of a line 2^ inches long to a line 
3J inches long may be represented by the fraction §f when both 
lines are expressed in terms of a unit -^^ of au inch long. 

But it often happens that no unit exists in terms of which 
both the quantities can be expressed in integers. In such cases, 
however, it is possible to find a fraction that will represent the 
ratio to any required degree of accuracy. 

Thus, if a and h denote two incommensurable lines, and h be 
divided into any integral number (n) of equal parts, if one of 
these parts be contained in a more than m times, but less than 

m -h 1 times, then _ > — but < — 3— ; so that the error 

h n n 

in taking either of these values for - is < -. Since n can 

6 n 

be increased at pleasure, - can be made less than any assigned 



n 



m 



value whatever. Propositions, therefore, that are true for — and 

n 

-, however little these fractions differ from each other, are 



n 



true for - ; and _ may be taken to represent the value of _. 
b n b 



Proposition II. 

260. A mean proportional between two quantities is 
equal to the square root of their product. 

In the proportion a : 6 : : 6 : c, 

52 == a c, § 259 

{the product of the extremes is eqical to the product of the means). 

Whence, extracting the square root, 

ac, 

Q. E. D. 
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Proposition III. 

261. If the product of two quantities he equal to the 
product of two others, either two may he made the extremes 
of a proportion in which the other two are made the means. 

Let ad = be. 

We are to prove a : b : i c : d. 

Divide both members of the given equation by b d. 



Then 5^=-^, 

b d" 



or, a \ b \\ c \ d, 

Q. E. D. 



Proposition IV. 

262. If four quantities of the same hind he in propor- 
tion, they will he in proportion hy alternation. 

Let a : b : : c : d. 
We are to prove a : c : : b : d. 

Now, 1 = 1, 

b d 

Multiply each member of the equation 1k>y -• 

\ e 

Then ? = *, \ 

c d \ 

or, a : c : : b : d. % 

Q. E. D. 
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Proposition V. 

263. If four quantities be in proportion, they will be in 
proportion by inversion. 

Let a : h : : c : d. 

We are to prove b : a : : d : c. 

Now, ~ ss - . 

b d 

Divide 1 by each member of the equation. 

Then 5 = ^, 

a € 

or^ h : a : : d : c. 

Q. E. D. 

Proposition VI. 

264. If four quantities be in proportion y they will be in 
proportion by composition. 

Let a : b : : c : d 

We are to prove a-^- h : b : : c + d : d» 

Now - =— . 

b d 

Add 1 to each member of the equation. 

,1.. a + b c -\- d 

that IS, — J — = — - — , 

d 

or, a-\- b : b \ : c ■\- d I d. 

Q. E. D. 
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Proposition VII. 

265. If four quantities he in jproportion, they will be in 
proportion hy division. 

Let a : h : : c : d. 

We are to prove a — h : b : : c -^ d : d. 

- Now ^^1. 

b d 

Subtract 1 from each member of the equation. 



Tlion 


a c 


xneii 


b 1 = ^ 1' 


that is^ 


abed 
b d ' 


or, 


a b : b : : c — d : d. 



Q. E. D. 

Proposition VIII. 

266. In a series of equal ratios y the sum of the ante- 
cedents is to the sum of the consequents as any antecedent is 
to its consequent. 

Let a : ft = c : d = e if = g : h. 

We are to prove a + c+c + ^:6 + cZ+/+A::a:6. 

Denote each ratio by r. 

a c e g 
Then '•=6 =5=7= A- 

Whence, a = 5r, c = dr, e ^=^frj g^=^hr. 

Add these equations. 

Then a + c + e + ^ = (6 + c^ +/+ A) r. 

Divide by (6 + (^ + / + A). 

Then a + c+e + g a 



b + d^-f+h ^ b' 
or, a + c '\- e -\- g '. b + d -\- f + h : : a \ b. 



Q. E. D. 
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Proposition IX. 

267. The products of the corresponding terms of two or 
more proportions are in proportion. 

Let a : b : : c : d, 
e :f : : g : h, 
k : I : : m : n, 

We are to prove aek : b/t : : cgm : dhtk 
T^T a c e a h m 

Now =-, _=i^, _= — , 

b d f h In 

Whence by multiplication, 

aek cgm 

bft dhn 

or, aek : bfl : : cgm : dhn, 

Q. E. D. 

Proposition X. 

268. Like powers y or like roots, of the terms of a pro- 
portion are in proportion. 

Let a : b : : c : d. 

We are to prove a" : 6* : : c* : cP*, 

1 L L 1 
and an : 6» : : c»i : c?», 

b d 

By raising to the »* power, 

— = - : or a* : 6* : : c* : cP*. 
6» d^ 

By extracting the n^ root, 

1 1 

a''* c^ 1111 

—. = ~ ; or, a» : 6» : : c» : rf» . 

Q. E. D. 

269. Dep. Equimultiples of two quantities are the products 
obtained by multiplying each of them by the same number. 
Thus m a and m b are equimultiples of a and b. 
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Proposition XI. 

270. Equimultiples of two quantities are in the same 
ratio as the quantities themselves. 

Let a and h be any two quantities. 

We are to prove ma : mb : : a : b, 
-vr a a 

b b 
Multiply both terms of first fraction by m, 

m_ ma a 

Then = 

mo 
or, ma : mb : : a : b. 

Proposition XII. 



Q. E. D. 



271. If two quantities be increased or diminished by 
like parts of each, the results will be in the same ratio as the 
quantities themselves. 

Let a and b be any two quantities. 

We are to prove a±— a:5±-6 : : a : b. 

9. 9. 

In the proportion, 

ma \ mb '. \ a \ b^ 
substitute for tti, 1 ± - . 

Then {\ ±t\ax{\ ±'B\b .\a \b, 



or a ±,^ a '. b ±, ^b \ \ a \ b. 

9. 9. 



Q. E. D. 



272. Dep. Euclid's test of a proportion is as follows : — 
" The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third being taken, and any 
equimultiples whatsoever of the second and fourth ; 
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" J£ the multiple of the first be less than that of the second, 
the multiple of the third is also less than that of the fourth ; or, 

" If the multiple of the first be equdl to that of the second, 
the multiple of the third is also equal to that of the fourth ; or, 

" If the multiple of the first be greater than that of the 
second, the multiple ai the third is also greater than that of 
the fourth." 



Peoposition XIIL 

273. If four quantities ie proportional according to tA& 
algebraical definition^ they will aho he proportional according 
to Euclid's definition. 

Let a, 5, c, d he proportional according to the alge- 

a c 
hraical definition ; that is t= --j* 

We are to prove a, 6, c, (f, proportiojial cuxording to Euclid! s 
definition. 

Multiply each member of the equality by — . 

n 

mi ma mc 
Then = . 

nb nd 

Now from the nature of fractions, 

if m a be less than nh,mc wiU also be less than n d ; 

if m a be equal to nb, me will also be equal to nd; 

if m a be greater than nb, mc will also be greater than n d, 

.'• a, by c, d are proportionals according to Euclid's def- 
inition. 

Q. E. D. 
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EXERCISEa 

1. Show that the straight line which bisects the external 
vertical angle of an isosceles triangle is parallel to the base. 

2. A straight line is drawn terminated by two parallel 
straight lines; through its middle point any straight line is 
drawn and terminated by the parallel straight lines. Show that 
the second straight line is bisected at the middle pbint of the 
first. 

3. Show that the angle between the bisector of the angle A 
of the triangle ABC and the perpendicular let fall from A on 
JBG ia equal to one-half the difference between the angles B 
and G. 

4. In any right triangle show that the straight line drawn 
from the vertex of the right angle to the middle of the hypote- 
nuse is equal to one-half the hypotenuse. 

5. Two tangents are drawn to a circle at opposite extremities 
of a diameter, and cut off from a third tangent a portion A B, 
If (7 be the centre of the circle, show that A CB is & right angle. 

6. Show that the sum of the three perpendiculars from any 
point within an equilateral triangle to the sides is equal to the 
altitude of the triangle. 

7. Show that the least chord which can be drawn through a 
given point within a circle is perpendicular to the diameter 
drawn through the point. 

8. Show that the angle contained by two tangents at the 
extremities of a chord is twice the angle contained by the chord 
and the diameter drawn from either extremity of the chord. 

9. If a circle can be inscribed in a quadrilateral ; show that 
the sum of two opposite sides of the quadrilateral is equal to the 
sum of the other two sides. 

10. If the sum of two opposite sides of a quadrilateral be 
equal to the sum of the other two sides; show that a circle 
can be inscribed in the quadrilateraL 
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On Proportional Lines. 
Proposition I. Theorem. 

VI ^, If a series of parallels intersecting any two 
draight lines intercept equal parts on one of these lines, 
they will intercept equal parts on the other also, 

H W 




K W 

Let the series of parallels A A', B B', CC\ DD*, EE', 
intercept on H' K' equal parts A'B', B' C, CD', etc. 

We are to prove 

they intercept rniHE equal parts A B, BCy CD, etc. 

At points A and B draw A m and ^ w II to H* K', 

Am=^A'B', §135 

(parallels comprehended between parallels are equal). 

Bn = B'C', §135 

.*. ^m = Bn. 

In the A, BAm and C Bn, 

Z A=- ZB, . . § ^^ 

(Jiaving their sides respectively II and lying in the same direction from 

the vertices). 

Z. m = Z! n, § 77 

and Am = Bn, 

.-. ABAm = ACBn,^ § 107 

(having a side and two adj. A of the one equal respectively to a side and 

two adj. A of the other). 

.-. AB = BC, 

{being homologous sides of equal k^). 
In like manner we may prove BC= CD, etc. 

VbC* BL* v^a 
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Proposition II. Theorem. 

275. If a line he drawn through two sides of a triangle 
parallel to the third side, it divides those sides propor- 
tionally. 




Fig. 1. Pig- 2. 

In the triangle ABC let EF be drawn parallel to B C 

EB FC 



We are to prove 



AE AF 

Case I. — When A E and EB (Fig. 1) are commensurable. 

Find a common measure of A E and E B, n^imely Bm, 
Suppose ^ m to be contained in B E three times, 
and in ^ jE' five times. 
EB ^ 3 
AE 6* 



Then 



At the several points of division on B E and A E draw 
straight lines II to B C. 

These lines will divide A into eight equal parts, 

of which FG will contain three, and A F will contain five, § 274 

{if parallels intersecting any two straight lines intercept equal parts on one 
of these lineSy they will intercept equal parts on the other also), 

. FC _3 
" AF 5' 

EB _ 3 
AE" 5' 
. EB _ FC 



But 



AE AF 



Ax. 1 
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Case. II. — When A E and EB {Fig. 2) are inconvmenauraJbU, 

Divide A E into any number of equal parts, 

and apply one of these parts to \EB eis often as it will be 
contained in JSB. 

Since A E and BB sltq incommensurable, a certain number 
of these parts will extend from j& to a point K, leaving a re- 
mainder KB, less than one of the parts. 

Draw JTZr II to ^ C7. 

Since A E and EK axe commensurable, 

EK _ FH .^ J . 

AE AF \^ i 

Suppose the number of parts into which AE\& divided to 
be continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to B> 

The limit of EK wiU be EB, and the limit of FH will be FC. 

.*. the limit of will be , 

AE AE 

and the limit of — - will be — - . 

AF AF 

Now the variables — — and -— — are always equal, how- 

AE AF 

ever near they approach their limits ; 

.-. their limits El. and L£. are equal, § 199 

Q. E. D. 

276. Corollary. One side of a triangle is to either part 
cut off by a straight line parallel to the base, as the other side is 
to the corresponding part. 

Now EB \ AE \\ FC i AF. § 275 

By composition, 

EB-V AE : AE II FC + AF : AF, § 263 

or, AB : AE i: AC :AF. 
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Proposition III. Theorem. 

277. If a straight line divide two sides of a triangle 
proportionally, it is parallel to theHhird side. 

A 



In the triangle ABO let EF be drawn so ihat^^= — . 

AE AF 

We are to prove EF W to BO, 

From E draw Eff II to B 0. 

Then 4^ = :d£, §276 

AE AE' ^ 

(one side of a A is to either part cut off by a line W to the base, as the other 

side is to the corresponding part). 

■Rnf AB AO ^ 

^^* -T-T. = -7-B> Hyp. 



Ax. 1 





AE 


AF' 




. AC 


AC 




" AF 


AH' 




.'. AF 


-AH. 


m 


: FF&nd ^5" coincide, 


(their 


extremities 


being the same points). 




EEk 


\] to BO; 



But EE is II to BO; Cons. 

.•-. EF, which coincides with ^^, is II to ^ 0. 

Q. E. D. 

278. Dep. Similar Polygons are polygons which have theii 
homologous angles equal and their homologous sides proportionaL 

Eomologous points, lines, and angles, in similar polygons, 
are points, lines, and angles similarly situated. 



BIMILAB POLYGONS. 



148 



On Similar Polygons. 
Proposition IV. Theorem. 

279. Two triangles which are mutually equiangular are 

nmilar. 





In the AABG and A' B' (? let A A, B, C be equal to 
A A', B'y O respectively. 

We are to prove A B : A' B' =^ AC : A' C == BC : B' C. 
Apply the A A' B' C to the A ^ ^ (7, 
so that Z A' shall coincide with Z A, 

Then the A A' B C will take the position oi A A E H. 

Now Z AEH (same as Z ^) = Z A 

.\ EHi&\\\oBCy §69 

(when two straight lines, lying in the same plane., are cut by a third straight 
line, if the ext. int. A he equal the lines are parallel). 

.\AB : AE = AC : AH, §276 

(one itde of a ^ is to either part cut off by a line II to ths base, as the other 

side is to the corresponding part). 

Suhstitute for ^i ^ and ^ // their equals A' B' and A' C. 
Then AB : A' B' = AC i A' C'. 

In like manner we may prove 

AB : A'B' = BC \JB'C. 
.*. the two A are similar. § 278 

Q. E. D. 

280. Cor. 1. Two triangles are similar when two angles 
of the one are equal respectively to two angles of the other. 

281. Cor. 2. Two right triangles are similar when an acute 
*iigle of the one is equal to an acute angle of the other. 
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Proposition V. Theorem. 

282. Thvo triangles which have* their sides respectively 
proportional are similar. 





In the triangles ABC and A' B' C let 

AB ^_A0. ^ ^G^ 

A'B' A'G' B'C' 
We are to prove 
A Ay By and C equal respectively to A A', B'y and C 

Take on A By A E equal to A* B', 

and on AOyAff equal to A' C\ Draw £ H. 

AB AC jr^ 

A^'^A^'' ^- 

Substitute in this equality, for A^ B' and A' O their equals 
^ J^ and ii H, 

Then ^^^, 

AE AH 

.\EH\B\\ioBCy §277 

{if a line divide two sides of a A proportionaUy, it is W to the third side). 

Now in the a ii BC and A EH 

ZABC^ZAEHy §70 

{being ext. int. angles), 

ZACB = ZAHE, §70 

Z A = Z A, Iden. 

.'.A ABC and A EH are similar, § 279 

{two mutually equiangular ^ are similar). 

.-. ^ = ^ , § 278 

BC EH' ^ 

Qiomologous sides of similar A are proportioriat). 
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But 



AB 
BG 
AE 



A'B* 
B'C 
A'B* 



Hyp. 
Ax. 1 



Confl. 



* ' EH B'&' 
Since AE=^A'B', 

EH^B'C. 

Now in the A ^ EH and A' B' C, 

EH=-B'C', AE=-A'B, and AH--^A'C', 

.'. A A EH =AA'B' C\ § 108 

Hfiaving three sides of the one equal respectively to three sides of the o^ier). 

But A AEH iasimHar to A ABC. 

.-. A A'B'Q is simHar to A ABC. 

Q. E. D. 

283. Scholium. The primary idea of similarity is likeness 
of form ; and the two conditions necessary to similarity are : 

I. For every angle in one of the figures there must be an 
equal angle in the other, and 

II. the homologous sides must be in proportion. 

In the case of triangles either condition involves the other, 
hut in the case of other polygons, it does not follow that if one 
condition exist the other does also. 




Q! 





Thus in the quadrilaterals Q and Q^y the homologous sides 
are proportional, but the homologous angles are not equal and 
the figures are not similar. 

In the quadrilaterals R and R', -the homologous angles are 
equal, but the sides are not proportional, and the figure^ are not 
similar. 
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Proposition VI. Theorem. 

284. Two triangles having an angle of the one equal to 
an angle of the other y and the including sides j)roportional, 

are similar, 

A 

Af 





In the triangles A B C and A' B' C let 

A A = Z. A' and = . 

' A'B' A'C 

We are to prove ^ ABC and A' B' C similar. 

Apply the A A'B' C to the A ^1 ^ (7 so that Z A' shall 
coincide with Z A, 

Then the point B' will fall somewhere upon -4 -ff, as at E^ 

the point C will fall somewhere upon A G, as at H^ and 
B'C'\x^0TiEH. 

^ AB AC ^ 

-Now -— — = -r-7T.' Hyp. 

A'B' A'C . ^^ 

Substitute for A' B' and A' C their equals A E and A H. 

Then ^ = 4^. 

AE AH 

.*. the line EH divides the sides A B and A C propor- 
tionally ; 

.\ Ellis W to BC, § 277 

{if a line divide two sides of a A proportionally^ it is il to the third side), 

.'. the J^ ABC and A E ff axe mutually equiangular and similar. 

.\AA' B' C is simUar to A ^ 5 (7. 

Q. E. D. 

I 
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Proposition YIL Theorem. 

285. Tico trianglea which have their $ides respectively 
parallel are similar. 





a A 

In the triangles ABC and A' B' C let AB.AC, and 
BC be parallel respectively to A' B*^ A'C^ and 
B'C. 

We are to prove A ABC and A' B' C similar. 

The correspoiiding A are either equal, § 77 

(pm A whose sides are il, two and two, and lie in the same direction, or 

opposite directions, from their vertices are equal), 

• 
or supplements of each other, § 78 

{if two A have two sides II and lying in the same direction from their vertices, 

while the other two sides are II and lie in opposite directions, the A are 

supplemeTits of each otJier), 

Hence we may make three suppositions : 

1st. i -f- il' = 2 rt. A B+B' = 2Tt,A, C+C"=2rt. A 
2d. A = A', B + B' = 2Tt.A, G+C' = 2vt,A, 

3d. A=A', B^B' .-. C=C', 

Since the sum of the A of the two A cannot exceed four 
right angles, the 3d supposition only is admissible. § 98 

.-. the iYioAABC and A' B' C are similar, ' § 279 

(tvx) mutually equiangular ^ are similar), 

Q. E. D. 
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Proposition VIII. Theorem. 

286. Two triangles which have their sides respectively 
perpendicular to each other are similar. 




In the triangles EFD andBA (7, let E F, FD and ED, 
be perpendicular respectively to AC, EC and A B, 

We are to prove A. EFD and BAC similar. 

Place the A EFD so that its vertex E will fall on A B, 
and the side E F, 1. to AC, will cut A C fit F\ 

Draw F'D* II to F D, and prolong it to meet BC At ff. 
In the quadrilateral B E lyH, A^ E and H are rt. A. 



But Z.ED' F'-\-/.'ED' H=2Ti. A. 

.\Z.ED' F'^AB, 

Now ZC-f-ZZri^'(7=rt. Z, 

(iTi a rt. A ^^ sum of the two acute A = art. Z,) ; 

and ZEF'D' + ZffrC = TtZ. 

.\Z.EF' D' = Z.C. ' 
.\AEFiy and BAC are similar. 
But A EFD 18 similar to A E F D'.' 

/. A EFD and B A C ore similar. 



§158 

§34 

Ax. 3. 

§103 

Ax. 9. 

Ax. 3. 
§280 
§279 

Q. E. D. 



287.- Scholium. When two triangles have their sides re- 
spectively parallel or perpendicular, the parallel sides, or the 
perpendicular sides, are homologous. 



SIMILAB POLYGONS. 149 



Proposition IX. Theorem. 



288. Lines drawn through the vertex of a triangle divide 
proportionally the base and its j>arallel. 




In the triangle ABC let HL be paiuUel to A C, and 
let BS and B T be lines drawn through its ver- 
tex to the base. 

We are to prove 

AS _ ST _ TO 
HO OB BL' 

A BHO and BA S are similar, § 279 

ifwo ^ whick are mtUually equiangular are similar), 

A 5 7? and ^ /S' T' are similar, §279 

ABB Z and B TO are similar, § 279 

HO \0B/ OB \BBf BL' * 

{Jiomologous sides of similar ^ are proportional), 

Q. E. D. 



Ex. Show that, if three or more non-paraUel straight lines 
divide two parallels proportionally, they pass through a common 
point 
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Proposition X. Theorem. 

289. If in a right triangle a perpendicular he drawn 
from the vertex of the- right angle to the hypotenuse : 

I. It divides the triangle into two right triangles which 
are similar to the whole triangle^ and also to each other. 

IL The perpendicular is a mean proportional between 
the segments of the hypotenuse, 

III. Each side of the right triangle is a mean pro- 
poxtional between the hypotenuse and its adjacent segment 

lY. The squares on the two sides of the right triangle 
have the same ratio as the adjacent segments of the hypote- 
nuse, 

V. The square on the hypotenuse has the same ratio to 
the square on either side as the hypotenuse has to the segrreni 
adjacent to that side, 

B 




In the light triangle ABC, let BF be drawn from the 
vertex of the right angle B, perpendicular to the 
hypotenuse AC. 

I. We are to prove 

the A A BF, ABC, and FBC similar. 

In the rt. A ^^1 i^ and ^^ (7, 

the acute Z ^ is common. 

.'. the A are similar, § 281 

(two rt, A are similar when an acute Z. of the one is equaZ to an acute /. 

of the other), 

Inthert. A B C F a,nd BC A, 

the acute Z. C is common. 

.'. the A are similar. § 281 

Now as the rt. A AB F and C BF are both similar to 
ABCfhj reason of the equality of their ^, 

they are similar to each other. 
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II. We are to prove A F : BF :: £F : FC. 

In the simUar AABFdLudCBF, 

A Fy the shortest side of the one, 
: B Fj the shortest side of the other, 
: : B F, the medium side of the one, 
: F G, the medium side of the other. 

III. We are to prove AC i AB : : AB : AF. 

In the similar AABC&niABF, 

A C, the longest side of the one, 
A By the longest side of the other, 
A By the shortest side of the one, 
A Fy the shortest side of the other. 

Also in the similar AABC&ndFB (7, 

A Cy the longest side of the one, 
B C, the longest side of the other, 
B C, the medium side of the one, 
F C, the medium side of the other, 

IV. We are to prove = — — - . 

In the proportion AC x AB : : AB : AF, 

jrff = ACXAFy § 259 

(the product of the extremes is eqtuil to the product of the means), 

and in the proportion AC : BC : : BC : FG, 

mf =-ACXFG. § 259 

Dividing the one by the other, « 

i^ _ ACXAF 

y^ " ACX FG' 
Cancel the common factor A (7, and we have 

Jl^ AF 



V. We are to prove 



FT? ^0' 

JT^ AG 



A& ^P 
£^^ACXAG. 

Tff ^ACX AFy (Case III.) 



Divide one equation by the other : 

£^ AGXAC _ AG 



then 



2^ ACXAF AF Q. E. D. 
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Proposition XL Theorem. 

290. If two chofds intersect each other in a circle, their 
segments are reciprocally proportional. 




* 



Let tjie two chords AB and EF intersect at the 
point 0, 

We are to prove AO : EO : : OF : OB. 

Dva,w A F SLud E B. 

JnthQ A AOFsLndEOB, 

ZF^ZB, §203 

(each hexTig measured by \ arc A E), 

ZA=^ZE, § 203 

{each being 7)hea>sured by \ arc FB). 

.*. the A are similar. § 280 

(two A are similar when two A of the one are equal to two A of the other). 

Whence A 0, the medium side of the one, § 278 

E 0, the medium side of the other, 
Fy the shortest side of the one, 
By the shortest side of the other. 

Q. E. D. 
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Proposition XII. Theorem. 

291. If from a point without a circle two secants be 
drawn, the whole secants and the jiarts without the circle 
are reciprocally proportional. 




Let OB and OC he two secants drawn from point 0. 
We are to prove OB : OC : : OM : OS. 

Dt&w ff C aad M B. 

Inthe A OffCaxidO MB 

Z. \a cominoii, 
AB=-AC, § 203 

(eocA heiivg measured by \ urc EM), 

.*. the two A are similar, § 280 

(f.voo L are similar when two A of the one are eqtial to two A of the other). 

Whence OB, the longest side of the one, § 278 

C, the longest side of the other, 
Mf the shortest side of the one, 
O ff, the shortest side of the other. 

Q. E. D. 
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Proposition .XIII. Theorem. 

292. If from a point without a circle a recant and a 
tangent he drawn, the tangent is a mean proportional between 
the whole secant and the part without the circle. 

O 




Let OB he & tangent and OG a secant drawn from, 
the paint O to the circle MBC. 

Wearetoprove 00 : OB :: OB : OM. 

Draw ^if and ^a i 

In the A 05if and O^C 

A i& common. 

Z OBMia measured by ^ arc MB, § 209 

{being an Z, formed by a tangent and a chord), 

Z Cia measured hy ^ ore B M, § 203 • j 

{being an inscribed A ). 

.\Z.OBM=Z.C. 

.'. A BO and OBM are similar, §280 ^^ 

(having two A of the one equat to two A of the other). 

Whence C,- the longest side of the one, § 278 <1 
: O By the longest side of the other, 

: : B, the shortest side of the one, '■ 

: M, the shortest side of the other. ^^^ 

Q. E. D. 
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Proposition XIV. Theorem. 

293. If two polygons he composed of the same number 
of triangles which are similar y each to each, and similarly 
placed, then the polygons are similar. 





B C BO 

In the two polygons ABODE and A'B'C'D'E', let 
the triangles BAE, EEC, and CED be similar 
respectively to the triangles B' A' E\ B' E' C y and 
C'E'.B'. 

We are to prove 
the polygon ABODE similar to the polygon A' B' 0' D' E'* 

ZA=^/LA'y § 278 

{heing homologous A of similar ^ ). 

Z'ABE=^ZA'B'E, §278 

Z EBO^ZEB'0\ §278 

Add the last two equalities. 

Then ZABE-\- ZEBG = Z A' B' E -f- Z E' B' O' ) 

or, ZABO^ZA'FC. 

In like manner we may prove Z BO D = Z B' 0' D', etc. 
. .'. the two polygons are mutually equiangular. 

^ AE _AB (EB\_BO ^(EC\_GD ^ED 
^^'ArE'~A^''^\EB')^B'0' \EC7 0' D' E D'' 

{the homologotts sides of similar ii are proportional). 
.•. the homologous sides of the two polygons are proportional. 

.'. the two polygons are similar, § 278 

(having fhein hom^dogoics A equal, and their homologous sides proportional). 

Ql. £. D. 
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Proposition XY. Theorem. 

294. If two jiolygona be similar , they are composed of 
the same number of triangles, which are similar and similarly 
placed* 





Let the polygons ABODE and A'B'C D'E' be similar. 

From two homologous vertices, as E and E\ 

draw diagonals ^^, EC, and EB', E C. 

Wearetoprove AAEB, EBC,ECD 

similar respectively to A A' E B', E B' C, E O D*. 

In the AAEB and A'EB', 

Z.A=/.A', §278 

(beiTig horrvologouLS A of similar polygons), 

^^ = ^^ § 278 

A'E' A'B'' 
{being hmrvologous sides of similar polygons). 

,\ A A E B SLVid A' E B' are similar, § 284 

(having an Z of the me eqxuil to an /. of the other, and th^ including 

sides proportional). 

Also, Z ABC =Z. A'B'C, 

{being homologoits A of similar polygons). 

Z.ABE = Z A'B'E', 

{being homologo^is A of similar ^). 

.\ZABC-ZABE=:Z A' B' C — Z A' B' E. 
That is ZEBC=^ZE'B'C'. 



8IMILAB POLYGONS. 



15T 



l^OW 






AB 

A'B*' 



also 



(Jbeing Tiomologoua sides of similar A ) ; 

BC ^ AB_ 

B'C A'B'' 
(]!)eing homologous sides of similar polygons), 

• ^ = A^ 
E'B' B'C' 



Ax. 1 



.-. A BBC and B'B' C are similap, § 284 

{hmmg an A of the one equal to an Z of the other, and the including sides 

proportional). 

In like manner we may prove A BCD similar to A E' C'ly, 

Q. E. D. 

Proposition XYI. Theoreic. 

295. The perimeters of two similar polygons have the 
same ratio as any two homologous sides. 

E 





B C BO 

Let the two similar polygons be ABCDE andA'B'C'D'F, 
and let P and P represent their perimeters. 

We are to prove P \ F ,\ AB \ A'B', 

AB xA'B :: BC : B'C i: CD : C'ly QiG, §278 
{the homologous sides of similar polygons are proportionat), 

.'. AB + BC, etc. : A'B' + B'C, etc. : : AB : A'B', § 266 
(m a series of equal ratios the sum of the antecedents is to (he sum of the 
coTisequents as any antecedent is to its coTisequent), 



Thati 



IS 



P : P :: AB : A'B', 



Q. E. D. 
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Proposition XVII. Theorem. 

296. The homologous altitudes of two similar triangles 
have the same ratio as any two homologous sides. 





In the two similar triangles ABC and A' B' G\ let 
the altitudes be BO and B'O'. 



We are to prove 



BO 



AB 



B' 0' ^A' B' 



In the It. A J?0^ and B'O'A'y 

ZA=ZA' § 278 

{being Tiomologous A of the similar B^ABC and A' B* CO- 

.-. A ^ ^ and A ^' 6)' A' are similar, § 281 

ipvoo ri, ^ having an aciUe Z, of the one equal to an aciUe Z. ofihe other are 

similar). 

.'. their homologous sides give the proportion 



BO 
B'O' 



AB 

A'B' 



a E. D. 



297. CoR. 1. The homologous altitudes of similar triangles 
have the same ratio as their homologous bases. 
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In the similar A ABC'aixd A' B' C, 

AC ^ AB^ 

A' C A' B' * 
(the homologous sides of similar A are proportional). 

And in the similar A B A and B' 0' A', 

BO _ AB 
B'(y A'B'' 

. BO^ ^ AO^ 
^'Ba A'C' 



\ 
§278 



§296 



Ax. 1 



298. Cob. 2. The homologous altitudes of similar triangles 
have the same ratio as their perimeters. 

Denote the perimeter of the first by P, and that of the 
second by F*, 

Then :^ == — , S 295 

F' A'B'' ^ 

{the perimeters of two similar polygons have the same ratio €Ls any tvoo 

hoTtvologous side^. 

But 1^^'AA; §296 

£'0' A'Bf' * 

BO P 



Ex. 1. If any two straight lines be cut by parallel lines, 
show that the corresponding segments are proportional, 

2. If the four sides of any quadrilateral be bisected, show that 
the lines joining the points of bisection will form a parallelo- 
gram. 

3. Two circles intersect; the line AH KB joining their 
centres A, B, meets them in H, K. On AB \a described an 
equilateral triangle ABC, whose sides BC, AC, intersect the 
circles in F^ E, FE produced meets BA produced in F, Show 
that as P^ is to P^ so is (7-^ to CE, and so also is FH to FB, 
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Proposition XUI. Theoreu. 



292. If from a point teitiout a circle a »ecant and a 
tangent he drawn, the tangent is a mean proportional detmeen 
the whole secant and ike part without the circle. 




Let OB i0 a tangent and OC a secant diawa tram 
the point to the circle MBC. 
Wtarttoprove 00 i B : : B : OM. 

Draw5Jf and£C. 
In the A OSif and OBO 
ZO 



Z. 5 jy is measured by J arc MB, § 209 

(im^i an ^farmed, by a tam/mt and a chord). 

Z <7 is measured by ^ arc ^ if, § 203 

{being on inscribed £ ). 
.'.ZOBM=LC. 
.: A B C and B M em similar, § 280 

(Mving two d of lie one tquat to lv>o A of tk^ eOier). 

Whence C,- the longest side of the one, § 2T8 

; B, the longest side of the other, 
; I B, the shortest side of the one, 
: M, the shortest aide of the other. 
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Proposition XIV. Theorek. 

293. If two polygons he composed of the same number 
of triangles which are similar y each to each, and similarly 
placed, then the polygons are similar. 





B C BO 

In the two polygons ABC BE and A'B'C'D'E', let 
the triangles BAE, BEC, and CED be similar 
respectively to the triangles B' A' E'^ B* E' C'y and 
C'E'.D'. 

We are to prove 
ike polygon ABODE similar to the polyg(m A' B' C D' E'. 

AA-=-AA', §278 

Q>eirvg TioTnologotis A of similar ^ ). 

Z'ABE = ZA'B'E, § 278 

Z. EBG = ZEB'C', §278 

Add the last two equalities. 

Th&tiZABE^ZEBC==ZA'B'E'{'ZEB'C'; 

or, ZABO=ZA'B'G'. 

In like maimer we may prove Z BC B = Z B' C B', etc. 
. .*. the two polygons are mutually equiangular. 

j^ AE _AB _(EB\^BC _(EC\_GD _ED 
^^A^'^A^^\EB')~'B'C' WC77 CD' E' D'' 

{(he homologous sides of similar A are proportional). 

.'. the homologous sides of the two polygons are proportional. 

.'. the two polygons are similar, § 278 

{having their, homologous A equals and their homologous sides proportional), 

Q. E. D. 
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Peoposition XX. Theorem. 

301. The product of the two diagonals of a quadrilateral 

inscribed in a circle is equal to the sum of the products of its 

opposite sides, 

C 




Let ABC D he any qnadiilaieral inscribed in a circle, 
AC and BD its diagonals. 

We are to prove BDXAC = ABXCI) + ADXBC. 

Construct ZABE = ZDBCy 

and add to each Z EBB. 

Then in the AABD md'BCB, 

ZABI)-=Z CBE, Ax. 2 

and ZBDA=ZBOE, §203 

{each being measured by i the are A B), 

.\AABDd.TidBCE,B,rQ similar, § 280 

{two ^ are similar when two A of the one are equal respectively to two A. 

of the other). 

Whence * A 2), the medium side of the one, 
C E, the medium side of the other, 
B D, the longest side of the one, 
B (7, the longest side of the other. 
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or. 



AB _ BD 
CE " BC' 

(fke Tiomologoua sides of similar ^ are proportional), 

.\BDX CE^ADXBG. 



§278 



Again, in the A ABEbj^'^BCD, 

Z.ABE = /.DBG, 

and ZBAE-^ZBDC, 

(each being measured by i of the arc B C). 



Cons. 
§203 

.'.AABEdJidBCl) are similar, § 280 

(tvjo ii are similar when two A of the one are eqiuU respectively to two A 

of the other). 



Whence 



A B, the longest side of the one, 
BD, the longest side of the other, 
A E, the shortest side of the one, 
C A t^® shortest side of the other. 



or, 



AB 
BD 



AE 
CD' 



§278 



(flu homologoits sides of similar ^ are proportionaT). 
.\BDXAE=-ABX CD. 
But BDXCE=-ADXBC. 

Adding these two equalities, 

BD{AE+ CE) = ABX CD + ADXBC, 
or BDXAC = ABXCD + ADXBC. 



Q. E. D. 



Ex. If two circles are tangent internally, show that chords 
of the greater, drawn from the point of tangency, are divided 
proportionally by the circumference of the less. 
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On Constructions. 
" Proposition XXL Problem. 
302. To divide a given straight line into equal parts, 

A" -^^ -, 7 iB 

•*^ it* 
*^ / / 

- / / 

/ 
/ 






C 





Let AB be the given straight line. 

It is required to divide A B into equal parts. 

Prom A draw the indefinite line A 0, 

Take any convenient length, and apply it to -4 as many 
times as the line -4 -B is to be divided into parts. 

Prom the last point thns found on A 0, as C, draw C B. 

Through the several points of division on -4 draw lines 
II to CB. 

These lines divide A B into equal parts, § 274 

{jf a series of \\s intersecting any two straigM lineSy intercept equal parts 
on one of these lines, they intercept equal parts on the other also). 

Q. E. F. ■ 



Ex. To draw a common tangent to two given circles. 

I. When the common tangent is exterior, 

II. When the common tangent is interior. 
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Proposition XXII. Probleil 

303. To divide a given straight line into fiarts prO' 
portional to any number of given lines. 

K B 




\ 
\ 



--. \ \ 

^^\ \ -^ 

Let A By niy n, and o be given straight lines. 

It is required to divide A B into parts proportional to the 
given lines m, n^ and o. 

Draw the indefinite line A X, 

On AX take AC = my 

CE = ny 
and EF='o, 

Draw FB. From ^.and C draw PK and C H W to F B. 
K and R are the division points required. 

For f^) = d^=^=^. §275 

\AE) AC CE EF' * 

{a line drawn through two sides of a IS. W to the third side divides those 

sides proportionally). 

.\AH : HK : KB :: AC : CE : EF, 

Substitute w, n, and o for their equals AC, C Ey and E F, 
Then A H : H K : KB : : m : n : o. 

Q. E. F. 
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Proposition XXIII. Problem. 

304. To find a fourth proportional to three given 
straight -lines, 

B F m 



^„ 






c ----.. / 



/ » 



I 

$ 



^<. 

'^"--.. 



R 



Let the three given lines be m, n, and o. 

It is required fo find a fourth proportional to w, w, and o, 

Tak^ A B equal to n* 

Draw the indefinite line A E, making any convenient Z 
with AB. 

OnAB take AC=m, and C J3 "^ o. 
Draw CB. 
From S draw SF II to OB, to meet A B produced at F. 

B Fia the fourth proportional required. 

For, AC : AB :: CS : BF, § 275 

(a line drawn through two sides of a AW to the third side divides those sides 

proportimially), • 

Substitute m, n, and o for their equals AC, AB, and OS, 

Then m : n : : o : BF. 

Q. E. F. 
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Proposition XXIV. Problem. 

305. To find a third proportional to two given straight 

lines. 

A 



SA 


— \o 


/ 


\ 


/ 


\ 


/ 


\ 


/ 


\ 


i 


\ 


nt 


\ 



B 
— C 



E 

Let AB and AC be the two given straight lines. 
It is required to find a third proportional to AB and A C. 
Place A B and il(7 bo as to contain any convenient Z. 
Produce AB to I), making BD ^ AC, 

Join BC. 
Through D draw i? ^ II to J? C to meet A C produced at E, 

CE is a third proportional \jo AB and AC. § 251 

For, ^ = ^. §275 

(a IvM drawn through two sides ofa£^\\to(he third side divides those sides 

proportionally). 

Substitute, in the above equality, A C for its equal BD -, 

Then ^=.^, 

AG CE' 

or, AB : AC :: AC \ CE. 

Q. E. F. 
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lines. 



Proposition XXY. Problem. 
306. To find a mean proportional between two given 

H 




m 



n 



Let the two given lines be m and n. 
It is required to find a mean proportional between m and n. 
On the straight line A E 

take AC = m, and C B=^ n. 
On -4 -B as a diameter describe a semi-circumference. 

At C erect the JL C K 

Cffia& mean proportional between m and «* 

Draw EB and HA, 

The Z ^ Zr^ is a rt. Z, § 204 

(Jbeing inscrihed in a semicircle), 

and ffCia a ± let fall from the vertex of a rt. Z to the 

hypotenuse. 

.'.AC : Off :: Off : G B, §289 

(the X let fall from the vertex of thert. A to the hypotenuse is a mean pro- 
portional between the segments of the hypotenuse). 

Substitute for A C and C B their equals m and n. 



Then 



^m : C H \ : C H : n. 



Q. E. F. 



307. Corollary. If from a point in the circurnference a 
perpendicular he drawn to tJie diameter, and chords from the point 
to the extremities of the diameter, the perpendicular is a mean pro- 
portional between the segments of the diameter, and each chord is a 
m>ean proportional between its adjacent segment and the diameter. 
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Proposition XXVI. Problem. 

308. To divide one side of a triangle into two parti 
proportional to the other two sides. 




B E 
Let ABC be the tzi&ngle. 

It is required to divide the side B G into ttvo such parts that 
the ratio of these ttoo parts shall equal the ratio of the other two 
sides, A G and A B, 

m 

Produce CAto F, making AF= AB. 

Draw FB. 
rrom A draw ^ JS^ II to FB. 

E is the division point required. 

For ^ == ^. § 275 

AF EB ^ 

(a Ivm dratcn through two sides of%a A 11 to th& third side divides those sides 

proportionaliy). 

Substitute for A F its equal A B. 

GA GE 



Then 



AB EB 

Q. E. F. 



309. Corollary. The line A E bisects the angle GAB. 

For /.F-=-Z.ABF, §112 

(being opposite equal sides), 

jLF=Z.CAE, §70 

{being eost.dnt, A ). 

Z.ABF-=-Z.BAE, §68 

(being cUL -int. A ). 

.\/:gae = zbae. Ax. 1 

310. Dep. a straight line is said to be divided in extreme 
and mean ratio, when the whole line is to the greater segment 
as the greater segment is to the less. 
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Proposition XXVIL Problem. 
811. To divide a given line in extreme and mean ratio. 




Let AB be the given line. 
It is required to divide A B in extreme and mean ratio. 

At B erect & JL BG, equal to one-half of A B, 

* 
From (7 as a centre, with a radius equal to G B, describe a O. 

Since A B ia JL to the radius GB at its extremity, it is 
tangent to the circle. 

Through G draw A 2>, meeting the circumference in JE and D, 

OnAB take AH^AE. 
H is the division point of AB required. 

For AD : AB :: AB : AE, §292 

(if from a point vrUJiout the circumference a secant and a tangent be dravm, 
the tangent is a mean proportional between the whole secant and (he part 
wHJumt the circumference). 

Then AD - AB : AB : : AB - AE : AE. §265 



CONSTBUCTIONS. 171 



Since AB = 2 G B, Cons. 

and ED = 2CBy 

{the diameter ofaQ being tnnce the radiui), 

AB = ED. ' Ax, 1 

.\AD-AB = AD-ED = AE. 

But AE^AH, Cons. 

.'.An — AB^AH, Ax. 1 

Also ' AB-AE = AB-Aff=ffB. 

Substitute these equivalents in the last propoitioB. 

Then AH \ AB \\ HB : A H. 

Whence, by inversion, AB -. AH w AH \ HB. § 263 

.*. ii ^ is divided at ZT in extreme and mean ratio. 

Q. E. F. 

Eemabk. ul^ is said to be divided at ZT, intemdlly, in 
extreme and mean ratio, li BA be produced to H', making 
A W equal to AD, A B is said to be divided at H', externally, 
in extreme and mean ratio. 

Prove" AB : AH :: AH : H B. 

When a line is divided internally and externally in the 
tarne ratio, it is said to be divided harmonicaUy, 

Thus ^-5 f f f f is divided harmoni- 
cally at and D,\iCA :C B:\DA \DB\ that is, if the ratio 
of the distances of C &om A and B is equal to the ratio of the 
distances of D from A and B. 

This proportion taken by alternation gives : 

AO '.ADwBCiBD', that is, CD is- divided harmoni- 
cally, at the points B and A. The four points A, B, C, D, are 
called harmonic points ; and the two pairs A, B, and C, D, are 
called conjugate points. 



Ex. 1. To divide a given line harmonically in a given ratio. 

, * 

2. To find the locus of all the points whose distances from 
two given points are in a given ratio. 
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Proposition XXVIIL Problem. 

312. Upon a given line homologous to a given side of a 
given polygon, to construct a polygon similar to the given 
polygon. 





B G 

Let A' M be the given line, homologous to A E of the 
given polygon ABODE. 

It is required to construct on A' E' a polygon, similar to the 
given polygon. 

From E draw the diagonals E B and EC. 

From E' draw E' B', making Z A' E' B' = Z. A E B. 

Also from A' draw A' B', making AB' A'E'=^ ABA E, 

and meeting E' B' at B'. 

The two A ^ 5 jE^ and A' B' E are similar, § 280 

{)/wo ^ are simUa/r if they Tiave two A of the one equdl respectively to two A 

of the other). 

Also from E' draw E' C, making A B' E' C = ABEG. 
From B' draw B' C, making A E' B' €' =^ A E BC, 

and meeting E' C at C. 

Then the two A EBO and E' B' C are similar, § 280 

{pkjoo ^ are similar if they have two A of the erne equal respectively to tioo A 

of the other). 

In like manner construct A E' C D' similar to A ECD. 

Then the two polygons are similar, § 293 

{two polygons comppsed of the same number of A similar to each oi$er arui 

similarly placed^ are similar). 

.\A'B'C']yE\B the required polygon. 

Q. E. F. 
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Exercises. 

1. A B C 13 Sk triangle inscribed in a circle, and BD is drawn 
to meet the tangent to the circle at A in D, at an angle A BD 
equal to the angle ABC ; show that A C is & fourth propor- 
tional to the lines B D, A D, A B, 

2. Show that either of the sides of an isosceles triangle is a 
mean proportional between the base and the half of the segment 
of the base, produced if necessary, which is cut off by a straight 
line drawn from the vertex at right angles to the equal side. 

^. AB \a the diameter of a circle, D any point in the circum- 
ference, and C the middle point of the big A D. If AC, A D, 
BC he joined and A D cut BC m E, show that the circle cir- 
cumscribed about the triangle AEB will touch AC and its 
diameter will be a third proportional to B C and A B, 

4. From the obtuse angle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments 
into which it divides the base. 

5. Find the point in the base produced of a right triangle, 
from which the line drawn to the angle opposite to the base 
shall have the same ratio to the base produced which the per- 
pendicular has to the base itself. 

6. A line touching two circles cuts another line joining their 
centres ; show that the segments of the latter will be to each 
other as the diameters of the circles. 

7. Eequired the locus of the middle points of all the chords 
of a circle which pass through a fixed point. 

8. is a fixed point from which any straight line is drawn 
meeting a fixed straight line at P ; in P a point Q is taken 
such that O^istoO-Pin a fixed ratio. Determine the locus 
of Q. 

9. is a fixed point from which any straight line is drawn 
meeting the circumference of a fixed circle at P ; in P a. point 
Q is taken such that Q iato OP ina fixed ratio. Determine 
the locus of Q, 
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COMPAEISON AND MEASUREMENT OP THE SUR- 
FACES OF POLYGONS. 

Proposition I. Theorem. 

313. Two rectangles having equal altitudes are to each 
other as their bases, 

D 















































^ O ■ 

Let the two rectangles be AC and A F, having the 
the same altitude A D. 



We are to prove 



rect. A C __ A B 
rect. AF'~ Te' 



Case I. — When A B and A E are commensurable. 

Find a common divisor of the bases A B and AE, as AO. 
Suppose -4 to be contained in -4 ^ seven times and in 



A E four times. 
* Then 



AB 
AE 



7 
4 



At the several points of division on A B and A E erect Js . 

The rect. A C will be divided into seven rectangles, 

and rect. A F will be divided into four rectangles. 

These rectangles are all equal, for they may be applied to 
each other and will coincide throughout. 

. rectiig _ 7 

•rect AF ^ Z' 

AB ^7 

AE "" 4' 

. rect ^(7 _ AB 

" TectAF'~ TE ' 



But 
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Case II. — fVTien A B and A E are incommensurable. 



D 



A 





. i i i 

! i 

: 1 



D 







H 


1 

1 

I 
1 

1 
t 

• 
1 


' 1 

• 


1 



K 



R 



Divide A B into any number of equal parts, and apply one 
of these parts to -4 ^ as often as it will be contained in A E, 

Since A B and ^ -^ are incommensurable, a certain number 
of these parts will extend from ^ to a point K, leaving a re- 
mainder KE less than one of these parts. 

Draw^iTIl io E F, 

Since A B and il ^ are commensurable, 

^""^' ^ ^ = 1^, Case 1 

rect. ^ (7 AB 

Suppose the number of parts into which ^ ^ is divided to 
he continually increased, the length of each part will become less 
and less, and the point K will approach nearer and nearer to E, 

The limit of AK will be A E, and the limit of rect. A R 
will be rect. A F. 

.'. the limit of £^ wiU be :1^, 

AB AB' 

and the limit of !??5iA5 will be "^^^- ^ ^ 



rect. A C 



rect, A C 



Now the variables -^-^ and 1 — -^, are always equal 



A B " rect. A G 
however near they approach their limits ; 

rect. AF AE 



.'. their limits are equal, namely, 



rect. AC AB 



§199 



Q. E. D. 

314. Corollary. Two rectangles having equal bases are 
to each other as their altitudes. By considering the bases of 
these two rectangles A D and A i>, the altitudes will be -4 ^ and 
A E, But we ha^e just shown that these two rectangles are to 
each other as A B \!& t(y A E. Hence two rectangles, with the 
same base, or equal bases, are to each other as their altitudes. 
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Anotheb Demonstbation. 

I*et A C and A' C be two rectangles of equal altitudes, 
PC a Pt 




A' Df E' Ff Gf 



We are to prove 



rect. A _ A D 
rect. A' C "" 2^5' 



Let 6 and fe', S and S' stand for the bases and areas of these 
rectangles respectively. 

Prolong A D and A! U. 

Take AD, D E, E F . . . . wi in number and all equal, 
and A^D*, B' E', E' F, FG' , . . , nin number and all equal 
Complete the rectangles as in the figure. 



Then 


base AF — mhy 


and « 


base^'(?' =^nh' \ 




rect. A P — m S, 


and 


Tect A' F—nS\ 



Now we can prove by superposition, that if -4 i^ be > -4' G', 
rect. A P will be > rect. A^ F \ and if equal, equal ; and if less, 
less. 

That is, if m6 be > »6', m>S' is > nS^ ; and if equal, 
equal ; and if less, less. 



Hence, 



h :l/ :: S : S'y EucM's Bef., § 272 



a E. D. 
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Proposition IL Theorem. 

315. Two rectangles are to each other as the products of 
their bases hy their altitudes. 






h V h 

Let R and R' be two rectangles, having for their bases 
h and V, and for their altitudes a and a', 

irr J. ^ a X 6 

Wearetoprc^ ^ = ^r^^- 

Construct the rectangle S, with its base the same as that 
of R and its altitude the same as that of R'. 

Th^ 1=:-' §31* 

{rectangles haviirvg the same base are to each other a>8 their altitudes) ; 

and 1^ = \;, § 313 

R' y * 

{rectangles having the same altitude are to each other as their bases). 
By multiplying these two equalities together 



R 
R' 



aXb 



a' X b' 

Q. E. D. 

316. Dbp. The Area of a surface is the ratio of that surface 
to another surface assumed as the unit of measure. 

317. Dep. The Unit of measure (except the acre) is a square 
a side of which is some linear unit ; as a square inch, etc. • 

318. Dbp. Equivalent figures are figures which have equal 
areas. 

Rem. In comparing the areas of equivalent figures the 
symbol ( = ) is to be read "equal in area." 
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Proposition III. Theorem. 

319. The area of a rectangle is equal to the product 
of its base and altitude. 





h 1 

Let R be the rectangle, b the base, and a the alti- 
tude; and let U be a square whose side is the 
linear unit. 



We are to prove the area of R = a X b. 

R __ g X 6 

U "" Fxl' 



§315 



(two rectangles are to each other as the product of their bases and altitudes). 



But 



R . 



U 



is the area of R, 



§316 



.*. the area of i? = a X 6. 



CtE.D. 



320. Scholium. When the base and altitude ai» exactly- 
divisible by the linear unit, this proposition is rendered evident 
by dividing the figure into squares, each equal to the unit of 



* • 

IJ. 



«^ ■■■■■■ B^a ••••**• 4 



I I 



4. 



! 



ik«»**»*«i^« 



i I 



measure. Thus, if the base contain seven linear units, and the 
altitude four, the figure may be divided into twenty-eight 
squares, each equal to the unit of measure; and the area of 
the figure equals 7 X 4*. 
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Proposition IV. Theorem. 

321. The area of a parallelogram is equal to the product 
of its base and altitude. 

BE C F B C E F 






A D 

Let A EFB be a paiallelogram, A D its base, and CD 
its altitude. 

Weave to prove the area oftheCJAEFB^ADX CD. 

From A draw -4 ^ II to i>(7 to meet FE produced. 

Then the figure ABC D will be a lectangle, with the same 
base and altitude as the EJ AE F D. 



In the rt. A il ^ j^ and CDF, 

AB^CD, 

(being opposite sides of a rectangle), 

AE=DF, 

(being opposite sides o/a CJ) ; 
.'.AAfiE = A CDF, 



and 



§126 

•§134 

§109 

(two rt, ^ are eqtial., when the hypotenxise and a side of the <me are equal 
respectively JU) the hyp<^enuse and a side of the other). 

Take away the A C D F and we have left the rect. A BCD. 

Take away the A ^ ^ jE^ and we have left the HJ A EFD. 

.', rect. ABC D = n A EFD. Ax. 3 

But the area of the rect. A BCD -=^ A D X C D, § 319 
(the area of a redatigle eqtuils the product of its base and aJtitude). 

.'. the area of the O A EFD = ADX CD. Ax. 1 

Q. E. D. 

322. Corollary 1. Parallelograms having equal bases and 
equal altitudes are equivalent. 

323. Cor. 2. Parallelograms having equal bases are to 
each other as their altitudes; parallelograms having equal alti- 
tudes are to each other as their bases ; and any two parallelo- 
grams are to each other as the products of their bases by their 

altitudes. 
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Proposition V. Theorem. 

324. The area of a triangle u equal to one-half of the 
product of its base hy its altitude. 



Let ABC be a triangle, AB its base, and CD its 
altitude. 

We are to prove the area oftheAABG=^\ABX CD, 
' From C draw CH II to A B, 
rrom A draw AH'WxiBC, 

The figure ABC His a, parallelogram, § 136 

{having its opposite sides parallel), 

and A C is its diagonal. 

.\AABG = A'AHC, §133 

(tJie diagonal ofaO divides it into two equal A ). 

The area of the CJ ABGH ia equal to the product of its 
base by its altitude. « § 321 

.'. the area of one-half the O, or the A ABC, ia equal to 
one-half the product of its base by its altitude, 

or, ^ABXCD, 

Q. E. D. 

325. Corollary 1. Triangles having equal bases and equal 
altitudes are equivalent. 

326. Cor. 2. Triangles having equal bases are to each other 
as their altitudes; triangles having equal altitudes are to each 
other as their bases ; any two triangles are to each other as the 
product of their bases by their altitudes. 



X 
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Proposition VI. Theorem. 

327. The area of a trapezoid is equal to one-half the ^ 
sum of the parallel sides multiplied by the altitude, 
=" EEC 




A F B 

Let A B C H be a tiapezoid, and EF the altitude. 

We are to prove area of ABC H^ \ {HG + -4 ^) E F, 

Draw the diagonal A C. 

Then the area of the A A HC^\HG X EF, § 324 
ifiijt area of a t^ is eqvuU to one-half of the product of Us base by its altitude), 

andtheareaofthe A^^C = J^^X EF, § 324 

.\AAHC+ AABC, 

or, area of ^ ^ CJy = i (^^+ ^ ^) ^^• 

Q. E. D. 

328. Corollary. The area of a trapezoid is equal to the 
product of the line joining the middle points of the non-parallel 
sides multiplied by the altitude ; for the line P, joining the 
middle points of the non-parallel sides, is equal to \ {II G 
-{•AB). §142 

.'.by substituting OF fox ^(HG + A B), we have, 

the area of ABGH=OPX E F. 

329. Scholium. The area 
of an irregular polygon may be 
found by dividing the polygon 
into triangles, and by finding 
the area of* each of these tri- 
angles separately. But the 
method generally employed in 
practice is to draw the longest 

diagonal, and to let fall perpendiculars upon this diagonal from 
the other angular points of the polygon. 

The polygon is thus divided into figures which are right 
triangles, rectangles, or trapezoids ; and the areas of each of these 
figures may be readily found. 




/ 
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Pboposition VIL Theobem. 



330. The area of a circumscribed polygon is equal to one^ 
half the product of t^ perimeter] hy the radius of the in- 
scribed circle. • ip-rMM^wh^c. 

B 



Let ABSQ, etc., be a circumscribed polygon, and 
the centre of the inscribed cirble. 

Denote the perimeter of the polygon by F, and the radius 
of the inscribed circle by B, 

We are to prove 

the area of the circumscribed polygon = \ P X E. 

Draw OA, C B, OS, etc. ; 

also draw CO, CD, etc., J. to A B, B S, etc. 

The area of the A CAB == ^ AB X C 0, § 324 

(the area of a A is equoU to one-half the product of its hose and altitude), 

Thea,TGQ.of the ACBS=iBSX CD, § 324 

.•. the area of the sum of all the A CAB", CBS, etc., 
^i{AB + BS,etG,)CO, §187 

(Jbr CO, CD, etc., are equal, being radii of the same O). 

Substitute foiAB + BS+SQ, etc., P, and for CO,R; 
then the area of the circumscribed polygon == J /* X R, 

Q. E. D. 
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Proposition VIII. Thboreil 

331. Tke sum of the squares described on the two sides 
of a right triangle is equivalent to the square described on the 
hypotenuse. ^ 




Let ABC be a right triangle with its right angle at C. 

We are to prove AC^ + (7^ = JTff^ 
Draw CO ±to A B. 

Then Jlf = AOXAB, § 289 

{the square on a side of art. A is equcU to the product of the hypotenuse by 
(he adjacent segment made by the *L let fall from the vertex of the rt. /.) ; 



and E^ ==BOXAB, 

By adding, AC^ + Blf^ {A0-\' BO) AB, 

^ABXAB, 



332. Corollary. The side and diagonal ^ 
of a square are incommensurable. 

Let ABC D be a square, and A C the 
diagonal. 

. Then rj^/t FG^^ATf. 

or, 2 JT^ = JT^. B 

Divide both sides of the equation by AB^y 

AB^ 



§ 289 



Q. E. D. 




Extiact the square root of both sides the equation, 

AG ^ 
AB-^' 



then 



Since the square root of 2 is a number which cannot be 
exactly found, it follows that the diagonal and side of a square 
are two ineommensurable lines. 
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Another Demonstration. 

333. The square described on the hypotenuse of a right 
triangle is equivalent to the sum of the squares on the other 
two sides. 




D L E 

Let ABC be a right A, having the right angle BAG. 

We are to prove Eu = -63 -\- AG . 

OnBG,GAj AB construct the squares B E, G H^ A F. 
Through A draw ALWioGE. 
Draw ^i> and jPC. 
Z ^ -4 (7 is a rt. Z, 
and Z BA (r is a rt. Z, 

.•. (7-4 (r is a straight line. 
Also Z (7 -4 ^ is a rt. Z, 

.*. B A H is a straight line. 



Hyp. 
Cons. 

Cons. 



Now 



Z I)BG=Z FBA, 

(each being a rt. Z). 



Cons. 
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then 



§ 106 



that 



Add to each the Z A B C ; 

ZABD = ZFBC, 

.\AABD=AFBC. 

mw CJ BLia double AABD, 

{being on the same base BD, and between (he same Ws^ A L and BD), 

and square -4 -^ is double A FB Cy 
(being on the same base FB, and between the same \\s, FB und OC) ; 

.'. HJ BL = square A F, 
In like manner, by joining A E and BKy it may be proved 



O CL = square C H. 

JS'ow the square on BC = O BL -{- CJ C L, 

= square AF-\' square Cff, 

.\ B(f = fa^ + rc^. 



Q. E. D. 



On Projection. 

334. Dep. The Projection of a Point upon a straight line 
of indefinite length is the foot of the perpendicular let fall from 
the point upon the line. Thus, the projection of the point C 
upon the line AB ia the point P. 

C C 





A-p 

Kg. 1. Fig. 2. 

The Projection of a Finite Straight Line, as C D (Fig. 1), 
upon a straight line of indefinite length, as -4 5, is the part of 
the line A B intercepted between the perpendiculars C P and 
B By let fall from the extremities of the line C 2>. 

Thus the projection of the line C D upon the line ABSa 
the line P P. 

If one extremity of the line CD (Fig. 2) be in the line 
A Bj the projection of the line C D upon the line A B \a the 
part of the line A B between the point D and the foot of the 
perpendicular C P ; that is, D P. 
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Proposition IX. Theorem. 



835. In any triangle^ the square on the side opposite an 
acute angle is equivalent to the sum of the squares of the other 
two sides diminished by twice the product of one of those 
sides and the projection of the other upon that side. 





Pig. 2. 

Let C be an acute angle of the triangle ABC^ and 
D the projection of AC upon B G, 

We are to prove IB^ = Wlf + £G^ — 2 BOX DO. 

If D fall upon the base (Fig. 1), 

DB=^BO''BO) 

If /> fall upon the base produced (Fig. 2), 

DB^DO — BO, 

In either case JTb" =- F^ + ITO^ - 2B0 X DO. 

2 

Add -4 2> to both sides of the equality ; 
then, nf + W^ = T(f + H^ + JJlf ~2BCy.D0. 



But 



Ai}' + ir^ = £^, 



§331 



{the sum of the squares on two sides of a rt. A is equivalerU to the square 

071 the hypotemise) ; 



and 



2 



AD" + ITU = IV, 



§331 



Substitute JTB and JIO for their equivalents in the above 
equality ; 



then, A^ ^ B(f -\- I^ -2 BOX DO. 



Q. E. D. 
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Proposition X. Theorem. 

336. In any obtuse triangle, the square on the side 
opposite the obtuse angle is equivalent to the sum of the 
squares of the other two sides increased by twice tJie product 
of one of those sides and the projection of the other on thai 

side. 




Let C be the obtuse angle of the triangle ABC, and 
CD be the projection of AG upon BO produced. 

We are to prove I^ = S^ -V H? + 2B0X DC. 

DB^BC^- DC. 

Squaring, W^ = B^ + Ulf + 2 B C X D C. 

Add £D^ to both sides oi the equality ; 

then, id" + D^ = ic" + A:d' + DC" -h2BCXDC. 

But ITD^ + DB" = irB\ § 331 

(the sum of the squares on two sides of a ri, tlis equivcUerU to the square 



and 



on the hypotentise) ; 



§331 



Substitute JTS and AC for their equivalents in the 
above equality; 

then, IB^ = EC^ + IC^ + 2BCX DC. 



Q. E. D. 



337. Definition. A Medial line of a triangle is a straight 
line drawn from any vertex of the triangle to the middle point 
of the opposite side. 
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Proposition XI. Theorem. 

338. In any triangley if a medial line be drawn from 
the vertex to the base : 

I. T/ie ati/m of the squares on the two sides is equivalent 
to twice the square on half the base, increased by twice the 
square on the medial line ; 

IT. The difference of the squares on the two sides is 
equivalent to twice the product cf the base by the jprojection 
(f the medial line upon the base. 



In the triangle ABC let AM be the medial line and 
M D the projection of A M upon the base B C. 
Also let AB be greater than A (7. 

We are to prove ' 

I. r^ + iif = 2 ^:^ + 2 jrs^. 
II. a:^'-a^=-2,bcxmd. 

Since A B> ACy the Z A MB will be obtuse and the 
AAMC will be acute. § 116 

Then £^-=Blt^-rEi^-\-^BMy.ML, §336 

(m amy obtuse A the square on the side opposite the ohtvse /. is equivalent to 
the sum of the squares on the other two sides increased by tvnce the 
product of one of those sides and the projection of the other on that side) ; 

and Jl? = mf-¥lli'^-2MCXMD, §335 

(m any A the square on the side opposite an acuie Z is equivalent to the sum 
of the squares on the other two sides, ^diminished by tunce the product 
of one of those sides and the projection of the other upon that side). 

Add these two equalities, and observe that B M = MC. 

Then H^ + Aj^ = 2 Bit + 2 AH'^. 
Subtract the second equality from the first. 
Then Jl^ - Alf == 2 B G X MD, 

Q. E. D. 
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Proposition XII. Theorem. 
339. The mm of the squares on the four sides of any 
quadrilateral is equivalent to the sum of the squares on the 
diagonals together with four times the square of the line 
joining the middle points of the diagonals, 

A 




In the qusLdxilatera,! AB C Dy let the diagonals be AC 
and B Z>, and F E the line Joining the middle 
points of the diagonals. 

We are to prove 

£^ + BG^+ (TD^+ D^-^ JT^-Y ST?-\' iET^ 

Draw BBsLndBB. 

mw JT^ + BG^ = 2 (— )'* + 2 Sl!^, § 338 

(the sum of the squares on the two sides of a A is equivalent to twice the square 
on half the base iiicreased by tvnce the square on tlie Tnedial line to the base), 

and ClJ^-h J^==2(^-y + 2B:S^. §338 

Adding these two equalities, 
iB^ + FC'-h C:ff + JJT = 4 (4^^ + 2 (5^ + ITE^), 

But - J^ + U^ = 2 (—Y + 2 MF\ § 338 

{the 8U7n of the squares on the two sides of a A is eqziivalent to twice the square 
on half the base increased by twice the square on the medial line to the base). 

Substitute . in the above equality for (B ^ + JD^'^) its 
equivalent ; 

then I2=' + :g^^ + Z7Z5^ + 353^ = 4 (^' + 4(^)^+4:^7" 

= AC^ + BD^ + 4 El^ 

Q. E. D. 

340. Corollary. The sum of the squares on the four sides 
of a paraUelogram is equivalent to the sum of the squares on the 
diagonals. 
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Proposition XIIL Theorem. 

341. Two triangles having an angle of the one equal to 
an angle of the other are to each other as the prodiicts of the 
sides including the equal angles. 




Let the triangles ABC and AD E have the common 
angle A. 



We are to prove 



Draw B E. 



Now 



A ABC _ ABXAC 
A ABE ■" ADXAE' i 



AABC AC 



AABE AE 
(i^ having the same altitude are to each other as their bases). 



§326 



Also 



AABE AB 



AADE AD' 
{^ having the same altitude are to each other as their bases). 

Multiply these equalities ; 



§326 



then 



AABC ^ ABXAC 
AADE ADXAE 



Q. E. D. 
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Proposition XIV, Teeobeh. 
342. Similar irianglei are to each other at the tquaret 
on tkeir homologou» sidee. 





Let the two tziaagles be A GB and A'C'Bf. 



Draw the peipendiculara C and C O". 



Then 



AACB ABXCO 






AA'C'B' A'B' X CO A> B C" (/ 

'o tacK othXT a* the products of Iheir baiea by their altiiuda). 

AB _ CO 

A'~B' CO'' 
{Ok fumologout altitudes <if Hmilar & have the same ratio aa their ttomolo- 



But 



§ 297 



gone basa). 



.CO 



1 A/. 



AA'C'B' A'£' 



■ AA 

' A'B 



■ ^ 
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Proposition XV. Theorem. 

343. J^o similar polygons are to each other as the 
squares on any two homologous sides. 





Att:. 



Let the two similar polygons he ABC, etc., and 
A'BC, etc. 

jrr . ABC. etc. I^ 
We are to prcme ? = . 

il'^'C^etc. AHf 
From the homologous vertices A and A' draw diagonals. 



Now 



AB BC CD . 

= = , etc., 

A'B' B'C CD' 



(rimilar polygons have tJuir homologous sides proportionaZ); 

B7f 01^ 



.-. by squaring, - — -^ 



^bI" W7f WTP 



y etc 



The AABCyA CD, etc., are respectively similar to A'B' C", 
A' C D', etc., § 294 

i^wo similar polygons are composed of the same number o^A similar to ecuh 

other and similarly placed). 



AABC ^ AT^ 



§342 



{similar ^ are to mcA. offier as the squares on their Tiomologous sides) 

AACD aiff 



and 



A A' CD' QT^ 



§342 
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But J^ = i^, 

. AABO AACD 



AA'B'C AA'C'iy 

In like manner we may proye that the ratio of any two of 
the similar A is the same as that of any other two. 

. AABC _ AACD ^ AADE _ AAEF 
" AA'&C ^ AA'C ly^ AA' ly E' "" AA' E' F' 

. ^ABC^- ACD^- ADE^- AEF ^ AABO 
" AA'B' C + A' CD' + A' D*E' + A' E' F " A A' B' C ' 

(m a series of equal ratios the sum of the arUececlents is to the sum of the 
consequents as any antecedent is to its consequent). 

But AAIJ^^I^, §342 

A A' B' C j[7-^72 * 

(similar Ai are to each other as the squares on their homologous sides) ; 

, * the polygon ABO, etc. A I^ 

the polygon A' B' 0'^ etc "" A'^^ ' 

Q. E. D. 

344. Corollary 1. Similar polygons are to each other as 
the squares on any two homologous lines. 

345. Cob. 2. The homologous sides of two similar poly- 
gons have the same ratio as the square roots of their areas. 

Let S and S' represent the areas of the two similar polygons 
ABCy etc., and -4' B' C, etc., respectively. 

Then S : S' i : A^ : AHB^, 

(similar polygons are to each other as the squares of their Juymologous sides), 

)/S : ^/S^ :: AB : A'B', § 268 

or, AB \ A'B' : : \f3 : \fW. 
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On Constructions. 
Proposition XVL Problem. 

846. To construct a square equivalent to the sum of two 
given squares. 





B 



\ 



V 



S 






Let R and R' be two given squares. 
It is required to construct a square = R+ R', 
Construct the rt. Z A. 

Take A B equal to a side of R, 

and A C equal to a side of R\ 

Draw J? (7. 

Then B C will be a side of the square required. 

For T^=A^ + Z^^ § 331 

{the square on the hypotenuse of a rt. C:^, is equivalent to the sum of the 

squares on the two sides). 

Construct the square S, having each of its sides equal 
to BC. 

Substitute for BC^, IB^ and JT^, Sy R, and R' re- 
spectively ; 



then 



S=R + R\ 
»'• S 13 the square required. 



Q.E. F. 
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Proposition XVII Problem. 

347. To construct a square equivalent to the difference 
of two given sqtuzres. 









lU 




R 





'K 



\ 



J—>fx 



! S 



Let R be the smaller square and R' the larger. 
It is rehired to construct a square == R! — R, 

Construct the rt, A A. 

Take A B equal to a side of R, 

From ^ as a centre, with a radius equal to a side of R, 

. describe an arc cutting the line AX e,i C. 

Then A G will be a side of the square required. 

For drawjBC. 

{iht mm of the squares on the two sides of art A is equivalent to the square 

on the hypotenuse). 

By transposing, I^ = FG^ — £^, 

Construct the square S, having each of its sides equal io AC. 

Substitute for *ICI^, FC^, and A^, S, R\ and R re- 
spectively j 

then S = B — R. 

•\ S is the square required. 

Q. E. F. 
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Proposition IX. Theorem. 



835. In any triangle^ the square on the side opposite an 
acute angle is equivalent to the sum of the squares of the other 
two sides diminished by twice the product of one of those 
sides and the projection of the other upon that side. 





Kg. 2. 

Let C be an acute angle of the triangle ABC, and 
D C the projection of AC upon B C. 

We are to prove jTI^ = W& + JTC^ — 2BCX DC. 
1££> fall upon the base (Fig. 1), 

DB=^BC'-DC; 

If D fall upon the base produced (Fig. 2), 

DB = DG-BC. 

In either case JTE^ = F(f + IT^ - 2iB(7 X DC. 

2 

Add AD \jO both sides of the equality ; 
then, X7J' + ir^=^W(f ^ n? + IT^ -2BCX DC. 



But 



nf + n^ = jtb^, 



§331 



{the sum of the squares on two sides of a rt. A is equivalent to the square 

on the hypotenuse) ; 

and Id" + Ulf = X^, , § 331 

Substitute ATB and ITO for their equivalents in the above 
equality ; 

then, A^ == WO^ -f r^ — ^BCXDC. 

Q. E. D. 
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Proposition XX. Problem. 

350. To construct a polygon similar to two given sirrAlar 
polygons and equivalent to their difference. 




Bf A B 

Let R and W be two similar polygons, and A B and 
A' B' two homologous sides. 

It is required to construct a similar polygon which shall 
be equivalent to R' — R, 

Construct the rt. Z P, 

and take P0 = AB. 

From as a centre, with a radius equal to A' B*^ 

describe an arc cutting P X a,t ff. 

Draw If. 

TokQ A" B" = P H, 

On A" B"y homologous to A B, construct the polygon R" 
similar to R. 

Then R" is the polygon required. 

For R' : R :: AHS^ : Al^, § 343 

{similar polygons are to each other as the squares on tfmr homologous sides). 

Also R" : R :: H^^ : ATl^. § 343 

In the first proportion, by division, 

R* — R : R : : ^4^^ - JTff : IB^, § 265 

(TE^ - OP^ : OP^, 
FW' : OP". 



But 



R" \ R \: A^HBf^ : A j^, 

: F~B^ : (Tp". 
:.R" '. R :. R' — R : R', 
.'. R" =-R' — R. 



Q. E. F. 



\ 
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Proposition XXL Problem. 

351. To construct a triangle equivalent to a given 
polygon, C D 




I A E F 

Let A B (ID HE be the given polygon. 

It is required to construct a triaiigle equivalent to the given 
polygon. 

From D draw D E, and from H draw HF II to D E. 

Produce AEio meet H F dX F, and draw D F, 

The polygon ABC D F has one side less than the polygon 
ABC D H E, but the two are equivalent. 

For the part A BCD F is common, 

and the A I) EF = A DEff,fov the base D Eis common, 
and their vertices ^and H are in the line FII II to the base, § 325 
(A TtaviTig the same base and equal altitudes are equivalent). 

Again, draw C F, and draw 2> ^ II to (7 -F to meet A F 
produced at K. 

Draw C K 

The polygon ABCK has one side less than the polygon 
ABC D F, but the two arqr equivalent. 

For the part ABC F is common, 

and the A Ci^^ = A ai^2>, for the base C F is common, 
and their vertices K and D are in the line KD II to the base. § 325 

In like manner we may continue to reduce the number of 
sides of the polygon until we obtain the A C I K, 

Q. E. F. 



/ 
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Proposition XXII. Problem. 

352. To construct a square which shall have a given 
ratio to a given square, 

m. IE A- i ^/\ 




I 
I 



% 



n ^ <- J Q 

n 
Let E be the given square, and - the given ratio, 

m 

It is required to construct a square which shaU be to R as 

n IS to m. 

On a straight line take AB=' m, and BQ = n. 

On AC as a. diameter, describe a semicircle. 

At B erect the JL B S, and draw S^ and S C. 

Then the A ^ aS' (7 is a rt. A with the rt. Z Sit S, § 204 
(being inscribed in a semicircle.) 

On SA, OT SA produced, take JS^E equal to a side of B. 

Btslw UFW to AC. 

Then SF is b, side of the square required. 

For S = ^. §289 

{the squares on the sides of art. A have the same ratio as the segments of (he 
hypotenuse made by the JL let fall from the vei^tex of the rt, Z). 

Also — = II. § 275 

Cfb straight line draum through two sides of a A, parallel to the third side, 

divides those sides proportionally). 

Square the last equality ; 

then ^^^. 



SC SF' ^ 

Substitute, in the jBrst equality, for its equal ; 

S^ SF^ 

.. S^ AB m 
then -— — = = — , 

jg _p^2 BC n 

that is, the square having a side equal to SF will have the 
same ratio to the square B, as n has to m. 

Q. E. F. 
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Proposition XXIII. Problem. 

353. To construct a polygon similar to a given polygon 
and having a given ratio to it. 





\. 



{ s ^ 

\ 



n 



A' B 



n 
Let R be the given polygon and - the given ratio. 

tn 

It is required to construct a polygon similar to JR, which 
shall be to H as n is to m. 

Find a line, -4' ^, such that the square constructed upon it 
shall be to the square constructed upon A B as n ia to m, § 352 

Upon A' B BB a. side homologous to A By 'construct the 
polygon S similar to R, 

Then S is the polygon required. 

% 

For - = — 3-, §343 

^ AB^ 

{similar polygtms are to each other as the sqitares on their hoTnologous sides). 



But ^' = * ; Cons. 

/. _ = ^ , or, S : R : : n : m. 
R m 

Q. E. F. 
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Proposition XXIV. Problem. 
354. To construct a square equivalent to a given paralr- 



lelogram. 
B 



X 



P 



D 



R 



J jlfL 



\ 



N 







-X 



Let ABC D be & paisdlelogram, 6 ».ts base, and a its 
altitude. 

It is required to construct a square = EJ ABC D, 

Upon the line MX take 'MN = a, and N = h, 

Upon MO B&2k diameter, describe a semicircle. 

At N erect NP ± to MO. 

Then the square R, constructed upon a line equal to NP, 
is equivalent to the EJ ABC D. 

Pot MN '. NP :: NP i NO, § 307 

(a X let fall from any point of a drcwmferenxie to the diameter is a mean 
proportimuil between the segments of the diameter). 

.-. NP^ = MN X NO = aXh, § 259 

(t?ie prodicct of the means is equal to the product of the extremes). 

Q. E. F. 

355. Corollary 1. A square may be constructed equiva- 
lent to a triangle, by taking for its side a mean proportional 
between the base and one-half the altitude of the triangle. 

356. CoR. 2. A square may be constructed equivalent to 
any polygon, by first reducing the polygon to an equivalent tri- 
angle, and then constructing a square equivalent to the triangle. 
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Proposition XXV. Fboblem. 



357. To construct a parallelogram equivalent to a given 
square, and having the sum of its base and altitude equal to 
a given line. 







/i 

/ 




C 

Let R be the given square, and let the sum of the 
base and altitude of the required parallelogram 
be equal to the given line MN, 

It M required to construct a CJ == M, and having the sum 
of its hose and altitude = MN', 

Upon MN dAB, diameter, describe a semicircle. 

At M erect a -L if P, equal to a side of the given square R, 

Draw P © II to if iT, cutting the circumference at S. 

'DT8LwSC±toMN'. 

' Any EJ having C M for its altitude and C N for its base, 
is equivalent to R. 

For /S^C is II to Pif, §65 

{^wo straight lines ± to the saine straight line are II ). 

.\SC = FM, §135 

{Ws compreJiended between \\s are equal). 

.-. A^ = FM^ = R. 

But MC : SO :: SO : ON, § 307 

(a J. let fall from any point in a circumference to the diameter is a mean 
proportional between the segments of the diameter). 

Then ^=^MCXCN, §259 

{the product of the means is eqv>al to the product of the extremes). 

Q. E. F. 

358. ScHOLiiTM. The problem is impossible when the side 
of the square is greater than one-half the line MN, 
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^^^ m 

Proposition XXYL Problem. 

859. To construct a parallelogram equivalent to a given 

square, and having the difference of its base and altitude 

equal to a given li^ie, 

S 





/ 



Z 



lU 



/ 



/ 



Let R be the given square, and let the difference of 
the base and altitude of the required parallelo- 
gram be equal to the given line UN, 

It is' required to construct a EJ = It, toith the difference 
of the base and altitude = M N, 

Upon the given line if iV as a diameter, describe a circle. 

From M draw MS, tangent to the O, and equal to a side 
of the given square R, 

Through the centre of the O, draw SB intersecting the 
circumference at C and B, 

Then any O, as R', having SB for its base and SC for 
its altitude, is equivalent to R, 

For SB : SM :: SM : SC, § 292 

(if from a point without a 0,a secant and a tangent be drawiif the tangent is 
a mean proportional between the whole secant and the part without the O). 

Then SH'^ = SBX SC; § 259 

and the difference between SB and SCia the diameter 
of the O, that is, MK 

Q. E. F. 
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Proposition XXVIL Pboblem. 

360. Given x = v^, to constrtLct x. 

E 






c 

m 




Let m represent the unit of length. 

It is required to find a line which shall represent the square 
root of 2. 

On the indefinite line A B, take AC ^^ m, and CD = 2 m, 

On A I) as & diameter describe a semi-circumference. 

At C erect a J_ to -4 -ff , intersecting the circumference at E, 

Then C E \& the line required. 

For AC : CE :: CE : CD, § 307 

(the ± let faZl from any poirU in the circumference to the diameter, is a mean 
proportional between the segments of the diameter) ; 

.\(r^ = ACXCD, §259 



.\CE = yjACX CD, 
= >l\X2=sj2. 



Q. E. F. 



Ex. 1. Given af = \/5, y = v^, 2 = 2^; to construct x, y, 
and z. 

2, Given 2 : a? : : a? : 3 ; to construct x, 

3. Construct a square equivalent to a given hexagon. 
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Pboposition XXYIIL Pboblem. 

361. To construct a polygon similar to a given polygon 
Pf and equivalent to a given polygon Q, 






/ 

\ / 

V. 




J 



Af Br 






11 



m- 



m A B 

Let P and Q. be two given polygons, and AB a side 
of polygon P. 

It is rehired to construct a polygon similar to P caid equiva- 
letU to Q. 

Find a square equivalent to P, § 356 

and let m be equal to one of its sides. 

Find a square equivalent to Q, § 356 

and let n be equal to one of its sides. 

Find a fourth proportional to m, n, and AB, § 304 

Let this fourth proportional be A' B', 

Upon A' B'y homologous to A J5, construct the polygon P' 
similar to the given polygon P. 

Then P is the polygon required. 





CONSTBITCTIONS. 


^U^ 


For ^ 


m AB 
n A' Bf 


Cons. 


Squaring, 


»2 ^/ ^^ 


. 


But 


F-m\ 


Cons. 


and 




Cons. 


But 


P ' AJ? 
P' AH^' ' 


§343 



(similar polygons (ire to each other ae the sqtuires on their homologous sides) ; 

.'.?-=.?-; Ax.1 

•'. P' is equivalent to Q, and is similar to P by construction. 

Q. E. F. 



Ex. 1. Construct a square equivalent to the sum of three 
given squares whose sides are respectively 2, 8, and 5. 

2. Construct a square equivalent to the difference of two 
given squares whose sides are respectively 7 and 3. 

3. Construct a square equivalent to the sum of a given tri- 
angle and a given parallelogram. 

4. Construct a rectangle having the difference of its base and 
altitude equal to a given line, and its area equivalent to the sum 
of a given triangle and a given pentagon. 

5. Given a hexagon ; to construct a similar hexagon whose 
area shall he to that of the given hexagon as 3 to 2. 

6. Construct a pentagon similar to a given pentagon and 

equivalent to a given trapezoid. 



208 GEOMETRY. BOOK IV. 



Proposition XXIX. Problem. 

862. To construct a poltfgon similar to a given polygon^ 
and having two and a half times its area, 

Y 





B ^ C 

Let P be the given polygon. 

It is required to construct a polygon similar to P, atid, 
equivalent to 2J P, 

Let -4 jB be a side of the given polygon P, 
Then sP- : ^ i\ AB : x, 

or )/2 : )/5 :: AB : X, § 345 

(the homologous sides of similar polygons are to each other as the square roots 

of their areas). 

Take any convenient unit of length, sa MC, and apply it 
six times to the indefinite line MN', 

On MO (= 3 M C) describe a semi-circmnference ; 

and on if iV (= 6 MC) describe a senii-circumference. 

At erect a J. to Jf J^, intersecting the seIni-circuInfe^ 
ences at I) and IT, 

Then C I) is the )/2, and CRis the \/5. § 360 

Draw C T, making any convenient Z. with C H, 

On(7rtake(7^ = iij5. 

From B draw B E, 

and from H draw HY Wio BE. 



CONSTRUCTIONS. 209 



Then C Y will equal x, and be a side of the polygon re- 
quired, homologous to A B, 

For CD : CH ::CE : CY, §275 

(a line draion through two sides of a A, W to the third side, divides the two 

sides proportio7UiUy). 

Substitute their equivalents for CD, Off, and C E ; 
then ^ : )/E :: AB : CY. 

On CYf homologous to AB, construct a polygon similar 
to the given polygon F ; 

and this is the polygon required. 

Q. E. F. 



Ex. 1. The perpendicular distance between two parallels is 
30, and a line is drawn across them at an angle of 45® ; what is 
its length between the parallels ] 

2. Given an equilateral triangle each of whose sides is 20 ; 
find the altitude of the triangle, and its area. 

3. Given the angle ii of a triangle equal to f of a right 
angle, the angle B equal to J of a right angle, and the side a, 
opposite the angle A, equal to 10 ; construct the triangle. 

4. The two segments of a chord interaected by another chord 
are 6 and 5, and one segment of the other chord is 3 ; what 
is the other segment of the latter chord 1 

5. If a circle be inscribed in a right triangle : show that 
the difference between the sum of the two sides containing the 
right angle and the hypotenuse is equal to the diameter of the 
circle. 

6. XUonstruct a parallelogram the area and perimeter of which 
shall be respectively equal to the area and perimeter of a given 
triangle. 

7. Given the difference between the diagonal and side of a 
square; construct the square. 



BOOK V. 

BEGULAR POLYGONS AND CIRCLES. 

363. Def. a Regular Polygon is a polygon which is 
equilateral and equiangular. 

.Proposition L Theorem. 

364. Every equilateral polygon inscribed in a circle is a 

regular polygon. ' 

C 

D ^ 




Let ABC, etc., be an equUateral polygon inscribed 
in a circle. 

We are to prove the polygon ABC, etc, regular. 

The arcs AB, BC,0 D, etc., are equal, § 182 

(in the same O, equal chords subtend equcd arcs), 

.'. arcs ABC, BCD, etc., are equal, Ax. 6 

.'. the A A, B, G, etc., are equal, 
(Jbeing inscribed in equal seginents). 

.'. the polygon ABC, etc., is a. regular polygon, heing 
equilateral and equiangular. 

Q. E. D. 
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Proposition II. Theorem. 

365. I. A circle may be circumscribed about a regular 
jpolygon, 

n. A circle may be inscribed in a regular polygon. 




E 
Let ABC B, etc, be a regular polygon. 

We are to prove that a O may he circumscribed about this 
regular polygon^ arid also a O may he inscribed in this regular 
polygon. 

Case L — Describe a circumference passing through A^ B, and C. 

From the centre 0, draw OAy D, 

and draw « J. to chord B 0. 

On « as an axis revolve the quadrilateral OABs, 

until it comes into the plane of OsG D, 

The line s B will fall upon s (7, 
(/or AOsB — Z.OsQ, both being rt. A ). 

The point B will fall upon (7, § 183 

(since sB = sC). 

The line ^ il will fall upon CD, § 363 

{since Z B = Z C, being A of a regular polygon). 

The point A will fall upon i>, § 363 

(siTice B A = CD, being sides of a regular polygon). 

,', the line OA will coincide with line D, 
(their extremities being the same points). 

.*. the circumference will pass through B. 

In like manner we may prove that the circumference, pass- 
ing through vertices B, C, and D will also pass through the 
vertex ^, and thus through all the vertices of the polygon in 
succession. 

Case II. — The sides of the regular polygon, being equal chords of 
the circumscribed O, are equally distant from the centre, § 1 85 

/.a circle described with the centre and a radius Os 
will touch all the sides, and be inscribed in the polygon. § 174 

Q. E. O. 



212 GEOMETRY. — BOOK V. 

366. Dep. The Centre of a regular polygon is the common 
centre of the circumscribed and inscribed circles. 

367. Dep. The Radius of a regular polygon is the radius 
A oi the circumscribed circle. 

368. Def. The Apethem of a regular polygon is the radius 
» of the inscribed circle. 

369. Dep. The Angle at the centre is the angle included 
by the radii drawn to the extremities of any side. 



Proposition III. Theorem. 

370. Each angle aUthe centre of a regular polygon is 
equal to four right angles divided by the number of sides 
of the polygon. 



Let ABC, etc, be a regular polygon of n sides, 

4 rt. A 
We are to prove Z. AG B = — - — • 

Circumscribe a O about the polygon. 

Th^AAOB^BOC, etc., are equal, § 180 

{in the same O equal arcs subtend equal A at the centre). 

,\ ihQ Z. A B = ^ Tt, A divided by the number of A about 0. 

But the number of A about = n, the number of sides 

of the polygon. 

. . ^ 4 rt. ^ 

.\Z.AOB=^ 

n 

Q. E. D. 

371. Corollary. The radius drawn to any vertex of a 
regular polygon bisects the angle at that vertex. 
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Proposition IV. Theorem. 

372. Two regular j^iol^gona of the same number of sides 
are similar. 





Q )C ^'( Of 





Let Q and Q* be two regular polygons, each having 
n sides. 

We are to prove Q and Q' similar polygons. 

The sum of the interior A of each polygon is equal to 

2 rt. z^ (ri — 2), § 157 

(fhe sum of the interior A of a polygon is eqical to 2 rt. A taken as many 

times less 2 as the polygon has sides). 

2 Tt. A (n — 2) e 1 frt 

Each Z of the polygon Q = ^^ ^ y § 1^8 

(for the A of a regular polygon are all equal, and hence each Z. is equal 
to the sum of the A divided by their number). 

Also, each Z of Q' = 2Tt,A(n-2) ^ ^ ^^g 

n 

.'. the two polygons Q and Q' are mutually equiangular. 

Moreover, -^ = i^ § 363 

(tJie sides of a regular polygon are all eqiuzT) ; 

and ^L^ = 1, § 363 

...ij?=^', Ax.l 

BG B'C 

.*. the two polygons have their homologous sides proportional ; 

.'. the two polygons are similar. § 278 

Q. E. D. 
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Proposition V. Theorem. 

873. The homologous sides of similar regular polygons 
have the same ratio as the radii of their circumscribed cir- 
cles , andy also as the radii of their inscribed circles. 





Let and 0' be the centres of the two similar regu- 
lar polygons ABO, etc, and A' B'C, etc. 

From and 0' draw OH, OB, 0' E', 0' ly, also the 
Js Om and Om'. 

E and 0' E' are radii of the circumscribed (D, § 367 

and m and 0' w! are radii of the inscribed (D. § 368 

EB _ OE i_ Om 
^ O'E' "" 



We are to prove 



E' B' 0' E' 0' mf 

In the A EB and 0" E' B* 

the A OEB,OBE, C E' B' and 0' B' E' are equal, § 371 
{pew/g halves of the equal A FED, ED C, Ff'B D' and E' D^ O) ; 

.'.theAOEB and 0' E' B' are similar, § 280 

{yf two A have two A of the one equal respectively to ttoo A of the otTieTf they 



are similar). 

EB OE 



Also, 



E' B' 0' E' 
{the homologous sides of similar ^ are proportional). 

EB Om 



§278 



E'B' 



O'm' 



§297 



ifhe homologov>s altitudes of similar ^ have the sa/m/e ratio as their homolo' 

gous bases), 

Q. E. D. 
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Proposition VI. Theorem. 

374. The perimeters of similar regular polygons have 
the sam^ ratio as the radii of their circumscribed circles, and, 
also as the radii of their inscribed circles, 

A'^ -v^B' 





Let P and F' represent the perimeters of the two 
similar regular polygons ABC, etc, and A'B^C, etc. 

From centres 0, 0' draw E, 0' E', and J§ m and 0' m'. 

P OE Om 



We are to prove 



P* 0' E' 0' m/ 
P ED 



F ED' 



§ 295 



(the perimeters of similar polygons have the same ratio as any two hoTnolO" 

gous sides). 



Moreover, 



OE 



ED 



O'E E'D'' 



§373 



(^ homologoits sides of similar regular polygons huve the same ratio as the 

radii of their circumscribed (D). 



Also 



Om 



ED 
WD'' 



§ 373 



(flu homologous sides of similar regular polygons have the sam^ ratio as 

the radii of their inscribed (D). 



OE 
O'E' 



Om 
Wm' 



Q. E. D. 
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Proposition VII. Theorem. 

375. The circumferences of circles have the same ratio 
'as their radii. 





Let C and C be the circumferences, R and E* the 
radii of the two circles Q and Q*. 

We are to prove C : C\ : : B : E', 

Inscribe in the (D two regular polygons of the same number 
of sides. 

Conceive the number of the sides of these similar regular 
polygons to be indefinitely increased, the polygons continuing to 
be inscribed, and to have the same number of sides. 

Then the perimeters will continue to have the same ratio as 

the radii of their circumscribed circles, § 374 

(the perimeters of similar regular polygons have the same ratio (W the radii 

of their drcwunscribed ©), 

and will approach indefinitely to the circumferences as their 
limits. 

.'. the circumferences will have the same ratio as the radii 
of their circles, § 199 



r.C : C :: E : E'. 



aE.D. 
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376. CoROLLABY. By multiplying by 2, both terms of the 
ratio B^: BfyYiQ have 

C : C* '.:2R i2Rf', 

that is, the circumferences of circles are to each other as 
their diameters. 

Since C i G* : : 2 R : 2Bf, 

C : 2E :: C : 2Iif, § 262 

C 



or, 



2R 2R 



That is, the ratio of the- circumference of a circle to its 
diameter is a constant quantity. 

This constant quantity is denoted by the Greek letter tt, 

377. Scholium. The ratio v is incommensurable, and there- 
fore can be expressed only approximately in figures. The let- 
ter jT, however, is used to represervt its exact value. 



Ex. 1. Show that two triangles which have an angle of the 
one equal to the supplement of the angle of the other are to each 
other as the products of the sides including the supplementary 
angles. 

2. Show, geometrically, that the square described upon the 
sum of two straight lines is equivalent to the sum of the squares 
described upon the two lines plus twice their rectangle. 

3. Show, geometrically, that the square described upon the 
difference of two straight lines is equivalent to the sum of the 
squares described upon the two lines mmus twice their rectangle. 

4. Show, geometrically, that the rectangle of the sum and 
difference of two straight lines is equivalent to the difference 
of the squares on those lines. 
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Proposition VIII. Theorem. . 

878. If the number of sides of a regular inscribed j^ohj^ 
gon be increased indefinitely y the apothem wUl he an increas- 
ing variable whose limit is the radius of the circle. 




In the light tiismgle OCA, let O A be denoted by R, 

OC byr, and AC byb. 

• 

We are to prove lim, (r) ^ /?. 

r<E, §52 

(a ± is the shortest distance from a poirU to a straight line). 

And E — r<b, §97 

(one side of a A is greater than the difference of the other two sides). 

By increasing the number of sides of the polygon indefi- 
nitely, A By that is, 2 by can be made less than any assigned 
quantity. 

^ .'. by the half of 2 6^ can be made less than any assigned 

quantity. 

.', B^r, which is less than 6, can be made less than any 
assigned quantity. 

.'. lim, (E — r) = 0. 

.\E — lim.(r)=^0. §199 - 

.'. lim. (r) = jR. 

Q. E. D. 
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Proposition IX. Theorem. 

379. The area of a regular polygon w equal to one-haJf 
the product of its apothem hy ita perimeter. 

B 




Let P represent the perimeter and R the apothem. 
of the regular polygon ABC, etc. 

We are to prove the area of ABC, etc., **» J i? X P. 

Bxaw A, B, C, etc. 

The polygon is divided into as many A as it has sides. 

The apothem is the common altitude of these A, 

and the area of each A is equal to ^ ^ multiplied by 
the base. § 324 

.'. the area of all the A is equal to ^ jR multiplied by the 
sum of all the bases. 



But the sum of the areas of aU the A is equal to the area 
of the polygon, 

and the sum of all the bases of the A is equal to the 
perimeter of the polygon. 

.'. the area of the polygon = ^ B X P, 

Q. E. D. 



/ 
/ 

/ 



/ 
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Proposition X. Theorem. 

380. The area of a circle w equal to one-half the 
product of its radius by its circumference. 



het R represent the radius, and C the circumference 
of a circle. 

We are to prove the area of the cirde = J i? X C. 

Inscribe any regular polygon, and denote its perimeter 
by P, and its apothem by r. 

Then the area of this polygon ^^^rXP, § 379 

(the area of a regular polygon is eqtial to one-half the product of its apothem 

by the perimeter). 

Conceive the number of sides of this polygon to be indefi- 
nitely increased, the polygon still continuing to be regular and 
inscribed. 

Then the perimeter of the polygon approaches the circum- 
ference of the circle as its limit, 

the apothem, the radius as its limit, § 378 

and the area of the polygon approaches the O as its limit. 

But the area of the polygon continues to be equal to one- 
half the product of the apothem by the perimeter, however 
great the number of sides of the polygon. 

.-. the area of the O = J i? X (7. § 199 . 

Q. E. D. 
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381. Corollary 1. Since . — ss 

2E 

.-. C^2irR. 



§376 



In the equality, the area of the O = J 7? X C, 

substitute 2 iri? for (7; 

then the area of the 0==Ji?X 2ir7?, 

That is, the area o/ a O = w tiTneB the square on its radius, 

382. Cor. 2. The area of a sector equals J the product of 
its radius by its arc ; for the sector is such part of the circle as 
its arc is of the circumference. 

383. Dep. In different circles similar arcs, similar sectors, 
and similar segments, are such as correspond to equal angles at 
the centre. 

Proposition XL Theorem. 

384. Two circles are to each other as the squares on 
their radii. 





Let R and R' be the radii of the two circles Q and Q'. 

TXT * Q J^ 

We are to prove — = — •. 

^ Q' R'i 

Now Q = 'jrRi, §381 

{the area o/aQ = ir times the square on its radius), 

and Q'^ttR^. § 381 

Q irm Ri 



Then 



iri2'a R'% 



Q. E. D. 



385. Corollary. Similar arcs, being like parts of their re- 
spective circumferences, are to each other as their radii ; similar 
sectors, being like parts of their respective circles, are to each 
other as the squares on their radii. 



/ ' 



'/ 
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Proposition XII. Theorem. 

386. Similar segments are to each ether as the squares 
on their radii. c 

a 





pi p 

Let A G and A* C be the radii of the two similar seg'- 
ments ABP and A'B'F'. 

We are to prove AH_ = ^^ . 

A'B'P' ^tqI^ 

The sectors ACBzsA A' C B' are similar, § 383 

(having the A at the centre, C and O, equaXj. 

. In the AACB and A' C B' 

/.C = /.C', § 383 

{Jking corresponding A of similar sectors). 

AC=CB, §163 

A'C'^C'B'\ §163 

.-. the AACB and A' C'B' are similar, § 284 

(TuLving an Zof t?ie one equal to an /.of the other, and the indttding sides 

proporticnfuU), 

Now sector ACB ^ ^ g ggg 

sector ^' 6'' ^' i^'* 
(similar sectors are to each other as the sqiuires on their radii) ; 

and A^C^ ^l^ 5 3^2 

(similar A are to each otMr as the squares on ihdr homologous sides). 

TT sector ilC^ — A ^C^ J^ 
Jtlence e= , 

sector A' C B' — A A' C B! jrjj/^ 

segment ABP A^ t OTI 

segment A' B' P' A!~C'^ 
{yf two quantities he increased or diminished by like parts of each, the results 

wUl he in the same ratio as the quantities themselves), 

Q. E. D. 



or, 
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Exercises. 

1. Shojv^ that an equilateral polygon circumscribed about a 
circle is regular if the number of its sides be odd, 

2. Show that an equiangular polygon inscribed in a circle is 
regular if the number of its sides be odd. 

3. Show that (my equiangular polygon circumscribed about a 
circle is regular. 

4. Show that the side of a circumscribed equilateral triangle 
is double the side of an inscribed equilateral triangle. 

5. Show that the area of a regular inscribed hexagon is 
three-fourths of .that of the regular circumscribed hexagon. 

6. Show that the area of a regular inscribed hexagon is a 
mean proportional between the areas of the inscribed and cir- 
cumscribed equilateral triangles. 

7. Show that the area of a regular inscribed octagon is equal 
to that of a rectangle whose adjacent sides are equal to the 
sides of the inscribed and circumscribed squares, 

8. Show that the area of a regular inscribed dodecagon is 
equal to three times the square on the radius. 

9. Given the diameter of a circle 50; find the area of the 
circle. Also, find the area of a sector of 80® of this circle. 

10. Three equal circles touch each other externally and thus 
inclose one acre of ground ; find the radius in rods of each of 
these circles. 

11. Show that in two circles of different radii, angles at the 
centres subtended by arcs of equal length are to each other in- 
versely as the radii. 

12. Show that the square on the side of a regular inscribed 
pentagon, minus the square on the side of a regular inscribed 
decagon, is equal to the square on the radius. 
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On Constructions. 

Proposition XIII. Problem. 

387. To inscribe a regular polygon of any number of 
sides in a given circle. 




Let Q he the given circle, and n the number ol sides 
of the polygon. 

m 

It is required to inscribe in Q, a regular polygon having n 
sides. 

Divide the circumference of the O into n equal arcs. 

Join the^ extremities of these arcs. 

Then we have the polygon required. 

For the polygon is equilateral, § 181 

(in (he same O eqiud arcs are svhtended by equal chords) y 

and the polygon is also regular, § 364 

(an equilateral polygon inscribed in a O is regular), 

Q. E. F- 
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Proposition XIV. Problem. 

888.. To inscribe in a given circle a regular polygon 
which has double the number of sides of a given inscribed 
regular polygon. 




Let ABC D be the given inscribed polygon* 

It is required to inscribe a regular polygon having double the 
number of sides of A BOD, 

Bisect the eicsrA B, B (7, etc. 

Draw A E, EB, BF, etc., 

The polygon AE BFC, etc., is the polygon required. 

For the chords A By BC, etc., are equal, § 363 

(being aides of a re^la/r polygon), 

.•. the arcs A B^ BC, etc., are equal, § 182 

{in the same O equal chords subtend equal arcs). 

Hence the halves of these arcs are equal, 

or, AE, EB, BF, FG, etc., are equal; 

.*. the polygon A EBF, etc., is equilateral. 

The polygon is also regular, § 364 

{an equilaleral polygon inscribed in a O is regular) ; 

and has double the number of sides of the given regular 
polygon. 

Q. E. F. 
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Proposition XV. Frobleil 
S89. To inscribe a square in a given circle. 




Let he the centre of the given circle. 
It is required to inscribe a square in the circle. 
Draw the two diameters A G and ^ i> -L to each other. 
Join AB, BC, CD, and DA. 

• 

Then A B C D is the square required. 
For, the A ABC, BCD, etc., are rt. A, § 204 

{being inscribed in a semicircle) , 

and the sides AB, B C, etc., are equal, § 181 

{in (he same O eqical arcs are subtended by equal chords) ; 

.'. the figure A B CD is a square, § 127 

{having its sides equal and its Art. A )• 

Q. E. F. 

390. Corollary. By "bisecting the arcs AB, BC, etc., a 
regular polygon of 8 sides may be inscribed ; and, by continuing 
the process, regular polygons of 16, 32, 64, etc., sides may be 
inscribed. 
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Proposition XVI. Problem. 
391. To inscribe in a given circle a regular hexagon. 



Let he the centre of the given circle* 

It is required to inscribe in the given O a regular hexag<m. 

From draw any radius, os G, 

From C as & centre, with a radius equal to OC, 

describe an arc intersecting the circumference at F, ' 

Draw Oi^and OF, 

Then C^ is a side of the regular hexagon required. 

For the A OFCis equilateral, Cons. 

and equiangular, § 112 

.-. theZ FOG 18 i of 2 Tt. A, or, J of 4 rt. /4 . § 98 

.*. the arc FG is J of the circumference ABG Fy 

.'. the chord FG, which subtends the arc #(7, is a side 
of a regular hexagon ; 

and the figure G FD, etc., formed by applying the radius 
SIX times as a chord, is the hexagon required. 

Q. E. F. 

392. Corollary 1. By joining the alternate vertices A, G, 
2>, an equilateral A is inscribed in a circle. 

393. CoR. 2. By bisecting the arcs A B, EG, etc., a regu- 
lar polygon of 12 sides may be inscribed in a circle; and, by 
continuing the process, regular polygons of 24, 48, etc., sides 
may be inscribed. 
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Proposition XYII. Problem. 
394. To inscribe in a given circle a regular decagon. 




Let he the centre of the given circle. 

It w required to inscribe in the given O a regular decagon. 

Draw the radius C^ 

and divide it in extreme and mean ratio, so that C shall 
be to aS^ as aS' is to aS'C'. § 311 

Froin (7 as a centre, with a radius equal to S, 

describe an arc intersecting the circumference at B, 

Draw BC, BS, and B 0. 

Then ^ (7 is a'side of the regular decagon required. 

For 00 : OS :: OS : SO, Cons. 

and BO^OS. Cons. 

Substitute for S its equal B O, 

then 00 : BO :: BO : SO, 

Moreover the Z 00 B = Z SO B, Iden. 

.'.the AOOBs^nd BOS are simUar, § 284 

{having an Z of the (me eqioal to an Z of the other, and the including sides 

p-roportional). 

But the A OB is isosceles, § 160 

(its sides C and B being radii of the same circle). 

,\ the A B O S, which is similar to the A OB, ia isosceles, 
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and BS=^BC. §114 

But OS^BC, Cons. 

.'.08 = BS, Ax. 1 

.'. the A SO B 18 isosceles, 

and theZO=^ZSBO, §112 

(being opposite equal sides), 

BnttheZ C SB =^Z + Z SB 0, § 105 

(the exterior Z, of a A is equal to the sum of the two opposite interior Ay, 

.-. theZ CSB=-2Z 0. 
Z SCB{=^Z CSB) = 2Z 0, §112 

and Z0BC{=^ZSCB) = 2Z0. §112 

.-. the sum of the A oiih^ A OC B = b Z 0. 

.'.5 Z = 2Tt. A, §98 

and Z = J of 2 rt. i4, or -jJ^ of 4 rt. A 

.*. the arc ^ C is 1^ of the circumference, and 

.'. the chord .B C is a side of a regular inscribed decagon. 

Hence, to inscribe a regular decagon, divide the radius in 
extreme and mean ratio, and apply the greater segment ten 
times as a chord. 

Q. E. F. 

395. Corollary 1. By joining the alternate vertices of a 
regular inscribed decagon, a regular pentagon may be inscribed. 

396. CoR. 2. By bisecting the arcs BC, OF, etc., a regular 
polygon of 20 sides may be inscribed, and, by continuing the 
process, regular polygons of 40, 80, etc., sides may be inscribed. 
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Proposition XVIII. Problem. 

397. To inscribe in a given circle a regular pentedecagon, 
or polygon of fifteen aides. 




Let Q he the given circle. 

It is required to inscribe in Q a regular pentedecagon. 

Draw EH equal to a side of a regular inscribed hexagon, § 391 

and E F equal to a side of a regular inscribed decagon. § 394 

Join FH. 

Then FH will be a side of a regular inscribed pentedecagon. 

For the arc ^J7 is J of the circumference, 

and the arc EFia ^ of the circumference ; 

.'. the SLicFH is i — ^y or -jJy, of the circumference. 

.'. the chord FH is & side of a regular inscribed pente- 
decagon, 

and by applying FH fifteen times as a chord, we have the 
polygon required. 

Q. E. F. 

398, Corollary. By bisecting the arcs FH, HA, etc., 
a regular polygon of 30 sides may be inscribed; and by con- 
tinuing the process, regular polygons of 60, 120, etc. sides may 
be inscribed. 



CONSTRUCTIONS. 231 



Proposition XIX. Problem. 

399. To inscribe in a given circle a regular polygon 
similar to a given regular polygon, 

^il^'—'^^Df C D 





Let A BCD, etc., be the given regular polygon, and 
C'lyE' the given circle. 

It is required to inscribe in C B' H' cC regular polygor»- 
similar to A B C D, etc. 

From 0, the centre of the polygon ABCD, etc. 

draw OB&ndO C. 

From 0' the centre of the O C'l^Ify 

draw O C and 0' D\ 

making the Z 0' = Z 0. 

Draw C D*. 

Then C D* will be a side of the regular polygon required. 

For each polygon will have as many sides as the Z 
(=Z (y) is contained times in 4 rt. ^i. 

.*. the polygon C D' E\ etc. is similar to the polygon 
CLE, etc., ' §372 

{ttpo regular polygons of the same number of aides are similar). 

• Q. E. F. 
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Pboposition XX. Problem. 



400. To circumscribe about a circle a regular polygon 
similar to a given inscribed regular polygon. 



BMC 



pet ff MBS, etc., be a given inscribed regul&r polygon. 

It is required to circumscribe a regular polygon similar 
to HMRSy etc. 

At the vertices H, M, E, etc., draw tangents to the O, 
intersecting each other at A, B, C, etc. 

Then the polygon ABC L, etc. will be the regular poly- 
gon required. , 

Since the polygon ABC D, etc. 

has the same number of sides as the polygon H MRS, etc., 

it is only necessary to prove that ABC Dy etc. is a regular 
polygon. § 372 

In the A J5 5^ if and GME, 

HM=MR, §363 

(peing sides of a regular polt/gon), 
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the A BUM, B M H, C M R, and CBMsltq equal, § 209 
{being measured by halves of equal arcs) ; 

.'.the ABHM and C ME are equal, § 107 

(having a side and tujo adja4xnt A of the mie eqiuil respectively to a side and 

two adjacent A of the other), 

.\ZB = ZC, 

{being homologous A of equal ^ ). 

In like manner we may prove A C =^ Z. D^ etc. 

."• the polygon ABC B^ etc., is equiangular. 

Since the A B H M, G MR, etc. are isosceles, § 241 
{puoo tangents drawn from the same point to aO are equal), 

the sides BH, BM, CM, C R, etc. are equal, 
{being homologous sides of equal isosceles A ). 

.'. the sides AB, BC, C D, etc. are equal. Ax. 6 

and the polygon ABC D, etc. is equilateraL 

Therefore the circumscribed polygon is regular and similar 
to the given inscribed polygon. § 372 

Q.E F. 



Ex. Let R denote the radius of a regular inscribed polygon, 
r the apothem, a one side, A o^e angle, and C the angle at the 
centre ; show that 

1. In a regular inscribed triangle a = R V^, r = \ R, 
A = 60^ C = 120^ 

2. In an inscribed square a = R V^, r = \R ^2, A = 90", 

c = 9o^ 

3. In a regular inscribed hexagon a = R, r = J -ff ^3, 

-4 = 120% a=60^ 

R ()/5 - I) 

4. In a regular inscribed decagon a = ^ ^ 

r = ii? VlO+ 2V^, .1 = 144% C = 36^ 
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Proposition XXI. Problem. 

401. To find the value of the chord of one-half an arcy 

in terms of the chord of the whole arc and the radius of the 

circle. 

D 




H 

Let AB be the chord of arc A B and A B the chord 
of one- half the arc A B, 

It is required to find the valine of A D in terms of AB and 
R (radius). 

From D draw D H through the centre 0, 

and draw A. 

ZTD is ± to the chord AB oi its middle point C, § 60 

(two points, and D, equally distant from the extremities, A and B, de- 
. termine the position of a X to the middle point of A B). 

The Z 5^^ 2) is a rt. Z, § 204 

ipeing i7iscribed in a semicircle), 

.\jr^ = DHX DC, §289 

(the square on one side of art. A is equal to the product of the hypotenuse by 
the adjacent segment made by the 1. let fall from the vertex of the rt. /.). 

Now Dff=2^B, 

. and I)C = DO-CO=-B-00; 

.\A'D^=-2B(E-'C0). 



s 
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Since A CO is B.Tt, A, 

jT^ = IV^ + Clj^ ; §331 



.\G0 = ^(Ai^ - jrG\ 

2 
In the equation JT^ = 2R{R-' CO), 

V4 m - r^ 



substitute for C its value 



2 



then n^^2R(R^iIFE^y 

= 2R^-R (\/4: Ifi - AB^\ . 

.\AD== J2E^-RNiR2- A^^\ . 

Q. E. F. 

402. Corollary. If we take the radius equal to unity, 
the equation ul 2> = J 2 R^ — R hj il^ — aW\ becomes 

ad^J^-^^-Tb^. 
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On Isoperimetrical PoL;;rGON8. — Supplementary. 

404. Dep. Isoperimetrical figures are figures which have 
equal perimeters. 

405. Def. Among magnitudes of the same kind, that 
which is greatest is a Maximum, and that which is smallest 
is a Minimum, 

Thus the diameter of a circle is the maximum among all 
inscribed straight lines; and a perpendicular is the minimum 
among all straight lines drawn from a point to a given straight 
lin«. 



Proposition XXIII. Thidrbm. 

406. Of all triangles having two sides respectively equal, 

that in which these sides include a right angle is the maxi^ 

mum. 

A 



E 




V 


..^yix 


\ 


/^^^^ 


\ 


/ ^~^^ 



D B D 

Let the triangles ABC and EBC have the sides A B 
and BC equal respectively to EB and BG\ aad 
let the angle ABC be a right angle. 

We are to prove A ABO A EBC. 

From E, let fall the ± E D. 

The A ABC and EBC, having the same base B C, are to 
each other as their altitudes A B and ED, § 326 

(A having the same hose are to each other as their altitudes). 

Now ED is < EB, § 52 

(a X is the shortest distance from a point to a straight line). 

But EB = AB, Hyp. 

.\ EDi8<AB. 
.'.AABOAEBC. 

Q. E. D 
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Proposition XXIV. Theorem. 

407. Of all polygons formed of sides all given hut one, 
the polygon inscribed in a semicircle , having the undetermined 
side for its diameter ^ is the maximum, 

C 




Let AB, BC, CD, and D E be the sides of a polygon 
inscribed in a semicircle having A fJ for its di- 
ameter. 

We are to prove the polygon ABODE the Tncuicimum of 
polygons having the sides A B, BO, D, and D E. 

Froin any vertex, as O, draw C A and O E. 

Then the Z J[ (7^ is a rt. Z , § 204 

(being inscribed in a semicircle). 

Now the polygon is divided into three parts, ABO, ODE, 
and A OE, 

The parts ABO and ODE will remain the same, if the 
Z AO Ehe increased or diminished ; 

but the part AOE will Ije diminished, § 406 

{of all A haviTig two sides respectively equal, that in which these sides in- 

clvde art. Zis the maximum). 

.\ A B O D E is the maximum polygon. 

Q. E. D. 
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Proposition XXV. Theorem. 

408. The maximum of all polygons fornned of given sides 
can he inscribed in a circle. 





A Af 

Let ABODE be a polygon inscribed in a circle, and 
A' Bf O ]y B be a polygon, equilateral with re- 
spect to ABODE, hut which cannot be inscribed 
in a circle. 

We are to prove 
the polygon ABO DE> the polygon A^ Bf 0' D^ E'. 

Draw the diameter A H, 

Join Off^iidDff. 

Upon O'D" {=0 D) construct the A 0' ff' D' = A H D, 

and draw A' II', 

Ifow the polygon ABOH>i\% polygon A' B* 0' IT, § 407 

(pf all polygons fonfned (ff sides all given btU one^ the polygon inscribed in a 
semicircle haviiig the undetermined side for its diameter ^ is the maximum). 

And the polygon AEDH>ihQ polygon A' E />' H', § 407 

Add these two inequalities, then 
the polygon ABO HD E > the polygon A'BOH'D'E. 
Take away from the two figures the equal A. H D and 

o'H'iy, 

Then the polygon ABODE>i}iQ polygon A' F 0' ly E, 

Q. E. O. 
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Proposition XXVI. Theorem. 

409. Of all triangles having the same base and espial 
perimeters, the isosceles triangle is the maximum. 




Let the AACB and ALB have equal perimeteTs, 
and let the AACB be isosceles. 

We are to pr&ve A A OB > A ABB. 

Draw the _k CE and D F, 



AACB 



CE 



AABD DF 
(A having the same base are to ea>ch otlver as their aUiit»des\ 

Produce AC to ff, making C H= AC. 

Draw JffB. 



§326 



The A ABH is a rt. Z, for it will be inscribed in the 
semicircle drawn from C as a centre, with the radius C B, 
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From C let fall the ± C^X; 

and from 2> as a centre, with a radius equal to D By 

describe an arc cutting H B produced, at P. 

Draw i> P and ^ P, 

and let fall the ± B M. 

Since Aff=AC+ CB-^AD + DB, 

and AP<AD+ DP) 

.\Ar<AI) + I)B; 
,\AH>AP. 

.■.BH>BP. §56 

Now BK=\BH, §113 

(a X drawn from the vertex of an isosceles A bisects the base), 
and BM=\BP, §113 

But CE^BK, §135 

(^8 comprehended between lis are eqtuiT); 

and DF-=BM, §135 

,\GE>BF. 
.\AACB>AADB. 

Q. E. D. 
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Proposition XXVII. Theorem. 

410. The maximum of isoperimetrical polygons of the 
same number of sides is equilateral. 





Let ABC D, etc., be the 'maximum of isopezimetxical 
polygons of any given number of sides. 

We are to prove AB, B C, CD, etc., equal. 

Draw A C, 

The A ABC must be the maximum of all the A which 
are formed upon A C with a perimeter equal to that of A ABC, 

Otherwise, a greater AAKC could be substituted ioiAAB C, 
without changing the perimeter of the polygon. 

But this is inconsistent with the hypothesis that the poly- 
gon ABCD, etc., is the maximum polygon. 

.'. the A A B C, is isosceles, § 409 

(of all ^ having the same base and equal perimeters, the isosceles A is the 

maxijnum). 

In like manner it may be proved that B C = CD, etc. 

Q. E. D. 

411. Corollary. The maximum of isoperimetrical poly- 
gons of the same number of sides is a regular polygon. 

For, it is equilateral, § 410 

(the TTUKcimum of isoperimetrical polygons of the same number of sides is 

equilateral). 

Also it can be inscribed in a O, § 408 

{the maximum of all polygons formed of given sides can he inscribed in a O). 

Hence it is regular, § 364 

(an equilateral polygon inscribed in a Q is regular). 
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Proposition XXVIIL Theorem. 

412. Of isoperimetrical regular polygons ^ that i8 greatest 
whicA has the greatest dumber of sides. 





Let Q be a regular polygon of three sides, and Q* be 
a regular polygon of four sides, each having the 
same perimeter. 

We are to prove Q* > Q, 

In any side AB of Q^ take any point D, 

The polygon Q may be considered an irregular polygon 
of four sides, in which the sides A D and D B make with eacli 
other an Z equal to two rt. A . 

Then the irregular polygon Q, of four sides is less than the 
regular isoperimetrical polygon ^ of four sides, § 411 

{the maximum of isoperimetrical polygons of the same numJber of sides is a 

regular polygon). 

In like manner it may be shown that Q* is less than a 
regular isoperimetrical polygon of five sides, and so on. 

Q. E. D. 



• 413. Corollary. Of all isoperimetrical plane figures the 
circle is the maximum. 
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Proposition XXIX. Theorem. 

414. If a regular polygon he constructed with a given 
area, its perimeter will be the less Hie greater the number 
of its sides. 




Q 






Let Q and Q' be regular polygons having the same 
area, and let Q' have the greater number of sides. 

• We are to prove the perimeter of Q^ the perimeter of Q'. 

Let Q^^ be a regular polygon having the saine perimeter as 
Qf and the same number of sides as Q. 

Then ^ is > C", §412 

(of isoperiinetrical regular polygons^ that is the greatest which has the greatest 

number of sides). 



But 






.". the perimeter of © is > the perimeter of ^'. 
But the perimeter of Q^ = the perimeter of C, . Cons. 
.*. the perimeter of ^ is > that of ^. 



Q. E. D. 



415. Corollary. The circumference of a circle is less than 
the perimeter of any other plane figure of equal area. 
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On Symmetry. — Supplementary. 

416. Two points are Symmetrical when they are situated 
on opposite sides of, and at equal distances from^ a fixed point, 
line, or plane, taken as an object of reference. 

417. When a point is taken as an object of reference, it is 
called the Centre of Symmetry ; when a line is taken, it is called 
the Axis of Symmetry ; when a. plane is taken, it is called the 
Plane of Symmetry, 



418. Two points are symmetrical with re- 
spect to a centre, if the centre bisect the straight 
line terminated by these points. Thus, P, P 
are symmetrical with respect to C, if (7 bisect 
the straight line PP*. 



419. The distance of either of the two symmetrical points 
from the centre of symmetry is called the Radius of Symmetry, 
Thus either C P oi C P^ ib the radius of symmetry. 

420. Tioo points are symmetrical with 
respect to an axis, if the axis bisect at right 

angles the straight line terminated by these X ^ X' 

points. Thus, P, P' are symmetrical with re- 
spect to the axis XX', if XX' bisect P P' at p, 
right angles. 




421. Two points are symmetrical with 
respect to a plane, if the plane bisect at 
right angles the straight line terminated by 
these points. Thus P, P' are symmetrical 
with respect iQMN,\iMN bisect P P' at 
right angles. 



M^ 



P' 
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422. 2'tvo plane figures are symmetrical with respect to a 
centrCf an axiSy or a plane, if every point of either figure have 
its corresponding symmetrical point in the other. 




M 



Af 



7iV 



Fig. 1. 



Fig. 2. 



Fig. a 



Thus, the lines A B and A' B' are symmetrical with respect 
to the centre C (Fig. 1), to the axis XX' (Fig. 2), to the plane 
M N (Fig. 3), if every point of either have its corresponding 
symmetrical point in the other. 




Fig. 6. 



Also, the triangles AB D and A' B' 2>' are symmetrical with 
respect to the centre C (Fig. 4), to the axis XX' (Fig. 5), to the 
plane M N (Fig. 6), if every point in the perimeter of either 
have its corresponding symmetrical point in the perimeter of the 
other. 

423. Dep. In two symmetrical figures the corresponding 
symmetrical points and lines are called homologous. 
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Two symmetrical figures with respect to a centre can be 
brought into coincidence by revolving one of them in its own 
plane about the centre, every radius of symmetry revolving 
through two right angles at the same time. 

Two symmetrical figures with respect to an axis can be 
brought into coincidence by the revolution of either about the 
axis until it comes into the plane of the other. 

424. Dep. a single figure is a symmetrical figure^ either 
when it can be divided by an axis, or plane, into two figures 
symmetrical with respect to that axis or plane ; or, when it has 
a centre such that every straight line drawn through it cuts the 
perimeter of the figure in two points which are symmetrical 
with respect to that centre. 





Fig. 1. 



Fig. 2. 



Thus, Fig. 1 is a symmetrical figure with respect to the 
axis XX', if divided by XX' into figures Jj5(7i> and AB'C'D 
which are symmetrical with respect to XX', 

And, Fig. 2 is a symmetrical figure with respect to the 
centre 0, if the centre bisect every straight line drawn 
through it and terminated by the perimeter. 

Every such straight line is called a diameter,. 

The circle is an illustration of a single figure symmetrical 
with respect to its centre as the centre of symmetry, or to any 
diameter as the axis of symmetry. 
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Proposition XXX. Theorem. 

425. Two equal and parallel lines are symmetrical with 

respect to a centre, 

A Bf 



Let AB and A^ B' be equal and parallel lines. 

We are to prove A B and A' B' symmetrical. 

Draw A A* and B B', and through the point of their inter- 
section (7, draw any other line HC H', terminated ixi AB and 
A'B', 

InihQ AC AB and C A' B' 

AB = A'B', Hyp. 

also, A A and B=^ A A' and B' respectively, § 68 

(beijig alt.-int. A)f 

.\ACAB = A CA'B'; § 107 

.\CA and CB=^C A' and C B' respectively, 
{bci7ig hmnologous sides of equal A). 

Now in the A AC H ojidi A' C H* 

AC^A'C, 

A A and AC H =" A A' and A' C II' respectively, 

.\AACH==AA'CH', § 107 

(having a side and two adj. A of the one equal relatively to a side and tvjo 

adj. A of the other). 

.\CH = cir, 

{beiiig homologous sides of eqtial A ). 

.'. ZP is the symmetrical point of H. 

But H is any point in il -5 ; 

/. every point in AB has its symmetrical point in A'B', 

.*. A B and A' B' are symmetrical with respect to C as a 

centre of symmetry. 

Q. E. D. 

426. Corollary. If the extremities of one line be re- 
spectively the sj'^mmetricals of another line with respect to the 
same centre, the two lines are symmetrical with respect to that 
centre. 
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Proposition XXXL Theorem. 

427. If a figure he syntmetrical with respect to two axe% 
perpendicular to each other^ it is symfnetrical with respect 
to their intersection as a centre. 




Let the figure ABC DEFGH be symmetrical to the 
two axes XX\ YY* which intersect at 0. 

We are to prove the centre of symmetry of the figure. 

Let / be any point in the perimeter of the figure. 

Draw IKL ± to XX, and IMNl. to YT. 

JoinZO, ON^BiidiKM. 

Now KI=KL, 

(fhefigxare being symmetrical vnth rtspedt to X X^ 

But KI=OM, 

(}\s comprehended between \\s are egual), 

.\.KL=-OM, 
.\KL0Mi8Q,[J, 

(having two sides equal arid parallel). 

.'. LO is equal and parallel to X 3f, 
{being opposite sides of a CJ). 

In like manner we may prove iV equal and parallel to KM, 

Hence the points Z, 0, and iV are in the same straight line 
drawn through the point \i to KM, 

Also LO^ON, 

(sirice eojch is equal to KM), 
.'. any straight line LO N, drawn through 0, is bisected at O, 
.'. is the centre of symmetry of the figure. § 424 

Q. E. D. 



§420 

§ 135 

Ax. 1 
§ 136 

§ 134 
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Exercises. 

1. The area of any triangle may be found as follows : From 
half the sum of the three sides subtract each side severally, mul- 
tiply together the half sum and the three remainders, and extract 
the square root of the product. 

Denote the sides of the tri- 
angle ABChj ayb, c, the alti- ^ 

tude by p, and by «. 

Show that 

^^= 2c > 
and show that 

^2=62-V _ L^ 




4c^ 



i> = 



V/462c2-(i2+c«-aV 



2c 



_ y/ (6 + c +.a) (6 + c — g) (g + 6 - c) (g — 6 H- c) 



2c 
Hence, show that area of A A B C, which is equal to 



cXp 



= JV^(6 + c + g)(6 + c-g)(g + 6-c)(g-6H-c). 
= y « (5 — g) (« — 6) (« ■— c). 

2. Show that the area of an equilateral triangle, each side of 
which is denoted by g, is equal to — j- . 

3. How many acres are contained in a triangle whose sides 
are respectively 60, 70, and 80 chains 1 

4. • How many feet are contained in a triangle each side of 
which is 75 feet ? 
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PLANES AND SOLID ANGLES. 



On Lines and Planes. 



428. Dep. a Plane has already been defined as a surface 
such that the straight line joining any two points in it lie^ 
wholly in the surface. 

The plane is considered to be indefinite in extent, so that 
however far the straight line be produced, all its points lie in 
the plane. A plane is usually represented by a quadrilateral 
supposed to lie in the plane. 

429. Def. The Foot of a line is the point in which it 
meets the plane. 

430. Dep. A straight line is perpendicular to a plane if 
it be perpendicular to every straight line of the plane drawn 
through its foot. 

In this case the plane is perpendicular to the line. 

431. Dep. The Distance from a point to a plane is the 
perpendicular distance from the point to the plane. 

432. Dep. A line is parallel to a plane if all its points be 
equally distant from the plane. 

In this case the plane is parallel to the line. 

433. Dep. A line is oblique to a plane if it be neither per- 
pendicular nor parallel to the plane. 

434. Def. Two planes are parallel if all the points of 
either be equally distant from the other. 

. 435. Dep. The Projection of a point on a plane is the foot 
of the perpendicular from the point to the plane. 

436. Dep. The projection of a line on a plane is the locus 
of the projections of all its points. 

437. Dep. The plane embracing the perpendiculars which 
project the points of a straight line upon a plane is called the 
projecting plawf of the line. 



\ 
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438. Def. The angle which a line makes with a plane is 
the angle which it makes with its projection on the plane. 

This angle is called the Inclination of the line to the plane. 

439. Def. A plane is determined by lines or points, if 
no other plane can embrace these lines or points without being 
coincident with that plane. 

440. Def. The vitersection of two planes is the locus of 
all the points common to the two planes. 

441. An infinite number of planes may embrace the same 
straight line. 

Thus, if the plane MN' em- 
brace the line AB it may be made 
to revolve about A B &a sm axis, 
and to occupy an infinite number 
of positions, each of which is the 
position of a plane embracing the 
line A B. 

442. A plane is determined by a straight line and a point 
without that line. 

Thus, let any plane em- 
bracing the straight line A B 
revolve about the line as an axis 
until it embraces the point C, 

Now if the plane revolve either way about the line AB b3 
an axis, it will cease to embrace the point C, 

Hence any other plane embracing the line A B and the 
point C must be coincident with the first plane. § 439 

443. Three points not in a straight line determine a plane. 
For, by joining any two of the points, we have a straight 

line and a point which determine a plane. § 442 

444. Two intersecting straight lines determine a plane. 
For, a plane embracing one of these straight lines and any 

point of the other line (except the point of intersection) is deter- 
mined. § 442 

445. TvH) parallel straight lines determine a plane, 

For, a plane embracing either of these parallels and any 
point in the other is determined. § 442 
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• Proposition I. Theorem. 

446. If two planes cut one another their intersection is 
a straight line. 




Let MN and PQ be two planes which cut one another. 

We are to prove their intersection a straight line. 

Let A and B be two points common to the two planes. 

Draw the straight line A B, 

Since the points- A and B are common to the two planes, 
the straight line A B lies in both planes. § 428 

Now, no point out of this line can be in both planes ; 

for, if it be possible, let C be such a point. 
But there can be but one plane embracing the point C and 
the MhqAB. § 442 

.". C does not lie in both planes. 



.". every point in the intersection of the two planes lies in 

Q. E. D. 



the straight line A B, 
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Proposition II. Theorem. 

447. From a point without a plane only one perpendic" 
vlar can he drawn to the plane ; and at a given point in a 
plane only one perpendicular can he erected to the plane. 




Fig/ 1. 




Fig. 2. 



Xet C B (JFig.t) he a pezpendicnlar let fall from the 
point C to the plane M N, 

We are to prove that no other J_ can he dravmfrom the point 
C to the plane M N, 

If it be possible, let C 5 be another J_ to the plane MN, 

and let a plane P Q pass through the lines C B and G D. 

The intersection of F Q with the plane If iV is a straight 
line BD. § 446 

Now ifCn and CB be both ± to the plane, the A CBD 
would have two rt. A, CBD and G DB, which is impos- 
sible. § 102 

Let D G (Fig, 2) be a perpendicular to the plane M N at 
the point D, " 

If it be possible, let 2> -4 be another ± to the plane from 
the point Z>, 

and let a plane P Q pass through the lines D G and D A. 

The intersection oi PQ with the plane Jf i\^ is a straight line. 

Now if i) (7 and Z) i( could both be ± to the plane M N dX 
D, we should have in the plane P Q two straight lines -L to the 
line DQ dX the point Dy which is impossible. § 61 

Q. E. D. 

448. Corollary. A perpendicular is the shortest distaiuje 
from a point to a plane. 
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Proposition III. Theorem. 

449. If a straight line be perjoendicular to each of two 

straight lines drawn through its foot in a plane it is jperjpen^ 

dicular to the plane. 

D 




Let DC be perpendicular to each of the two lines 
AC A' and BCB' drawn through its foot in the 
plane M N, 

We are to prove DC A^to tlie plane M N. 

Take C A = C A' ^.h^l C B = CB. 

Join ABdjiAA' B'. 

Then A B and A' B' are symmetrical with respect to C, § 426 
(ff\£ir extremities hein^f symmetrical). 

^ Through C draw any line HC H' in the plane MN, 

Then H and H' are symnletrical, § 422 

{peing corresponding points in the symmetrical lines A B and A' Bf). 

About C, the centre of symmetry, revolve A B, keeping A C 
and BC A^ to CD, until it comes into coincidence with A^ B\ 

Then the point H will coincide with its symmetrical 
point ZT', 

and A DC H will coincide with, and be equal to, ADCBJ, 

.'. A DCH and D CW are rt. A § 25 

.\DC\&l-ioHCH', 

Kow since i) (7 is _L to any line, HCIP, drawn through its 
foot in the plane M N, it is _L to every such line. 

.-. 2>(7 is J- to the plane M N. § 430 

. wv' t> li/. 
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Proposition IV. Theorem. 

450. Oblique lines drawn from a point to a plane at 
equal distances from the foot of the perpendicular are equal ; 
and of two oblique lines unequally distant from the foot of the 
perpendicular the more remote is the griwter. 




Let the oblique lines BC, BD, and BE, be drawn at 
equal distances, AC, AD, and A E, from the foot 
of the perpendicular BA ; and let BC be drawn 
more remote from the foot of the perpendicular 
than B 0. 

We are to prove I. BC= BD == BE. 

11. BOBC, 

I. Inthert. A j5^C7and^il2> 

BA=BA, Iden. 

AC = AI), . Hyp. 

and Tt. Z BAC = vt. ZBAD. 

.\ABAC = ABAI), §106 

.'.BC = BIl 

(being homologous sides of equal ^ ). 

II. Since ^ C" is > ^ (7, 

BC'\^>BC, §55 

Q. E. D. 

451. Corollary 1. Equal oblique lines from a point to a 
plane meet the plane at equal distances from the perpendicular; 
and of two unequal oblique lines, the greater meets the plane at 
the greater distance from the perpendicular. 

452. Cor. 2. All equal oblique lines BC, BD, etc., drawn 
from a point to a plane terminate in the circumference CDE 
described from -4 as a centre with a radius equal to A C Hence, 
to draw a perpendicular from a point to a plane, draw any ob- 
lique line from the given point to the plane ; revolve this line 
about the point, tracing the circumference of a circle in the plane, 
and draw a line from the point to the centre of the circle. 
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Proposition V. Theorem. 

453. If three straight lines meet at one point, and a 
straight line be perpendicular to each of them at that ^oint, 
the three straight lines lie in the same plane. 




Let the strsbight line AB be perMendicular to each of 
the straight lines BC, BD, and B E, at B. 

We cure to prove BC, BD^ and BE in the same plane M N, 

If not, let j5i> and 5^ be in the plane M N, and ^(7 with- 
out it ; and let P U, passing through A B and B C, cut the plane 
MN in the straight line B H, 

Now AB, BC, and -B ZT are all in the plane P H, 
and since -4 -B is ± to BD and B E, it ia A. to the 
plane M N, § 449 

{if a straight line he ± to each of two straight lines drawn through its foot 

in a planCy it is ± to the plajie). 

.', AB is A-to BIljQ. straight line in the plane M^, § 430 

(a 1. to a plane is J. to every straight line in that plane dravjn through 

' its foot). 

That is Z. A BH is Q.Tt. Z. 

But Z ^ ^ C is a rt. Z. Hyp. 

.\ZABG=^ZABH, 

,', BC and BH coincide. 

.'. B C is not without the plane M^, 

Q. E. D 

454. Corollary. The locus of all. perpendiculars to a given 
straight line at a given point is a plane perpendicular to this 
given straight line at the given point. 

455. Scholium. In the geometry of space the term locus 
has the same signification as in plane geometry, only it is not 
limited to lines, but is extended to include surfaces. 
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Proposition VL Theorem. 

456. If from the foot of a perpendicular to a plane a 
straight line he drawn at right angles to any line of the plane, 
the line drawn from its intersection with the line of the plane 
to any point of the perpendicular is perpendicular to the line 
of the plane. 




Let P F be a. perpendicular to the plane M N, FC 
a perpendicular from the foot of PF to any line 
A B, in the plane MN, and C P a line drawn from 
its intersection with AB to any point P in the 
perpendicular PF. 

We are to prove CP JLto AB, 

Take CA = CB and draw FA, FB, PA,PB. 

:N'ow fa = FB, § 53 

(two oblique liTies draion from a point in a _L cuUiTig off eqtial distances 

from, the foot of the _L are equal), 

and PA= PBy §450 

(oblique lines dravm from a point to a plane ai equal distances from the 

foot of the _L are equal), 

.'.PC\Bl.ioAB, §60 

(two points equally distant from the extremities of a straight line determine 

the 1. at the middle point of the line), 

Q. E. D> 
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Proposition VIL Theorem. 

457. If ci line he perpendicular to a plane y every line 

which is parallel to this perpendicular is likewise perpendic" 

ular to the plane. 

A C 



M 



\. 



V 



7F 



E/ 



J 



Let AB be perpendicnlar to the plane MNy and CD 
any line parallel to AB, 

We are to pr(yve C D perpendicular to the plane M N. 

Draw BD in the plane MN, and through B draw EFiu 

the plane MN J_ to B D, and join D with any point in A B, 

as A. 

^ BD is ± to A B, §430 

(if a straight line he 1. to a plane U is A. to every line of the plane drawn 

through its foot) ; 

it is also ± to C A §67 

{if a straight line he A. to one of two II*, it is 1. to the other), 

Now i^i^isXto^A §^56 

{if from the foot of a A. to a plane a straight line he drawn at right aiigles to 
any line of the plane, the line drawn from its intersection with the line 
of the platie to any point in the l.is l.to the line of the plane), 

and is also -L to J5 i>. Cons. 

.-. ^i^ is ± to the plane A B D C, § 449 

{a straight line ± to two straight lines drawn through its foot in a plane is 

1. to the plane), 

.\ E F is ± to CDy § 430 

{i/a straijJU line he J. to a plane it is A. to every 'line of the plane drawn 

through its foot). 

.*. CD is -L to BD and UF, and consequently to the 
plane MK § 449 

Q. E. D. 

458. Corollary 1. Two lines which are perpendicular to 
the same j)lane are parallel. 

459. Cor. 2. Two lines parallel to a third straight line not 
in their own plane are parallel to each other. 
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Proposition VIII. Theorem. 

460. If a straight line and a plane he perpendicular to 
the same straight line, they are parallel. 




Let the straight line BC and the plane MN be per- 
pendicular to the straight line A B, 

We are to prove BC W to MJSf, 

From any point C of the Kne BC let C i> be drawn per- 
pendicular to MN, 

Join A D, 

B A and C D &tq parallel, § 458 

(two straight lines ± to the same plane are II ). 

ADisLtoBA, §430 

{if a straight line he J^ to a plane it is X to every lin>e of the plane drawn 

through its foot), 

.\ AD and B C are parallel, § 65 

{two straight lines ± to tJie same straight line are II ). 

/. ABC D 13 Q.nJ. §125 

.\CI) = AB. §134 

Now, since C is any point in the line B C, all the points in 
B C are equally distant from the plane MN', 

.'.BC is II to Jf.V, § 432 

(a liTie is II to apla'ne if all its points be equally distant from (he plane). 

Q. E. D. 
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Proposition IX. Theorem. 

461. If two plicnes he perpendicular to the same straight 
line they are parallel, 

P 



B 






*■»■ 



v7 



Let the two planes MN and FQ be peipendicular to 
the straight line A B, 

We are to prove P Q W to MN, 

Froni any point C in the plane P Q draw C D JLto MN. 

Join B a 

BCi3±toAB, §430 

{if a straigJU line be A. to a plane it is ± to every line of the plane dratvn 

through its foot). 

.-. jB C' is II to the plane MN, § 460 

{if a straight line and a plane be ± to the same straight line they are II ). 



.'. C D is equal to A B, 



§432 



(if a straight line be W to a plane, all its points are equally distant from the 

plane). 

Since C is any point in the plane P Q, all the points in 
the plane P Q are at equal distances from M N, 

.'.PQ is 11 to MN, § 434 

(two planes are II if all the points of either be equally distant from the other), 

Q. E. D. 
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Proposition X. Theorem. 

462. If two angles not in the same plane have their 
sides respectively parallel and lying in the same direction, 
they are equal. 




Let A A and A' he respectively in the planes M N and 
P Q and have A D parallel to A' D' and A C parallel 
to A' C and lying in the same direction. 

We are to prove Z. A^" A A', 

Take AB=^A'I)' and AC^A' C, 
Join AA'.D D', C C, C D, C D'. 
Since A D \& equal and II to A' D', the figure ADD' A' 

is a O, § 136 

.'.AA'^DD'. §134 
In like manner AA' = C C", 

,',CC'==DD', Ax. 1 

Also, since C C and D D are respectively II to A A', they 
are II to each other, . § 459 

(two straight lines W to a fMrd straight line not in their own plane are II to 

ea^h other). 

.\CDD'C'i^2.n, § 136 

,\CD=-C'D', §134 

.\t^ADC=^£^A' D'C, §108 

(having three sides of the one equal respectively to three sides ofthA other). 

.\ZA = Z A\ 

(being hoinologous A of equal A). 

463. Corollary. If two angles lie in different planes and 
have their sides parallel and extending in the same direction, the 
planes are parallel. For the intersecting lines, A G and A 2), 
which determine the plane M N are parallel respectively to the 
lines A' C and A' D' which determine the plane PQ, therefore 
the planes are determined parallel. 
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Proposition XL Theorem. 

464. Two ^parallel lines comprehended between two par^ 
alUl planes are equal. 




Let the two parskUel lines AB and G D be included 
between the parallel planes MN and P Q, 

We are to prove A B = G D. 

ItAB and (72) be X to the two planes they are equal, § 434 
(if two planes beW, cUl the poiiUs of either are equally distant frmn the other). 

Ji AB and G Dhe not J. to the two II planes, draw from 
the points A and G the lines A E and (7 # J. to the plane M N, 

A E \b W to GF, §458 

{two lines ± to the same plane are II ). 

Join jB ^ and Z> F. 
In AAEBd^ndi GFD, 

AE=GF, §434 

Z.AEB = Z.GFD, . §430 

{if a straight line he ± to a plane it is A. to any line of the plans draton 

through its foot) ; 

and ZBAE = ZI)GF, §462 

(if tjpo A not in the same plane have their sides II and lying in the same 

direction they are equal), 

.\AAEB = A GFD, § 107 

{Tiavijig a side and two adj. A of the one equal respectively to a side and two 

adj. A of the other). 

Hence AB='GD, 

(being homologous sides of equaZ ^ ). 

Q. E. D. 
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Proposition XII. Theorem. 

465. The intersections of two parallel planes by a third 
plane are parallel lines. 




Let the plane OS intersect the parallel planes PQ 
• and MN in the lines A C and B D respectively. 

We are to prove A II to BB. 

Through the points A and C draw the il lines AB and 
CD in the plane OS. 

Now AB=^CD, §464 

( II lines comprehended betweeh II planes are equal). 



.'. ABC D is Si EJ^ 
Quwing two sides equal and II ). 

.'.AC is II to BD, 
(being opposite sides of a CD \ 



§136 



§125 



a E. o. 
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Proposition XIIL Theorem. 

466. If a straight line he perpendicular to one of two 
parallel planes it is perpendicular to the other. 




Let MN and PQ be parallel planes and AB be per- 
pendicular to PQ, 

We are to prove ABl^io MN. 

Let two planes embracing A B intersect the planes M N and 
PQixiAG,BEQ.Ti^AD,BF respectively. 

Then ^i (7 is II to ^ ^ and ^ Z> to B F^ § 465 

{the intersections of two II plaiies by a third plane are II lines). 

But EB and FB are J_ to ^ ^, § 430 

(if a straight line be JLto a plane it is S.to every straight line of the plane 

dravni through its foot). 

.\ AC and A D which are respectively II to ^^ and BF 
are ± to ^ ^, § 67 

(jf a straight line be J_ to one of two II lines, it is 1. to the other). 

.'. ^ ^ is ± to Jf iV^, § 449 

(if a line be A. to two straight lines in a plane drawn through its foot it is 1. 

to the plane). 

Q. E. D. 

467. Corollary. If two planes be parallel to a third plane 
they are parallel to each other. For, every line perpendicular to 
this third plane is perpendicular to the other planes ; and two 
planes perpendicular to a straight line are parallel. 
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Proposition XIV. Theorem. 

468. If a straight line be parallel to another straight 
line drawn in a plane ^ it is parallel to the plane. 

A C 






/ 



71 



M 



/ 



B' 



/ «*-- 



■^ 






D 



7 



Now 



Also 



and 



§65 
§135 



§458 



N 
Let AC be parallel to the line B D in the plane MK 

We are to prove AC W to the plane MN, 

From A and (7, any two points in A (7, draw A B and CD 
± to ^ C, and ^^and C F 1. to the plane M N, 

Join BE^n^BF. 

AB\& II to (7 A 
{pwo straight lines ± to the same line are II ). 

AB = CD, 

( II lines comprehended between il lines are equal), 

AFis II toCi^, 
(two straight lines ± to the saine plane are II ). 

.\Z.BAF = Z.DCF, §462 

{if two A not in the same plane have their sides II and lying in the same 

direction, they are equal). 

.-. Tt,AAEB = rt. A CFD, § 110 

(j^wo rt. A are equal when an acute Z and the hypotenuse of the one are 
equal respectively to an acute Z. and the hypotenuse of the other), 

.'.AE=CF, 

(being homologous sides of equal A ). 

Now since the points A and C, any two points in the line 
A Cy are equally distant from the plane M Ny 

all the points m A G are equally distant from the 
plane M N, 

.-. il C is II to the plane MN. § 432 

Q. E. D. 
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Proposition XV. Theorem. 

469. If two straight lines he intersected by three par^ 
Mel planes their corresponding segments are proportional. 




Let A B and G D be intersected by the parallel pl&nes 
MN, PQ,RS,in the points A, E, B, and C, F, D, 

jrr , AE OF 
vVe are to prove = . 

^ . EB FD 

Draw A D cutting the plane JP ^ in G^. 

Join ^G^ and i^ (7. 

Then EGi^WioBD, § 465 

(the intersections of two II planes by a third plane are II lines). 

.•.d^=A£„ §275 

EB ' GD' 

(a line dravm through two sides of a A W to the third side divides those 

sides proportionally). 



Also, 



G^i^is WioAO, 

• ^= ^ G 
" F D " G D 

. AE CF 



§465 
§275 



EB 



FD 



Ax. 1. 

Q. E. D. 
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On Dihedral Angles. 

470. Dep. The amount of rotation which one of two inter- 
secting planes must make about their intersection in order to 
coincide with the other plane is called the DiJiedral angle of 
the planes. 

The Faces of a dihedral angle are the intersecting planes. 

The Udffe of a dihedral angle is the intersection of its faces. 

The Plane angle of a dihedral angle is the plane angle 
formed by two straight lines, one in each plane, perpendicular 
to the edge at the same point. 

Thus, in the diagram, 
C-A B-D is a dihedral an- 
gle, CB and J9il are its 
faces, -4 ^ is its edge, PH 
is its plane angle HOP 
and HP in the faces be 
perpendicular to the edge AB ai the same point P, 

471. The plane angle of a dihedral angle has the same mag- 
nitude from wlmtever point in the edge we draw the perpendicu- 
lars. For every pair of such angles have their sides respectively 
parallel (§ 65), and hence are equal (§ 462). 

Two equal dihedral angles, D-A B-C, and D-A B-E'^ have 
corresponding equal plane angles, D AC and 
DAE. This may be shown by superposi- 
tion. 

Any two dihedral angles, C-A B-E' and 
E-A B-H', hxLve the samje ratio as their corre- 
sponding plane angles, C A E and E A //. This 
may be shown by the method employed in ^ 
§ 200 and § 201. 

Hence a dihedral angle is measured by its 
plane angle. 

It must be observed that the sides of the 
plane angle which measures the dihedral angle must be perpendic- 
ular to the edge. Thus in the rectangular solid A H, Fig. 1, the 
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dihedral angle F-B A-H, is a right dihedral angle, and is meas- 
ured by the angle C E Dy if its sides C E and E D, drawn in 
the planes A F and A G respectively, be perpendicular to A B, 
But angle C E' Uy drawn as represented in the diagram, is 
acute, while angle C" E" ]y\ drawn as represented, is obtuse. 




Fig. 1. 



Fig. 2. 



Many properties of dihedral angles can be established which 
are analogous to propositions relating to plane angles. Let the 
student prove the following : 

1. If two planes intersect each other, their vertical dihedral 
angles are equal. 

2. If a plane intersect two parallel planes, the exterior- 
interior dihedral angles are equal ; the alternate-interior dihedral 
angles are equal ; the two interior dihedral angles on the same 
side of the secant plane are supplements of each other. 

3. When two planes are cut by a third plane, if the exterior- 
interior dihedral angles be equal, or the alternate dihedral angles 
be equal, or the two interior dihedral angles on the same side of 
the secant plane be supplements of each other, the two planes 
are parallel. 

4. Two dihedral angles are equal if their faces be respec- 
tively parallel and lie in the same direction, or opposite directions, 
from the edges. "* 

5. Two dihedral angles are supplements of each other if 
two of their faces be parallel and lie in the same direction, and 
the other faces be parallel and lie in the opposite direction, from 
the edges. 
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Proposition XYI. Theorem. 

472. If a straight line he ^perpendicular to a plane 
every plane embracing the line is perpendicular to that plane. 



M 



A 



Q 



2 



D 

Let AB be perpendicular to the plane M N, 

We are to prove any plane, PQ, embracing A B, perpen- 
dicular to M N, 

At B draw, in the plane MN, BC J- to the intersection I) Q. 

Since ABi^l.io MN, it is J_ to Z> ^ and BO, § 430 

(^f d straight line he ± to a plane, it is J- to every straight'li'iie in that plane 

drawn through its foot). 

Now A ABC is the measure of the 

dihedral A P-D Q-K § 470 

But A ABC \&d, right angle, 

.'. the Z P'D Q-N is a right dihedral, 

.\PQ\&l.ioMN. 

Q. E. D. 
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Proposition XVIL Theorem. 

473. If two planes he perpendicular to each oilier ^ a 
straight line drawn in one of them perpendicular to their 
intersection is perpendicular to the other plane. 



A 




l^et the planes MN and PQ be perpendicular to each 
other, and at any point B of their intersection DQ 
let BA be drawn in the plane PQ, perpendicular 
to DQ, 

We are to prove AB 1. to the plane MN, 

Draw jB C' in the plane M N 1. to B Q, 

Then Z. ABC S&z. right angle, 

Q)tmg the plarifi Z of the rt. dihedral /.formed by the twoplane$y 

.', AB 18 Juto the two straight lines D Q and B G, 

.', ABi8±to the plane MN, § 449 

(if a straight line he A. to two straight lines draum throxigh its foot in a 

plane, it is 1. to the plane). 



Q. B. D. 
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Proposition XVIIL Theorem. 

474. If two planes he perpendicular to each other, a 
straight line drawn through any point of intersection per- 
pendicular to one of the planes will lie in the other plane. 




U 



B 



Q 



2 



Fig. 1. 



Fig. 2. 



Let PQ {Fig, 1) he pezpendicular to the plane MN, CQ 
their intersection, andBA be drawn through any 
point B in CQ pezpendicular to the plane MN, 

We are to prove that B A lies in the plane P Q. 

At the point B draw B A' in the plane P Q A-io the inter- 
section C Q. 

The line BA' will be ± to the plane M N, § 472 

(if two planes be J_ to ectch other ^ a straight Utvc dravm in one of them 1. to 

their intersection is JL to the other). 

Now ^^ is ± to the plane MN', Hyp. 

.-. BA and BA' coincide, § 447 

{eU a given point in a plane only one ± can he erected to that plane). 

But B A' lies in the plane PQ) 

.*. BAy which coincides with BA\ lies in the plane PQ. 

Q. E. D. 

Scholium. Through a line parallel or oblique to a plane, as 
A Cy Fig. 2, only one plane can be passed perpendicular to the 
given plane. 
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Proposition XIX. Theorem. 

475. If two intersecting planes he each perpendicular to 
a third plane, their intersection is also perpendicular to that 
plane. 




Jq 



Let the planes BD and BC intersecting in the line 
AB be perpendicular to the plane PQ, 

We are to prove ABJuto the plane P Q, 

A perpendicular erected at B, a point common to the three 
planes, will lie in the two planes B C and B J), § 473 

(if two planes he X to each other, a straight line drawn through any point 
of intersection ± to one of the planes will lie in the other plane). 

And, since this -L lies in both the planes, B C and B By it 
must coincide with their intersection. 



.*. u4 jB is ± to the plane P Q, 



Q. E. D. 



476. Corollary. If a plane be perpendicular to each of 
two intersecting planes, it is perpendicular to the intersection of 
those planes. 
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Proposition XX. Theorem. 

477. Every point in the plane which bisects a dihedral 
angle is equally distant from the faces of that angle. 

M 




A 

Let plane A M bisect the dihedral angle foxmed by 
the planes A D and A C ; and let P E and P F be 
pezpendiculars drawn from any point P in the 
plane A M to the planes A C and A D, 

We are to prove P E =" P F. 

Through P E and P F pass a plane intersecting the planes 
AC Q.Ti^ A D in E em^ F, 

Join P 0. 

Now the plane P E F is J- to each of the planes A C and 
AD, § 471 

{if a straight line he 1. to a plam, any plane embracing the lin>e is Xto thai 

plane) ; 

.'. the plane PE F is 1. to their intersection AO, ^ 476 

(If a plane he ± to each of two intersecting planes, it is 1. to the intersection 

of these planes). 

.\/.POE = ZPOF, 

(being measures respectively of the equal dihedral A M-OA-C and M-OA-D). 

.\Tt. A POE = it. A POF, §110 

.\PE=PFy 

(being homologous sides of equal A). 

Q. E. D. 
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Supplementary Propositions. 

Proposition XXL Theorem. 

"^ 478. The acute angle which a straight line makes with 
ita own projection on a plane is the least angle which it makes 
with any line of that plane. 




Let BA meet the plane M N at B, and let B A' "be its 
projection. upon the plane M N, and B C any other 
line drawn through B in the plane. 

We are to prove A ABA' < A ABC. 

Take BG^BA', 

Join A G. 

In ih^AAB A' and ABG, 

AB = AB, Iden. 

BA' = BGy Cons, 

but AA'KAGy §448 

(a X is the shortest distance from a point to aplarve), 

.-, ZABA'<Z.ABG, § 116 

(if itoo sides of a A he eqical respectively to two sides of another, hut the third 

side of the first A he greater than the third side of the second^ then the 

Z. opposite the third side of the first A is greater than the A opposite the 

third side of the second). 

Q. E. D. 

Exercise. — The angle included by two perpendiculars drawn 
from any point within a dihedral angle to its faces, is the supple- 
ment of the dihedral angle. 
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Proposition XXII. Theorem. 

479. If two straight lines he not in the same plane, one 
and only one common perpendicular to the lines can be drawn, 

C E D ^ 




Let AB and C D be two given straight lines not in 

the same plane. 

We are to prove one and ordy on^ common perpendicular to 
the two lines can he drawn. 

Since A B and CD oie not in the same plane they are 

not II, ' § 474 

(two Ws lie in the same plane). 

Through the line A B pass the plane MN' \\i,o CD, 

Since C D is II to the plane MN, all its points are equally 
distant from the plane MJ^; § 432 

hence C />', the projection of the line C D on the plane 
ifi\r, willbe WtoCn, §76 

and will intersect the line AB ai some point as C 

!N'ow since C C is the line which projects the point C upon 
the plane M N^ it is JL to the plane M N ] § 435 

hence C C is A. to C D* and A B, \ 430 

(jfa line he A- to a plane, it is X to every line drawn through its fool in the 

plane). 

Also, CC7'is±to CD, §67 

/. C C is the common JL to the lines CD and A B, 

Moreover, line C O is the only common _L. 
For, if another line EB, drawn between A B and CD, could 
be ± to ^ j5 and C Z>, it woidd also be J- to a line B G drawn 
Wio CD in the plane M N, § 67 

and hence JL to the plane M N, § 449 

But EH, drawn in the plane C D' II to C C, is ± to the 

plane M N. § 457 

Hence we should have two J* from the point E to the plane 

M N, which is impossible, § 44^ 

.". C C^ is the only common J, to the lines CD and A B. 

Q. E. D. 
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On Polyhedral Angles. 

480. Def. a Polyhedral angle is the extent of opening of 
three or more planes meeting in a common point. 

Thus the figure 8-A BG DE, 
formed by the planes A SB, 
BSC, CSD, DSE, ESA, 
meeting in the common point 
A^i is a polyhedral angle. 

The point S is the vertex of 
the angle. 

The intersections of the planes Ai 
SA, SB, etc., are its edges. 

The portions of the planes 
hounded by the edges are its faces. 

The plane angles A SB, BSC, etc., formed by the edges are 
its face angles, - • 

481. Def. Polyhedral angles are classified as trihedral, quad- 
rahedral, etc., according to the number of the faces. 

482. Def. Trihedral angles are rectangular, hi-rectangular, or 
tri-rectangular, according as they have one, two, or three right 
dihedral angles. 

483. Def. Trihedral angles are scalene, isosceles, or equilateral, 
according as the face angles are all unequal, two equal, or three 
equal. 

484. Def. A polyhedral angle is convex, if the polygon formed 
by the intersections of a plane with all its faces be a convex 
polygon. 

485. Def. Two polyhedral angles are equal when they can 
be applied to each other so as to coincide in all their parts. 

Since two equal polyhedral angles coincide however far their 
edges and faces be produced, the magnitude of a polyhedral angle 
does not depend upon the extent of its faces. But, in order to 
represent the angle in a diagram, it is usual to pass a plane, as 
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ABODE, cutting all its faces in the straight lines, AB, BC, 
etc. ; and by the face A S B is meant the indefinite surface in- 
cluded between the lines S A and SB indefinitely produced. 

486. Def. Two polyhedral angles are symmetrical if they 
have the same number of faces, and the successive dihedral and 
face angles respectively equal but arranged in reverse order. 

Thus, if the edges AS, B S, 

O Bi 
etc., of the polyhedral angle, k -^^ 

S-A BCD, be produced, there is /jy'yJ^'—^^A' 

formed another polyhedral angle, / // y'' 

S-A' B' C D, which is symmetri- IJ^y 

cal with the first, the vertex 8 SJT 

being the centre of symmetry. y/n V V\ 

If we take S A' =- S A, and X/VI \V\ 

through the points A and A' the A^' / r/ \ / \ — ^^ 

parallel planes A B C D and \L—SI v. V 

A' B' C ly be passed, we shall 

have SB' = SB, SC =' SO, etc. For if we conceive a third 
parallel plane to pass through S, then A A', B B', etc., are 
divided proportionally, § 469. And if any one of them be 
bisected at S, the others are also bisected at S. Hence, the 
points A',. B', etc., are symmetrical with A, B, etc. 

Moreover, the two symmetrical polyhedral angles are equal in 
all their parts. For their face angles A SB smd A' SB', B SO 
and B' S C are equal each to each, being vertical plane angles. 
And the dihedral angles formed at the edges SA and SA', SB 
and SB\ are equal each to each, being vertical dihedral angles. 

Now if the polyhedral angle 8-A' B' C D be revolved about 
the vertex S until the polygon A' B' C D is brought into the 
position ahcd, in the same plane with ABC D, it will be 
evident that while the parts A SB, B SO, etc., succeed each 
other in the order from left to right, the corresponding equal 
parts a Sh, b Sc, etc., succeed each other in the order from rif/kt 
to left. Hence the two figures cannot be made to coincide by 
superposition, but are said to be equal by symmetry. 
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Proposition XXIII. Theorem. 

487. The sum of any two face angles of a trihedral 
angle is greater than the third. « 




Let S-A BO be a, txihedral angle in which the face 
angle A SO is greater than either angle ASB or 
angle BSO. 
We are to pr(yve Z. A S B -^ Z. B SO Z ASC. 

In the face A SO draw S D, making Z ASD = Z A SB. 
Through any point D oi S D draw any straight line ADO 
cutting A S and S (7. 

TakeAS'^ = AS'J9. 

Pass a plane through A and the point B. 
InihQ A A S D 0,11^ A S B 

AS^AS, 

SI) = SB, 

ZASD = ZASB. 

.\AASD = AASB, 

,\AD = AB, 

(being homologous sides of equal A). 

In the A ii 5(7, AB-\-BO>AO. 

Subtract the equals A B and A D. 
Then B0> DO, 

Now in the A BSOondi DSO 

SB=SD, 

sc = so, 

hut B0> DO, 

.\Z BSG>'Z DSO. 
.\ZASB + Z BSO > ZASD + Z DSO, 
that is ZASB-V ZBSO>ZASO. 

Q E D 



Iden. 
Cons. 
Cons. 
§106 



Cons. 
Iden. 

§ 116 
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Proposition XXIV. Theorem. 

488. The sum of the face angles of any convex polyhe- 
dral angle is less than four right angles, 

S 




Let the polyhedral angle S be cut by a plane, mak- 
ing the section ABODE a convex polygon. 

We are to prove A A SB + Z B S C etc. < i ri. A. 

From any point within the polygon draw A,OB,OC, 
OD, OE. 

The number of the A having their common vertex at 
will be the same as the number having their common vertex at S. 

.'. the sum of all the A of the A having the common vertex 
at S is equal to the sum of all the A of the A having the com- 
mon vertex at 0, 

But in the trihedral A formed at -4, jB, (7, etc. 

/.SAE+Z.SAB>/.OAE+Z.OAB, § 487 

{the sum of any two face A of a trihedral Z is greater than the third). 

and ZSBA-{-Z.SBC>ZOBA + ZOBC, §487 

.'. the sum of the A at the bases of the A whose common 
vertex is *S^ is greater than the sum of the A at the bases of the 
A whose common vertex is 0. 

.'. the sum of the -^ at aS' is less than the sum of the A at 0. 

But the sum of the ^ at = 4 rt. zi . § 34 

.'. the sum of the -4 at aS' is less than 4 rt. ^ . 

Q. E. D. 
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IProposition XXV. Theorem. 

489. An isosceles trihedral angle and its symmetrical 
trihedral angle are equal. 




Let S'A B be an isosceles tiihedzal angle, having 
ZASB = ZBSC. And let S-A' B' C be its sym- 
metrical tzihedial angle. 

We are to prove trihedral A S-A BC = trihedral Z S-A'B' C 

Revolve A S-A'B' C about S until SB' falls on SB and 
the plane SB' A' falls on the plane SBO. 

Now the dihedral Z C-SB-A = dihedral Z A'-SB'-C, 

(beiTig vertical dihedral A ). 

.-. the plane SB' C will fall on the plane SB A. 

Now Z BSO == Z BSA, Hyp. 

and ZB'SA' = ZBSA, 

{being vertical A ). 

.\ZBSC = ZB'SA'i Ax. 1 

.-. ^.i' will faU ems' C. 

In like manner S 0' will fall on S A, 

.•. the two trihedral A will coincide and be equal. 

Q. E. D. 
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Proposition XXVI. Theorem. 
490. Two symmetrical trihedral angles are equivalent, 

a • 




Let the tiihedzul Z. S-ABC and A S-A' B' C be sym- 
metric a,L 

We are to prove trihedral A S-ABC '^* trihedral Z. S-A'B'C'. 

Draw D' D making the A JDS A, DSC, and DSB equal 

Then Z D'SA' = ZD' SC'=-Z D'SB', 
(being vertical A of the equal A D S A, DSC, and D SB). 

Then the trihedral Z SD CB = trihedral Z S-D' G'B', § 489 
{two isosceles symmetrical trihedral A are eqiuil). 

And trihedral Z S-D C A = trihedral Z S-D' C A', 

and trihedral ZS-ADB = trihedral Z S-A' D' B'. 

Adding the first two equalities, the polyhedral Z S-ABC D 
=0 polyhedral Z S-A' BCD'. 

Take away from each of these equals the equal trihedral 
AS-ABB and S-A' D' 6'. 

Then trihedral Z S-ABC ^ trihedral Z S-A' B' C. 

Q. E. 0. 

• 

491. Scholium. If D D' fall within the given trihedral 
angles these trihedral angles would be composed of three isosceles 
trihedral angles which would be respectively equal, and hence 
the given trihedral angles would be equivalent. 

♦ The symbol (=«>) is to be read ** ecjuivalent to," 
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EXEBGISES. 

1. If a plane be passed through one of the diagonals of a 
parallelogram, the perpendiculars to the plane from the extremi- 
ties of the other diagonal are equal. 

2. If each of the projections of a line A B upon two inter- 
secting planes be a straight line, the line AB \&dk straight line. 

3. The height of a room is eight feet, how can a point in 
the floor directly under a certain point in the ceiling be deter- 
mined with a ten-foot pole ] 

4. If a line be drawn at an inclination of 45° to a plane, what 
is the greatest angle which any line of the plane, drawn through 
the point in which the inclined line pierces the plane, makes 
with the line. 

5. Through a given point pass a plane parallel to a given 
plane. 

6. Find the locus of points iii space which are equally distant 
from two given points. 

7. Show that the three planes embracing the edges of a tri- 
hedral angle and the bisectors of the opposite face angles re- 
spectively intersect in the same straight line. 

8. Find the locus of the points which are equally distant from 
the three edges of a trihedral angle. 

9. Cut a given quadrahedral angle by a plane so that the 
section shall be a parallelogram. 

10. Determine a point in a given plane such that the sum of 
its distances from two given points on the same side of the plane 
shall be a minimum. 

11. Determine a point in a given plane such that the differ- 
ence of its distances from two given points on opposite sides of 
a plane shall be a maximum. 
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Proposition XXVIL Theorem. 

492. Two trihedral angles are equal or symmetrical 
when the three face angles of the one are respectively equal to 
the three face angles of the other, 

Sf S Sf 




In the tiihedral A S and S', let Z A S B = /. A' S' B', 

A ASC =/.A'S'C', and Z B SC == Z B' S' C 

We are to prove tliat the homologous dihedral angles are eqtialy 
and hence the trihedral angles S and S' are eUJier equal or 
symmetrical. 

On the edges of these angles take the • six equal distances 
SA, SB, SC, S^A', SB', S' C. 

Draw AB,BC,AC, A'B\ B'C, A'C. 

The homologous isosceles A SAB, S' A' B', SACKS' A' C\ 
SB C, S' B' C are equal, respectively. § 106 

.\AB,AC,BC equal respectively A' B', A' C, B' O, 

{being homologoits sides of equal A). 

.\AABC = AA'B'C', § 108 

At any point D in aS'^ draw i> ^ and D J^ ± to aS^I in the 
faces A SB and A SO respectively. 

These lines meet A B and A C respectively, 

{since the A SAB and SAC are acute, cock being one of the equal A of an 

isosceles A). 

Join EF. 
OnS'A'takeA'JD'^AD. 
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Draw ly E' and D' F in the faces A' S' B' and A! S' C re- 
spectively J- to S' A', and join E' F', 

la the rt. A ^ D^ and A' ly E' 

AD=^A'iy, Cons. 

Z.DAE=^Z. D'A'E^, 
{heiiig homologous A of the equal J^ SAB arid Sf A' B^). 

.-. rt. AADE=vt. A A' U E', § 111 

.\ AE = A*E' SiiLdDE= D' E', 
(Jbemg homologous sides of equal A ). 

In like manner we may prove AF ^= A' F' and DF= U F, 
Hence in the A A E F d^M A' E' F' we have 

A E and A F = respectively A' E' and A' F, 
and Z EAF=-Z. E'A'F, 

{being homologous A of the tqual A ABC and Af B^ C), 

.\AAEF = A A'E^F, § 106 

.-. EF= FF 

{being homologous sides of the equal ^ AEF and A^ W F). 

Hence, in the A E D F and F D" F we have 

ED, DF,8indEF= respectively F Jy, D' F, and F F, 

.'.AEDF^AFjyF, §108 

.-. Z EDF=Z. E'lyF, 

(being hmnqlogous A of equal A). 

.-. tho dihedral Z B-A S-C = dihedral Z B'-A' S-C, 
{since A E D F and E' D' F, the measures of these dihedral A, are equal). 

In like manner it may be proved that the dihedral 
A A-B S-C and AC SB are equal respectively to the dihedral 
A A'-B'S'-C and A'-C S'-B', 

Q. E. D. 

This demonstration applies to either of the two figures de- 
noted by aS^'-^' B' C'i which are symmetrical with respect to each 
other. If the first of these figures be given, S and S' are equal, 
for they can be applied to each other so as to coincide in all their 
parts. If the second be given, S and S' are symmetrical. § 486 
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POLYHEDRONS, CYLINDERS, AND CONES. 



General Definitions. 



493. Dbf.' a Polyhedron is a solid bounded by four or 
more polygons. 

A polyhedron bounded by four polygons is called a tetror 
hedron; by six, a hexahedron; by eight, an octahedron; by twelve, 
a dodecahedron; by twenty, an icosahedron. 

494. Def. The Faces of a polyhedron are the bounding 
polygons. 

495. Def. The Edges of a polyhedron are the intersec- 
tions of its faces. 

496. Def. The Vertices of a polyhedron are the intersec- 
tions of its edges. 

497. Def. A Diagonal of a polyhedron is a straight line 
joining any two vertices not in the same face. 

498. Def. A Section of a polyhedron is a polygon formed 
by the intersection of a plane with three or more faces. 

499. Def. A Convex polyhedron is a polyhedron every 
section of wliich is a convex polygon. 

600. Def. The Volume of a polyhedron is the numerical 
measure of its magnitude referred to some other polyhedron as a 
unit of measure. 

601. Def. The polyhedron adopted as the unit of measure 
is called the Unit of Volume, 

502v Def. Similar polyhedrons are polyhedrons which 
have the same form. 

603. Def. Equivalent polyhedrons are polyhedrons which 
have the same volume. 

604. Def. Equal polyhedrons are polyhedrons which have 
the same form and volume. 

On Prisms. 

505. Def. A Prism is a polyhedron two of whose faces 
are equal and parallel polygons, and the other faces are parallelo- 
grams. 
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OBLIQUE PIII6M. 




506. Dep. The BcLses of a prism 
are^the equal and parallel polygons. 

507. Def. The Latei'al faces of 
a prism are all the faces except the 
bases. 

508. Def. The Lateral or Coiv- 
vex Surface of a prism is the sum of 
its lateral faces. 

609. Def. The Lateral edges 
of a prism are the intersections of its 
lateral faces; the Basal edges of a 
prism are the intersections of the bases 
with the lateral faces. 

510. Def. Prisms are triangular ^ quadrangular, pentag- 
onal, etc., according as their bases are triangles, quadrangles, 
pentagons, etc. 

511. Def. A Might prism is a prism whose lateral edges 
are perpendicular to its bases. 

512. Def. An Oblique prism is a prism 
whose lateral edges are oblique to its bases. 

513. Def. A Regular prism is a right 
prism whose bases are regular polygons, and 
hence its lateral faces are equal rectangles. 

514. Def. The Altitude of a prism is 
the perpendicular distance between the planes 
of its bases. The altitude of a right prism is 
equal to any one of its lateral edges. 

615. Def. A Truncated prism is a por- 
tion of a prism included between either base 
and a section inclined to the base and cutting 
all the lateral edges. 

516. Def. A Right section of a prism is a Section perpen- 
dicular to its lateral edges. 

517. Def. A Farallelopiped is a prism whose bases are 
parallelograms. 

518. Def. A Right parallelopiped is a parallelopiped whose 
lateral edges are perpendicular to its bases ; hence its lateral faces 
are rectangles. 

519. Def. An Oblique parallelopiped is a parallelopiped 
whose lateral edges are oblique to its bases. 

520. Def. A Rectangular parallelopiped is a right paral- 
lelopiped whose bases are rectangles. 

521. Def. A Cube is a rectangular parallelopiped all of 
whose faces are squarea 
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Proposition L Theorem. 

622. The sections of a prism made by parallel planes 
are equal polygons. 




Let the prism A D be intersected hy the parallel 
planes GK, G' K!. 

We art to prove section GH I K L = section G' W F K' L*. 

G H, H ly IK, etc., are parallel respectively to G* H*, B! l\ 
I' K', etc., § 465 

{flu intersections of two II planes by a third plane are II lines). 

,'. AGRIy RIK, etc., are equal respectively to A G' IT I'j 
W I' K', etc., § 462 

(two A not in the same plane, having their sides respectively parallel and 

lying in the same direction, are equal). 

Also, sides GU, HI, IK, etc., are equal respectively to 
G'W,I1'I',I'K, etc., § 135 

( II lines aymprehended between II lines are equdt), 

.'. section GHIKL = section G' W I' K L', § 155 

{)>ei7ig mutimlly equiangiUar and equilaterat). 

Q. E. D. 

623. Corollary. Any section of a prism parallel to the 
base is equal to the base ; and all right sections of a prism are 
equal 
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Proposition II. Theorem. 

524. The lateral area of a prism is equal to the product 
of a lateral edge by ike perimeter of the right section,. 




Let GRIKL be a light section of the prism A D', 

We are to prove lateral area of prism Aiy = AA* X perim- 
eter G H I K L. 

Consider the lateral edges A A', B B' etc., to be the bases 
of the U] AB'y B C, etc., which form the convex surface of the 
pnsm. 

Then the altitudes of these HJ will be the JslGH, HI, 
IKf etc., 

and the area of each O is the product of its base and alti- 
tude. § 321 

Now the bases of these [U are all equal, § 464 

( II lines comprehended between 11 planes are eqiiat) ; 
and the sum of the altitudes GH, HI, IK, etc., is the perimeter 
of the right section. 

Hence, the sum of the areas of these UJ is the product of a 
lateral edge A A' by the perimeter of the right section. 

That is, the lateral area of the prism is equal to the product 
of a lateral edge by the perimeter of a right section. 

Q. E. D. 

525. Corollary. The lateral area of a right prism is equal 
to the altitude multiplied by the perimeter of the base. 
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Proposition III. Theorem. 

526. Two prisms are equal if the three faces including 
a trihedral angle of the one be respectively equal to the three 
corresponding faces including a trihedral angle of the other, 
and similarly placed, 

J Jn 




Let AD, AG, A J, be respectively equal to A' D, A'^, 
A'J'y and similarly placed. 

We are to prove prism A I "= prism A' I'. 

Now trihedral A A^ trihedral Z A', § 492 

{pwo trOudraXs are equal, when the three face A of the one are equal respec- 
tively to the three face A of the other and are similarly placed). 

Apply trihedral Z A to trihedral Z A', 

Then the base A B will coincide with the base A' iX, 

face A G with A' G', 

and face A J with A' J' ; 

.-. FG will coincide with F' G', and Z' 7^ with PJ'. 

.*. the upper bases, F I and F* I', will coincide, 
{being equal polygons, since they are equal to the equal lovjer bases), 

,'. the remaining edges wUl coincide, 
{t?ieir extremities being the same points). 

.'. the prisms will coincide and be equal. 

Q. E. D 

527. Corollary 1. Two truncated prisms are equal, ii' 
the three faces including a trihedral of the one be respectively 
equal to the three faces including a trihedral of the other, and 
be similariy placed. 

528. Cor. 2. Two right prisms having equal bases and 
altitudes are equal. If the faces be not similariy placed, if one 
be inverted, the faces will be similariy placed and the prisms can 
be made to coincide. 
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Peoposition IV. Theorem. 

529. An oblique prism is equivalent to a right prism 
whose bases are equal to right sections of the oblique prism, 
and whose altitude is equal to a lateral edge of the oblique 
prism. 



/f\ — ^ 

/ /jEf ^/ / 




B C 

Let AJy he an oblique pzism, and FI a ziffht section. 

Complete the right prism FI^, making its edges equal to 
those of the ohlique prism. 

We are to prove oblique prism AD' o^ right prism FT, 

In the prisms A I and A' I' 

trihedral /.A= trihedral Z A', § 492 

ipujo trihedrals are equal when three face A 0/ the (me are respectively equal 
to three fojce A of the other, and are similarly pladd), 

Now face AJ) = face A' />', § 505 

{being the two bases of the oblique prism A IX) ; 

face AJ= face A' J', Cons. 

and face AG = face A' G', Cons. 

.*. prism A 1= prism A' I', § 627 

(two truncated prisms are equal when the three faces including a trihedral 
of the one are respectively equal to the three faces including a trihedral 
of the other, and are similarly placed). 

To each of these equal prisms add the prism FD', 
Then oblique prism AD' o* right prism FF, 

Q. E. D. 
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Proposition V. Theorem. 

530. Any two opposite faces of a parallelojpiped are 
equal and paralleL 




Let AG he a paiallelopiped. 

We are to prove faces A F and D G equal and parallel. 

Since -4 Cis a O, 
A B and D C are equal and II lines. 

Also, since -4 -fiT is a O, 
A E and D H di.vQ equal and II lines. 



§517 
§ 126 
§ 505 

§126 

§462 



.\Z. EAB^AHDC, 

{two A not in the same plane Jiaving their sides II aTid lying in the same 

direction are equal). 

.'. face AF= face DG. § 140 

Moreover, face AFis W to DG, § 463 

(if two A not in the saine plane have their sides II and lying in the same 

directum their planes are parallel ). 

In like manner we may prove A H and B G equal and par- 

Q. E. D. 



allel. 



531. Scholium. Any two opposite faces of a parallele- 
piped may be taken for bases, since they are equal and parallel 
parallelograms. 
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Proposition VI. Theorem. 

532. The plane passed through two diagonally opposite 
edges of a parallelopiped divides the parallelepiped into two 
equivalent triangular prisms. 




Let the plane A EGC pass through the opposite edges 
A £ and C G of the parallelopiped A G. 

We are to prove that the parallelopiped AG is divided into 
two equivalent triangular prisms, A B C-F, and A D G-H, 

Let I J KL be a right section 6f the parallelopiped made 
by a plane JL to the edge A E, 

The intersection IK of this plane with the plane A EGG 
is the diagonal of the EJ IJ KL. 

.\AIKJ==AIKL. § 133 

But prism A B G-F is equivalent to a right prism whose 

base is UK and whose altitude is AE, § 529 

{H7iy oblique prism is '^ to a right prism whose bases are equal to right sec- 
tions of the oblique prism, and whose altitude is equal to a lateral edge 
of the oblique prism). 

The prism A D G-H is equivalent to a right prism whose 
base is I LK, and whose altitude is AE. § 529 

Now the two right prisms are equal, § 528 

{ttoo right prisms havitig equal bases and altitudes are equal), 

.\ABG-F^ADG-ff. 

Q. E. D 
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Proposition VII. Theorem. 

533. Two rectangular jparallelojpipeds having equal bases 
are to each other as their altitudes. 



Bf 



I 




/ 



Pf 



/ 



/ 



I 



m 



L 



L 



7 



/ 



/ 




Let AB and A'B' be the altitudes of the two rectangn- 
lar parallelopipeds, P, and P', having equal bases. 

*P AB 
F^A'B'' 



We are to prove 



Case I. — When A B and A' Bf are commensurahle. 

Find a common measure m, of -4 J5 and A' B*. 

Suppose m to be contained m AB b times, and in A' Bf 

3 times. 

AB ^b 

A'B'^'^' 



Then we have 



At the several points of division on. AB and A' B' pass 

planes JL to these lines. 

The parallelepiped P will be divided into 5, 

and P' into 3, parallelopipeds equal, each to each, § 628 
(two right prisms having equal hoses and altitudes are equal), 

P'~3' 
"P''~'A'B'' 



Then 



PRISMS. 



295 



D 



Case II. — When A B and A' B' are irieommensurable, 

B 



pi 



Om 



^ 



^ 



\ 



\ 



\ 



l\ 



:^ 



^ 



Let AB he divided into any number of equal parts, 

and let one of these parts be applied to -4' ^' as many times 
as A^ B' will contain it. 

Since A B and A' B' are incommensurable, a certain number 
of the^e parts will extend from -4' to a point i), leaving a re- 
mainder J) B' less than one of these parts. 

Through D pass a plane J_ to A' B', and denote the parallel- 
opiped whose base is the same as that of P', and whose altitude 
is A' D by Q, 

Now, since A B and A' D are commensurable, 

Q :P = A'D :AB. (Case I.) 

Suppose the number of parts into which A B \s divided to 
be continually increased, the length of each part will become less 
and less, and the point D wiU approach nearer and nearer to B', 

The limit of Q will be F, 

and the limit of A' D wiU be A' B', 

.-. the limit oi Q : P will be P' : P, 

and the limit oiA'D :AB will be A' B' : A B, 

Moreover the corresponding values of the two variables Q : P 
and A' D : A B are always equal, however near these variables 
approach their limits. 

.-. their limits F \ P =- A' B \ AB, § 199 

a E. D. 

534. Scholium. The three edges of a rectangular parallelo- 
piped which meet at a common vertex are its dimensions. Hence 
two rectangular parallelopipeds which have two dimensions in 
common are to each other as their third dimensions. 
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Proposition VIII. Theorem. 

535. Two rectangular parallelopipeds having equal alti- 
tudes are to each other as their bases. 



Q 



7iA 



af 



Pf 



MA 



'V 



ai 




Let a, hj andc, and a\ I/, c, be the three dimensions re- 
spectively of the two rectangular parallelopipeds 
P and F. 

TJ7- - P a X 6 
We are to prove — = . 

Let ^ be a third rectangular parallelopiped whose dimen- 
sions are a', h and c. 

Now Q has the two dimensions h and c in common with P, 
and the two dimensions a' and c in common with P', 

{tvx> rectangular parallelopipeds which have two dimensions in common are 

to each other as their third dimensions) ; 

and 9.^1, 

P' hf 

Multiply these two equalities together j 

P aXb 



Then 



§634 



§534 



then 



B a'Xbf 



Q. E. D. 



536. Scholium. This proposition may be stated thus : two 
rectangular parallelopipeds which have one dimension in common 
are to each other as the products of the other two dimensions. 
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Proposition IX. Theorem. 

537. Any two rectangular jaarallelopipeds are to each 
other as the products of their three dimensions. 




Let a, bjCyBnd a/ b\ c^,be the tliree dimensions respec- 
tively of the two rectangular parallelepipeds P 
and F. 

We are to prove — - = . . 

Let © be a third rectangular parallelGpiped whose dimen- 
sions are a, h, and cf. 

Then . | = J, §534 

{pwo rectangular parallelopipeds which have two dimensions in common are 

to each other as their third dimensions) ; 



and 



P' 



aXb 



§536 



a'Xb' 

{two rectangular parallelopipeds which have one dimension in common are to 
each other as the products of their other two dimensions). 

Multiply these equalities together ; 



then 



P aXbXc 
F" a'Xl'Xcf 



Q. E. D. 
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Proposition X. Theorem. 

538. The volume of a reciungular parallelopiped is equal 
io the product of its three dimensions, the unit of volume being 
a cube whose edge is the linear unit. 




Let a, b, and c be the three dimensions of the rectan- 
gular paraUelopiped P, and let the cube U be the 
unit of volume. 

We are to prove volume of P = aXhX c. 

P aXbXc 

u" ixixr 



§537 



But 



~ is the volume of P ; 



§500 



.'. the volume of P = aXbX c. 

Q. E. D. 

639. Corollary I. Since a cube is a rectangular parallelo- 
piped having its three dimensions equal, the volume of a cube is 
equal to the third power of its edge, 

540. Cor. II. The product a X b represents the base when 
c is the altitude ; hence : The volume of a rectangular paraUeto- 
piped is equal to the product of its base by its altitude, 

541. Scholium. When the three 'dimensions of the rec- 
tangular parallelopiped are each exactly divisible by the linear 
unit, this proposition is rendered evident by dividing the solid 
into cubes, each equal to the unit of volume. Thus, if the three 
edges which meet at a common vertex contain the linear unit 
3, 4 and 5 times respectively, planes passed through the several 
points of division of the edges, and perpendicular to them, will 
divide the solid into cubes, each equal to the unit of volume ; 
and there will evidently be 3 X 4 X 5 of these cubes. 
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Proposition XL Theorem. 

542. The volume of any parallelojoiped is equal to the 
product of its base hy it^s altitude. 




Let A BCB-F "be a parallelopiped having all its faces 

oblique, and H R its altitude. 

WearetoproveABCD-F=^ABCD X HR. 

By making the right section JET/ J iV and completing the 

parallelopiped H IJ N-G L K M we have a right parallelopiped 

equivalent iq, ABC D-F, § 529 

{an oblique prism is equivalent to a right prism wJwse base is a right section 

of the oblique prism and whose altitude is equal to a laUraZ edge of 

die oblique prism). 

Through the edge I L make the right section I LPO, and 
complete the right parallelopiped I L P 0-HG Q R, and we have 
a rectangular parallelopiped equivalent to H IJ N-G L K M, §529 

and hence equivalent to A BC D-F. 

J^ow O ILGH^^n EFGH, §322 

O OPQR=r{CJ ILGH) = O JKMN; § 630 

and O ABCD = n EFGH, §530 

.\n OPQR^n ABCD, 

Moreover, the three parallelopipeds have the common alti- 
tude HR, 



But OPQR'ILGH=OPQRXnR'y 
.\ABGD-F=ABGD X HR. 



§540 



Q. E. D. 
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Proposition XIL Theorem. 

543. The volume of any prism is equal to the product 
of its base by its altitude. 



Df 



A^ 




Case I. — Whe^ the base is a triangle. 

Let V denote the volume, B the base, and H the 
altitude of the triangular prism AEC-E'. 
We are to prove V= B X If, 

Upon the edges A U, EG, E E\ construct parallelepiped 
AEC D-E', 

Then A E C-E' ^\AEG D-E', § 532 

{the plarie passed thrmigh two diagonally opposite edges of a parallelopiped 
divides it into two equivalcTU triangular prisms), 

and AEC=-iAECD. §133 

But AEC D-E' = 2BX ff, § 542 

{t?ie volume of any parallelopiped is eqiial to the product of its base by its 

altitude). 

.\V=^{2BX H) = BX H, 

Case II. — When the base is a polygon of more than three sides. 

Planes passed through the lateral edge A A', and the several 
diagonals of the base will divide the given prism into triangular 
prisms, 

which have for a common altitude the altitude of the prism. 

Hence, the volume of the entire prism is the product of the 
sum of their bases by the common altitude ; 

that is the entire base by the altitude of the prism. 

-Q. E. D. 

644. Corollary. Prisms having equivalent bases are to 
each other as their altitudes ; prisms having equal altitudes are 
to each other as their bases ; and any two prisms are to each 
other as the product of their bases and altitudes. Any two 
prisms having equivalent bases and equal altitudes are equivalent. 
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Proposition XIII. Theorem. 

545. The four dia^nah of a jaarallelojpijoed bisect each 
other. 



Let AG, EC, BH, and FD, be the four diagonals of 

the parallelopiped A G. 
We- are lo prove these four diagonals bisect each other. 

Through the opposite and 11 edges A E and C G pass a plane 
intersecting the II bases in the II lines A C and E G, 

The section AG G E\%q, CD, 

{having its opposite sides II ) ; 

.•. its diagonals AG and EC bisect each other in the 

point 0. § 138 

In like manner a plane passed through the opposite and II 
edges FG and A D will forni a O ^1 FGB, 

whose diagonals A G and F D will bisect each other in the 
point 0. § 138 

Also, a plane passed through the opposite and II edges ^ H 
and B C will form 0,0 EBGH, 

whose diagonals E G and B H will bisect each other in the 
point 0. 

.'. the four diagonals bisect each other at the point 0, 

Q. E. D. 

546. Corollary. The diagonals of a rectangular parallelo- 
piped are equal. 

547. Scholium. The point 0, in which the four diagonals 
intersect, is called the centre of the parallelopiped ; and it is evi- 
dent that any straight line drawn through the point and 
terminated by two ojjposite faces of the parallelopiped is bisected 
at that point. Hence is the centre of symmetry. 
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On Ptrahids. 

548. Dep. a Pyramid is a polyhedron one of whose faces 
is a polygon, and whose other faces are triangles having a com- 
mon vertex and the sides of the polygon for bases. 

549. Dep. The Base of a pyramid is the face whose sides 
are the bases of the triangles having a common vertex. 

550. Dep. The Lateral faces of a pyramid are all the faces 
except the base. 

551. Dep. The Lateral surface of a pyramid is the sum of 
its lateral faces. 

552. Dep. The Lateral edges of a pyramid are the intersec- 
tions of its lateral faces. 

553. Dep. The Basal edges of a pyramid are the intersec- 
tions of its base with its lateral faces. 

554. Dep. The Vertex of a pyramid is the common vertex 
of its lateral faces. 

555. Dep. The Altitude of a 
pyramid is the perpendicular distance 
from its vertex to the plane of its 
base. 

Thus, V'ABCDEi^d^ pyramid ; 
ii J? (7 Z> Visits base; A VB^BVC, 
etc. are its lateral faces, and their sum j^ 
is its lateral surface ; VA, VB, etc. 
are its lateral edges; A B, BC, etc. 
its basal edges ; T is its vertex ; FO is its altitude. 
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656. Def. a Regular pyramid is a pyramid vhose base is 
a regular polygon, and whose vertex is in the perpendicular to 
the base at its centre. 

657. Def. The Aocis of a regular pyramid is the straight 
line joining its vertex with the centre of the base. 

658. Def. The Slant height of a regular pyramid is the 
altitude of any lateral face. 

559. Def. A pyramid is triangular ^ quadrangular, pentag- 
onal, etc.^ according as its base is a triangle, quadrilateral, 
pentagon, etc. A triangular pyramid formed by four faces (all 
of which are triangles) is a tetrahedron, 

560. Def. A Truncated pyramid is 
the portion of a pyramid included be- 
tween its base and a section cutting all 
its lateral edges. 

561. Def. A Frustum of a pyramid 
is a truncated pyramid in which the cut- 
ting section is parallel to the base. 

562. Def. The base of the pyramid 

is called the Lower base of the frustum, and the parallel sec- 
tion, its Upper base, 

563. Def. The Altitude of a frustum is the perpendicular 
distance between the planes of its bases. 

564. Def. The lateral faces of a frustum of a regular pyra- 
mid are the trapezoids included between its bases ; the lateral 
surface is the sum of the lateral faces; the Slant height of a 
frustum of a regular pyramid is the altitude of any lateral face. 
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Proposition XIV. Theorem. 

565. If a pyramid he cut hy a plane parallel to its base, 
I. The edges and altitude are divided proportionally ; 
II. TAe section is a polygon similar to the base. 




Let the pyramid V-A B C D E, whose altitude is V 0, 
he cut hy a plane abode parallel to its hase, in- 
tersecting the lateral edges in the points a, b, c, d, e, 
and the altitude in o. 

We are to prove 
Va Vb Vo 



L 



VA VB VO' 

II. The section abcde similar to the base ABODE. 
I. Suppose a plane passed through the vertex V II to the base. 

Then the edges and the altitude will be intersected by three 
II planes. 

. Va Vb Vo 

'"^VO' 



§469 



VA VB 

{if straight lines be itUeraected by three II planes, their corresponding segments 

are proportional), 

II. The sides ab, be etc. are parallel respectively to AB, B O, 

etc., § 465 

(tJie intersections of II plan>es by a third plane are 11 lin£s) ; 

.'. A a be, bed etc. are equal respectively to A ABO, 

BOD etc,, §462 

{if two A not in (he same plane have their sides respectively II and lying in 

the same directionj they are equal), 

.*. the two polygons are mutually equiangular. 
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Also, since the sideu of the section are II to the correspond- 
ing sides of the base, 

A Vab, Vbc etc. are similar respectively to A VAB, 
VB G etc. 

AB \VB) BC \VC) CD 
.'. the polygons have their homologous sides proportional ; 
.*. section ahcde\a similar to the base ABODE, § 278 

Q. E. D. 

666. Corollary 1. Any section of a pyramid, parallel to 
its base is to the base as the square of its distance from the ver- 
tex is to the square of the altitude of the pyramid. 



Since I±^(I1\^^. 

VO \VB) AB 

Squaring =2 = =^ . 



a b c d e a b 

(similar polygons are to each, other as the squares 0/ their homologous sides). 



a b c d e V 6 



2 



"ABODE Yo^' 

567. Cor. 2. If two pyramids having equal altitudes be cut 
by planes parallel to their bases, and at equal distances from 
their vertices, the sections will have the same ratio as their bases. 

For 



a b c d e 


Vo' 


ABODE 


VO^' 


a'b' d 


V 0^ 


A' B'C 


VO'''' 



and 



Now, since Vo ^ V of , and VO = V 0^, 

abcde : ABODE : \a'b'd : A' B' 0'. 

^Tiencea6c(fg \a'b'd : . A B D E . A' B' 0', § 262 

568. Cor. 3. If two pyramids have equal altitudes and 
equivalent bases, sections made by planes parallel to their bases 
and at equal distances from their vertices are equivalent. 
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Proposition XV. Theorem. 

569. The lateral area of a regular pyramid is equal to 
one-half the product of the perimeter of its base by its slant 
height* y 




Let V'ABODE be a regular pyramid, and VH its 

slant height. 

We are to prove the sum of the faces VAB, VBC, etc. = |- 
{AB + BC,et(i.) X VH, 

Now AB = BC=CD, etc., § 363 

(being sides of a regular polygon), 

VA=VB=- VCy etc., § 450 

{obliqv>e lines dravm from any point in a 1. to a plane at eqvM distances 

from the foot of the 1. are eqiiaJ). 

,\ A VAB, VBC, etc. are equal isosceles A, § 108 

whose bases are the sides of the regular polygon and whose 
common altitude is the slant height VH, 

Now the area of one of these A, as VAB,'^ ^ oase AB X 
altitude VH, § 324 

.•. the sum of the areas of these A, that is, the lateral area 
of the pyramid, is equal to ^ the sum of their bases 

(AB + BC+CD, etc.) X VH. 

aE. D. 

570. Corollary 1. The lateral area of the frustum of a 
regidar pyramid^ being composed of trapezoids which have for 
their common altitude the slant height of the frustum, is equal to 
one-half the sum of the perimeters of the bases multiplied by the 
slant height of the frustum. 

571. Cor. 2. The dihedral angles formed by the intersec- 
tions of the lateral faces of a regular pyramid are all equal § 492 
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Proposition XVI. Theorem. 

572. Two triangular pyramids having equivalent bases 
and equal altitudes are equivalent. 



S 



SI 




Let S'ABG and S'-A' B' C he two triangul&T pyramids 
having equivalent bases ABC and A' B'C situated 
in the same plane, and a common altitude A X, 

We are to prove S-ABC ^ &-A' B' C, 

Divide the altitude A X into a number of equal parts, 

and through the points of division pass planes II to the 

planes of their bases, intersecting the two pyramids. 

In the pyramids S-ABC and S'-A' B' C inscribe prisms 

whose upper bases are the sections D E F, G H ly etc., B' E' F'^ 

&H'I', etc. 

The corresponding sections are equivalent, § 568 

{jif two pyramids ?iave equal altUvdes and equivalent ha.ses, sections made by 
planes II to their oases and ai equal distances from, their vertices are 
equivalent). 

.', the corresponding prisms are equivalent, § 544 

(prisms having equival&iU bases aiyjl equal altitudes are equivalent). 

Denote the sum of the prisms inscribed in the pyramid 
S-A B C, and the sum of the corresponding prisms inscribed in 
the pyramid S'-A^ B' C by V and V respectively. 

Then V= r. 

Now let the number of equal parts into which the altitude 
A X \a divided be indefinitely increased ; 

The volumes F and V are always equal, and approach to 
the pyramids S-A B C and S'-A' B' V respectively as their limits. 

Hence S-ABC ^ S'-A' B' C, § 1 99 

Q. E. D. 
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Proposition XVII. Theorem. 

573. The volume of a triangular pyramid is equal to one- 
tAird of the product of its base and altitude. 




Let S'ABCbe a tziang:nlar pyramid, and Hits altitude. 

WearetoproveS'ABC^^ABCX H, 

On the base ABC construct a i^TismABC-SJEDf having its 
lateral edges W to SB and its altitude equal to that of the pyramid. 

The prism will be composed of the triangular pyramid 
S-A B G and the quadrangular pyramid S-A C D E, 

Through S A and SD pass a plane SAD. 

This plane divides the quadrangular pyramid into" the two 
triangular pyramids, S-A C D and S-A E D , which have the same 
altitude and equal bases. § 133 

.\ S'A D ^ S'A E D,. §572 

{two triangular pyramids having equivalent bases and equal altitudes are 

equivalent). 

jNTow the pyramid S-A E D may be regarded as having 
E SD for its base and A for its vertex. 

. • . pyramid S-AED^ pyramid S-A B G, § 572 

(having equal bases SED and A B C and the same altitude). 

.*. the three pyramids into which the prism A B G-SED is 
divided are equivalent. 

.'. pyramid S-A BG is equivalent to J of the prism. 

But the volume of the prism is equal to the product of its 
base and altitude ; § 543 

.\S-ABG = IABGX ff. 

Q.E. 0. 
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Proposition XVIIL Theorem. 

574. The volume of any pyramid is equal to one-third 
the product of its base and altitude. 




Let S'A BC BE he any pyr&mid. 

We are to prove S-ABCDE = \ABCDEXSO, 

Through the edge S D, and the diagonals of the base DA, 
DB, pass planes. 

These divide the pyramid into triangular pyramids, whose 
bases are the triangles which compose the base of the pyramid, 

and whose common altitude is the altitude SO oi the 
pyramid. 

The volume of the given pyramid is equal to the sum of the 
volumes of the. triangular pyramids. 

But the sum of the volumes of the triangular pyramids is 
equal to J the sum of their bases multiplied by their common 
altitude, § 573 

{the voluine of a triangular pyramid is equal to one-third the prodiict of its 

base and altitude), 

that is, the volume of the pyramid S-ABCDE = J 
ABCDExSO, 

Q. E. D. 

575. Corollary. Pyramids having equivalent bases are to 
each other as their altitudes ; pyramids having equal altitudes 
are to each other as their bases. Any two pyramids are to each 
other as the products of their bases and altitudes. 

576. Scholium. The volume of any polyhedron may be 
found by dividing it into pyramids, and computing the volumes 
of these pyramids separately. 
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Proposition XIX. Theorem. 

577. Two tetrahedrons having a trihedral angle of the 
one equal to a trihedral angle of the other are to each other as 
the products of the three edges of these trihedral angles. 




Let V and V denote the volumes of the two tetrsL- 
hedrons DA B C, I^-A B' C, having the tzihedial A 
of the one equal to the tiihedral A of the other, 

^ , V ABX ACX AD 
We are to prove — = 

^ F AB'XAC'X AD' 

Place the tetrahedrons so that their equal trihedral A shall 
be in coincidence. 

Consider ABC and A B' C the bases of the two tetrahe- 
drons, * 

and from D and D' draw D and D' 0' JL to the base ABC. 

^ V ABC X DO ABC DO . ... 

-Now — = = X > § ^« ^ 

r AB'C'XD'O' ABC D'C 

{any two pyramids are to each other as the products of their bases avd 

altitudes). 



But 



and 



ABC _ ABX AC 
AB'G'~ AB'XAC 

DO AD 



D'O'" AD'' 

(Jking homologous sides of the similar A ADO and ABXT), 

* * V'^ AB'X AC'XAD'' 



§341 



§278 



Q. E. D. 
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Exercises. 

1. Given a cubical tank holding one ton of water; find its 
length in feet, if a cubic foot of water weigh 1000 ounces. 

2. At 1 7 cents a square foot, what is the cost of lining with 
zinc a rectangular cistern 5 ft. 7 in. long, 3 ft. 11 in. broad, 2 ft. 

8 J in. deep ? 

3. Find the side of a cubical block of cast iron weighing a 
ton, if iron weigh 7.2 as much as water, and a cubic foot of 
water weigh 1000 ounces. 

4. How many cubic yards of gravel will be required for a 
walk surrounding a rectangular lawn 200 yards long, and 100 
yards •wide; the walk to be 3 feet wide and the gravel 3 inches 
deep 1 

5. The volume of a rectangular solid is the sum of two ^bes 
whose edges are 10 inches and 2 inches respectively, and the 
area of its base is the difference between 2 squares whose sides 
are 1^ feet and If feet respectively ; find its altitude in feet. 

6. A rectangular cistern whose length is equal to its breadth is 
22 decimetres deep, and contains 10 tonneaux of water; find itis 
length. 

7. Given a regular prism whose base is a regular hexagon in- 
scribed in a circle 6 metres in diameter, and whose altitude is 
8.7 metres ; find the number of kilolitres it will contain, if the 
thickness of the walls be 1 decimetre. 

8. A pond whose area is 11 hectares, 21 ares, 22.2 centares, 
is covered with ice 21 centimetres thick. What is the weight of 
this body of ice in kilogrammes, the weight of ice being 92 % 
that of water. 

9. Given two hollow oblique prisms, whose interior dimen- 
sions are as follows : the area of a right section of the first is 18 
sq. ft., of the second 2. 1 sq. metres ; a lateral edge of the first is 

9 ft., of the second 2.1 metres ; find the volume of each in cubic 
yards, cubic metres, cubic decimetres, and cubic centimetres; 
find the capacity of each in gallons and litres, in bushels and 
hectolitres ; and find the weight of water in pounds and in kilo- 
grammes, required to fill each prism. 



/ 
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Proposition XX. Theorem. 

578. The frustum of a triangular pyramid is equivalent 
to the sum of three pyramids whose common altitude is the 
altitude of the frustum and whose bases are the lower base, 
the upper base, and a mean proportional between the two bases 
of the frustum,, j. 




Let B and h denote the lower and upper bases of the 
trustum A B CLEF, and H its altitude. 

Through the vertices A, E, C and E, 2), C pass planes 
dividing the frustum into three pyramids. 

Now the pyramid E-A B C has for its altitude H, the alti- 
tude of the frustum, and for its base B, the lower base of the 
frustum. 

And the .pyramid C-E D F has for its altitude H, the alti- 
tude of the frustum, and for its base h, the upper base of the 
frustum. Hence, it only remains 

To prove E-A D C equivalent to a pyramid, having for Us 
altitude H, and for its hose \B X b. 

E-A B C and E-A D C, regarded as having the common ve^ 
tex Gy and their bases in the same plane B D, have a common 
altitude. 

.'.E-ABG :E-ADC : lAAEB :AAED, §575 

(pyramids having equal altitudes are to each other as their bases). 

Now since the AA EB and AE D have a common altitude, 
{that is, the altitude of the trapezoid ABED), 

we have A A E B \ A AE D \ i AB \ D E, §326 
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.'. E-A B C X E-A D C : : A B : D E, 

In like manner E-A D C and E-D F C, regarded as having 
the common vertex E and their bases in the same plane D C, 
have a common altitude. 

.\E-ADC lE-DFC \ lAADC :A DEC. § 575 

But since the A A D C and DEC have a common altitude, 
(the altitude of the trapezoid A CF D\ 

we have Jb. ADC i A D EC : \ AC : D F. §326 

Now ADEFia similar toAABCy § 565 

(the section of a .pyramid made by a plane II to tfie base is a polygon similar 

to the base) ; 

.\AB:DE: :AC iBF. § 278 

r.E'ABC lE-ADC : : E-ADC : E-D EC. 

K^ow E-ABC=iffXB, §573 

and E-DFC=C-EDF=^HXb, §573 

.-. E-ADC= ^\HX BX\HXb = }H yJBXTb, 

Q. E. D. 

579. Corollary 1. Since the volume of the frustum is de- 
noted by F, the lower base by B^ the upper base by 6, and the 
altitude by Hy 

we have r=JJ7Xj5+J^X6 + JJ7X ^BXb 

^\HX{B + b-¥ s/TyTb). 

580. CoR. 2. The fritstum of any pyramid is equivalent to 
the sum of three pyramids whose common altitude is the altitude 
of the frustumy ojid whose bases are the lower hose, the upper base, 
and a mzan proportional between the bases of the frustum. 

For the frustum of any pyramid is equivalent to the corre- 
sponding frustum of a triangular pyramid having the same alti- 
tude and an equivalent base (§ 578) ; and the bases of the frustum 
of a triangular pyramid being both equivalent to the correspond- 
ing bases of the given frustum, a mean proportional between the 
triangular bases is equivalent to a mean proportional between 
their equivalents. 
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Proposition XXL Theorem. 

581. A truncated triangular prism is equivalent to ike 

sum of three pyramids whose common base is the base of the 

prism, and whose vertices are the three vertices of the inclined 

section. 

F 




Let A B C-DEF be a truncated txiangular prism whose 
base is ABC, and inclined section D E F, 

We are to prove A B C-DEF o three pyramids, E-A B C, 
D'ABC andF-ABC. 

Pass the planes A EC and DEC, dividing the truncated 
prism into the three pyramids E-A B C, E-A C D, and EC D F, 

Now the pyramid E-ABC has the base ABC and the 

vertex E. 

E-ACD^B-ACD, §574 

{for they have the same hose. A CD and th£ same altitude, since their vertices 
E and B are in the line EBW to the base A CD). 

But pyramid B-A CD, which is equivalent to pyramid 

E-A C D, may be regarded as having the base ABC and the 

vertex D, 

Again, EC D F ^ B-A C F, 

for their bases CDF and AC F,]xi the same plane, are 
equivalent, § 325 

{for the iL CDF and A CFhave the common hose CF and equal altitudes, 
their vertices lying in the line ADWto CF), 
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Moreover, E-C D F and B-A C F have the same altitude, 

{since their vertices E and B are in the line EB W to the plans of their 

hoses ACDF), 

But the pyramid B-A C F may be regarded as having the 
base ABC and the vertex F, 

/. the truncated triangular prism A B C-DEFia equivalent 
to the three pyramids E-ABC, D-ABC, and F-ABC. 

Q, E. D. 




682. Corollary 1. The volume of a truncated right tri- 
angular prism is equal to the product of its base by one-third 
the sum of its lateral edges. For the lateral edges DA, EB, 
FC, being perpendicular to the base, are the altitudes of the 
three pyramids whose sum is equivalent to the truncated prism. 
And, since the volume of a pyramid is one-third the product of 
its base by its altitude, the sum of the volumes of these pyramids 
=-ABCX ^(DA + EB + FC), 

583. CoR. 2. The volume of any truncated triangular prism 
is equal to the product of its right section by one-third the sum 
of its lateral edges. 

For let ABG'A^ B'C be any truncated triangular prism. 
Then the right section D E F divides it into two truncated right 
prisms whose volumes sue D E F X ^ (AD-^ BE + C F) and 
DEFX \{A'D + B'E-^ OF), 

Whence their sum is D EF X \ {AA' -\- BB' ■\' C C). 
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Exercises. 

1. Given a pyramid whose base is a rectangle 80 feet by 60 
feetj and whose lateral edges are each 130 feet ; find its volume, 
and its entire surface. 

2. Given the frustum of a pyramid whose bases are hepta- 
gons ; each side of the lower base being 10 feet, and of the upper 
base 6 feet, and the slant height 42 feet ; find the convex surface 
in square yards. 

3. Given a stick of timber 30 feet long, the greater end being 
18 inches square, and the smaller end 15 inches square; find its 
volume in cubic feet. 

4. Given a stone obelisk in the form of a regular quadrangular 
pyramid, having a side of its base equal to 25 decimetres, and its 
slant height 12 metres. The stone weighs 2.5 as much as water. 
What is its weight in kilogrammes ? 

5. Given the frustum of a pyramid whose bases are squares ; 
each side of the lower base being 35 decimetres, each side of the 
upper base 25 decimetres, and the altitude 15 metres ; find its 
volume in steres. 

6. Given a right hexagonal pyramid whose base is inscribed 
in a circle 30 feet in diameter, and whose altitude is 20 feet ; 
find its convex surface, and its volume. 

7. Given a right pentagonal pyramid whose base is inscribed 
in a circle 20 feet in diameter, and whose slant height is 30 feet ; 
find its convex surface, and its volume. 

8. Find the difference between the volume of the frustum of 
a pyramid, and the volume of a prism of the same altitude whose 
base is a section of the frustum parallel to its bases and equidis- 
tant from them. 

9. Given a stick of timber 32 feet long, 18 inches wide, 15 
inches thick at one end, and 12 inches at the other; find the 
number of cubic feet, and the number of feet board measure it 
contains. Find equivalents for the results in the metric system. 
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On Similar Polyhedrons. 

684. Def. Similar polyhedrons are polyhedrons which 
have the same form. They have, therefore, the same number of 
feces, respectively similar and similarly placed, and their corre- 
sponding polyhedral angles equaL 

586. Def. Homologous faceSf lines, and angles of similar 
polyhedrons are faces, lines, and angles similarly placed. 




I. The homologous edges of similar ' polyhedrons are pro- 
portional. 

Since the faces SAB, SAC, SBC and A B C are similar 
respectively .to S' A' B\ 8' A' C, S' B' C and A' B' C", we have 



SA SB AB . 

S' A' '^'^^' *'" A' B' ' 



§278 



II. Any two homologous faces of similar polyhedrons are 
proportional to the squares of any two homologous edges, 

SAB '8~A^ SAC S~C^ SBC 
Thus,^,^,^,-^^,2-^/^/(;/--^r^2-5/j5/(7/' §342 

III. 77ie entire surfaces of two similar polyhedrons are pro- 
portional to the squares of any two homologous edges. 



Thus, since 



SAB SAC 
S'A' B/~ S'A'C 



, et/C, 



SAB+SA (7, etc. SAB ^'sl^ 
S'A'B' + S'A'C, etc. "" aSM' ^' ~ ^^^ ' 



§ 266 
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Proposition XXII. Theorem. 

586. Two similar polyhedrons may he decomposed into 
the same 'number of tetrahedrons similar^ each to each^ and 
similarly placed. 




Let ABCDEOPQRS and A' B' C L* E'-C F Q R' S' be 
two similar polyhedrons of wMdh F and F* are 
homologous vertices. 

We are to prove that ABC D E-OPQRS and A'B'C'B'W- 
(y P Q* R' S' can he decomposed into the same number of tetrahe- 
drons similar and similarly placed. 

Place these polyhedrons in the same plane, having any two 
homologous edges, 2^ AB and A' B' II and lying in the same 
direction. 

On any two corresponding faces not adjacent to P and P', 
as ABODE and A' B' C ly E\ from two homologous vertices, 
as E and E', draw diagonals dividing these faces into A, similar 
and similarly placed. 

From the homologous vertices P, P' of the polyhedrons 
draw straight lines to the vertices of these A. 

Eepeat this construction for each of the faces not adjacent 
to P, P'. 

Then the polyhedrons will he divided into the same number 
of tetrahedrons j 

that is, into as many tetrahedrons as there are A in these 
fiices. X 
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Kow, any two corresponding tetrahedrons, as P-A B E and 
P*-A' B* E\ are similar ; 

for the faces E AB and P A B are similar respectively to 
the faces FJ A* B and P* A' B', § 294 

(^img similarly situated ^ of similar polygons). 

In the A PBEoxi^FBfE' 

PB is II to P B, and j5^ to B' F?, 
(since they make equal A respectively with the II lines A B cund A^ W) ; 

.\APBE = /: FB'E, § 462 

(pwo A not in the same plane having their sides II and lying in the same 

direction are equal) ; 

and ll^(AA)^^A, §278 

P'B \A'B'/ B' E ^ 

.-. face PBEh similar to face P B' W. § 284 

Also, in the A P ^ ^ and P' A' E 

PE /PB\ ^ PA __ / AB \ AE . 278 
PE' \FB') P'A'~'\A'b)'~A'E' ^ 
(being homologous sides of similar ^ ). 

/. face P ^ ^ is similar to face P A' E', § 282 

Moreover, since any two corresponding trihedral zS- of these 
tetrahedrons are formed by three plane A which are equal, each 
to each, and similarly situated, they are equal. § 492 

.-. PA B E and P-A' Bf E' are similar. § 584 

In like manner we may show that any other two tetrahe- 
drons similarly situated are similar. 

That is, the two similar polyhedrons have the same number 
of tetrahedrons similar each to each, and similarly situated. 

Q. E. D* 

687. Corollary. Any two homologous lines in two similar 
polyhedrons have the same ratio as any two homologous edges. 
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Proposition XXIII. Theorem. 

4 

588. Similar tetrahedrons are to each other <w the cubes 
of their homologous edges. 




Let SB CD andS'-B'G'iy be two similar tetrahedrons 
having for bases the similar faces BCD and B^ CD*, 
and for altitudes SO and S' 0'. 



We are to prove 



S-BG D _ B^ 
S'-B'G'D'~^ -BfC^ 



Apply the tetrahedron S'-B' G' D' to the tetrahedron SB CD, 
so that the polyhedral S^ shall coincide with S. 

Then the base B' G' D' will be II to the face BGD, 
{since their planes make equal A with the face SB C), 

and the ± aS'O, ± to ^ (7 D, will also be ± to B' G' D', 
S 0' will be the altitude of the tetrahedron S-B' G' />'. 

^^^ S-BGD BG DXSO BGD SO .^^^ 
S-B'G' P' B'G'iy X SO''' B'G'iy SO* 

(any two tetrahedrons are to each other as the products of their bases and 

altitudes). 

Since the bases are similar, . 

BGD BG^ 



B'G'iy JT^' 



§343 
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Also, 52'=.^_£, §587 

(m two similar polyhedrons any hoc homologoiLs lines are in the same ratio 

as any two honwl^gous edges). 

. SBC D B~G^ BC _ B~G^ 
* ' S-B' C D'"' WC^ ^ B'C'^ Wd^ ' 

Q. E. D. 



589. Corollary 1. Two similar polyhedrons ar^ to each 
other as the cubes of any two homologous edges, 

For, two similar polyhedrons may be decomposed into tetra- 
hedrons similar, each to each, and similarly placed, of which any 
two homologous edges have the same ratio as any two homolo- 
gous edges of the polyhedrons. And, since any pair of the simi- 
lar tetrahedrons are to each other as the cubes of any two 
homologous edges, the entire polyhedrons are to each other as 
the cubes of any two homologous edges. • § 266 

590. Cor. 2. Similar prisms or pyramids are to each other 
as the cubes of their altitudes ; and similar polyhedrons are to ^each 
other as the cubes of any two homologous lines. 



Ex. 1. The portion of a tetrahedron cut off by a plane parallel 
to any face is a tetrahedron similar to the given tetrahedron. 

• Ex. 2. Two tetrahedrons, having a dihedral angle of one equal 
to a dihedral angle of the other, and the faces including these 
angles respectively similar, and similarly placed, are similar. 

Ex. 3. Given two similar polyhedrons, whose volumes are 125 
feet and 12.5 feet respectively ; find the ratio of two homologous 
edges. 
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On Kegular Polyhedrons. 

591. Def. a Regular polyhedron is a polyhedron all of 
whose faces are equal regular polygons^ and all of whose polyhe- 
dral angles are equal. 

The regular polyhedrons are the tetrahedrorvy octahedron and 
tcosahedron, all of whose faces are equal equilateral triangles; 
the hexahedron, or cube, whose faces are squares ; the dodecahe- 
dron, whose faces are regular pentagons. 

Only these five regular polyhedrons are possible, for a poly- 
hedral angle must have at least three face angles, and must have 
tlie sum of its face angles less than four right angles, (§ 488). 
Hence : 

I. If the faces be equilateral triangles, polyhedral angles 
may be formed of them in groups of 3, 4, or 5 only, as in the 
tetrahedron, octahedron and icosahedron. Since each angle of an 
equilateral triangle is two-thirds of a right angle, the sum of six 
such' angles is four right .angles, and therefore greater than a 
convex polyhedral angle. 

II. If the faces be squares, polyhedral angles may be formed 
of them in groups of three only, as in the regular hexahedron, or 
cube ; since four such angles would be four right angles. 

III. If the faces be regular pentagons, polyhedral angles 
may be formed of them in groups of three only, as in the regular 
dodecahedron ; since four such angles would be greater than four 
right angles. 

IV. "We can proceed no farther ; for a group of three angles 
of regular hexagons would equal four right angles, and of regular 
heptagons, etc., would be greater than four right angles. 
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§ 450 



Proposition XXIV. Problem. 

592. Given an edge, to construct the Jive regular poly- 

hedro7i8, ' 

Let A B he the given edge. 

I. Upon AB to construct a regular tetrahedron. 

Upon A B construct the equilateral A 
ABC. §232 

Find the centre of this A, § 238 
and erect OD l.to the plane ABC. q^ 
Take the point D so that A D=^ AB. 
Draw DA,DB,DC. 
ABC D is the regular tetrahedron required, 
!For, the edges are all equal, 
and hence the faces are equal equilateral A. 
and its polyhedral A are all equal. § 492 

Q 11. To construct a regular hexahedron. 

Upon the given edge AB construct the 
square ABC D^ 

and upon the sides of 1/his square con- 
C struct the squares E B, FC, G D, H A 1. to 
the plane ABC D. 

Then AG\^ the regular hexahedron required. 

III. To construct a regular octahedron. 

Upon the given edge A B construct 
the square ABC D. 

Through its centre pass a J_ to 
its plane ABC D. 

In this J_ take two points E and F, 
one above and the other below the plane, 

so that A E and A F are each equal 
to^^. 

Joiii E and F to each of the vertices of the square. 

Then E ABC D F i^ the regular octahedron required. 

For, the edges are all equal, § 450 , 

and hence the faces are equal equilateral A. 

And, since the A Z> ^i^ and BACsLve equal, § 108 

D EBF is a. square and the pyramid A-D E B F \& equal in 
all its parts to the pyramid E-A BCD. 

Hence, the polyhedral A A and E are equal. 

In like manner all the polyhedral A of the figure are equal 
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lY. To construct a regnlar dodecahedron. 

Upon A B construct the regular pentagon ABC D^. § 395 

On each side of this pentagon construct an equal pentagon, 
80 inclined that trihedral A shall be formed at -4, B, C, D, E. 

The convex surface thus formed is composed of six regular 
pentagons. 

. In like manner, upon an equal pentagon A' B' C ly E' con- 
struct an equal convex surface. 

Apply one of these surfaces to the other, with their convexi- 
ties turned in opposite directions, so that P C and F' Q' shall 
fall upon P and P ^. 

Then every face Z of the one will, with two consecutive 
fjBice A of the other, form a trihedral Z. 

The solid thus formed is the regular dodecahedron required. 

For, the faces are all regular pentagons, Cons, 

and the polyhedral ^ are all equaL § 492 

z) zy 



C E' 





H F' 



G G' 

V. To construct a regular icosahedron. 

Upon A B construct the regular pentagon ABODE, § 395 
At its centre erect a -U to its plane. 
In this ± take P so that PA^AB. 
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Join P with each of the vertices of the pentagon ; 

thus forming a regular pentagonal pyramid whose vertex is P, 
and whose dihedral A formed on the edges P A^ P B, PC^ etc. 
are all equal. § 571 

Taking A and B as vertices, construct two pyramids each 
equal to the first, and having for bases B P E F G and AG EG P 
respectively. 

There will thus be formed a convex surface consisting of ten 
equal equilateral A. 

In. like manner upon an equal pentagon A' B' G' ly E' con- 
struct an equal convex surface. !;[ 

Apply one of these surfaces to the other with their convexi- 
ties turned in opposite directions, so that every combination of 
two face A of the one, as P' D' G', P D' E', shall with a combi- 
nation of three face A of the other, as B G H^ BG P, PG Dy 
form a pentahedral Z. 

The solid thus formed is the regular icosahedron required. 

For, the faces are all equal ; Cons. 

and the polyhedral A are all equal, § 571 

Q. E. D. 




TETRAHEDRON. 























HEXAH 


EORON. 






ICOSAHEDRON. 



QODEOAHEDRON. 



593. Scholium. The regular polyhedrons can be formed 
thus : 

Draw the above diagrams upon card-board. Cut through 
the exterior lines and half through the interior lines. The fig- 
ures will then readily bend into the regular forms required. 
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Supplementary Propositions. 

Proposition XXV. Theorem. (Euler's.) 

594. In any polyhedron the number of its edges in- 
creased by two is equal to the number of its vertices increased 
by the number of its faces. 

Let E denote the number of edges of any polyhedron; 
V the number of its vertices, F the number of its 
faces. 

We are to prove E + 2 = V + F. 

S Beginning with one fiaice A B CD E, 

we have E = V. 

Annex a second face jS^I -5 by ap- 
plying one of its edges to an edge of 
the hrst face. 

There is formed a surface having 
one edge A B, and two vertices A and 
iD B common to both faces. 

^ .'. whatever the number of the 

B C sides of the new face, the whole num- 

ber of edges is now one more than the whole number of ver- 
tices. 

/. for 2 faces ^ = r+ 1. 

Annex a third face, SBC, adjacent to each of the former. 

The new surface will have two edges SB and B C, 

and three vertices S, B and (7, in common with the preced- 
ing surface. 

.*. the increase in the number of edges is again one more 
than the increase in the number of vertices. 

According to the same law, for an incomplete surface of 
F — 1 faces 

* E= r+ F—% 

When we add the last face SEA, necessary to c^plete the 
surface, 

its edges SE^ SA and A E, and its vertices S, E and A 
will be in common with the preceding surface, 

.". in a polyhedron of F faces E— V + F — 2. 
.\E-^2=V'\- F. 

Q. E. 0. 
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Proposition XXVL* Theorem. 

595. The sum of all the angles of the faces of any poly^ 
hedron is equal to four right angles taken as many times as 
the polyhedron has vertices less two. 

Let E denote the number of edges, V the number of 
vertices, F the number of faces, and S the sum ot 
all the eagles of the faces of any polyhedron. 

We are to prove /S' = 4 rt. ^ X (T— 2). 

Since E denotes the number of 
the" edges of the polyhedron, 

2 E will denote the whole num- 
ber of sides of all its Taces, con- 
sidered as sides of independent poly- 
gons. 

And since the sum of all the 
interior and exterior A of each poly- ^ ^ 

gon is equal to 2 rt. ^ taken as many times as it has sides, 

the sum of the interior and exterioi ^^ of all the faces is 
equal to 2 rt. ^ X 2 J!'. 

And since the sum of the exterior A of each face is 
4 rt. z4, § 159 

the sum of the exterior A of all the faces is equal to 
irt. AX F. 

.•./S'4- 4rt. ^ X i^=2rt. A X 2 E. 

That is, S=^iji, AX{E— F), 

Since J' + 2 = F + ^, § 594 

E-F^ 7-2, 

.•.AS'=4rt. ^ X (r-2). Q.E. d/ 
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On the Cylinder. 

596. Def. a Cylindrical surface is a curved surface gen- 
erated by a moving straight line which continually touches a 
given curve and in all its positions is parallel to a given fixed 
straight line not in the plane of the curve. 





Thus, the surface ABC D, generated by the moving line 
A D continually touching the curve ABC and always parallel 
to a given straight line M, is a cylindrical surface. 

597. Def. The moving line is called the Generatrix; the 
curve which directs the motion of the generatrix is called the 
Directrix ; the generatrix in any position is called an Element 
of the surface. 

The generatrix may be indefinite in extent, and the direc- 
trix a closed or an open curve. In elementary geometry the 
directrix is considered a circle. 

598. D^F. A Cylinder is a solid bounded by a cylindrical 
surface and two parallel planes. 

599. Def. The Bases of a cylinder are its plane surfaces. 

600. Def. The Lateral surface of a cylinder is its cylindri- 
cal surface. 

601. Def. The Axis of a cylinder is the straight line join- 
ing the centres of its bases. 






CYLINDERS. 329 



602. Def. The Altitude of a cylinder is the perpendicular 
distance between the planes of its bases. 

603. Def. A Section of a cylinder is a plane figure whose 
boundary is the intersection of its plane with the surface of the 
cylinder. 

604. Def. A Right section of a cylinder is a section per- 
pendicular to the elements. 

605. Def. A RaditLS of a cylinder is the radius of the base. 

606. Def. A Right cylinder is a cylinder whose elements 
are perpendicular to its bases. Any element of a right cylinder 
is equal to its altitude. 

607. Def. An Oblique cylinder is a cylinder whose elements 
are oblique to its bases. Any element of an oblique cylinder is 
greater than its altitude. 

608. Def. A Cylinder of Revolution is a cylinder generated 
by the revolution of a rectangle about one side as an axis. 

609. Def. Similar cylinders of revolution are cylinders 
generated by similar rectangles revolving about homologous sides. 

610. Def. A Tangent line to a cylinder is a straight line 
which touches the surface of the cylinder, but does not intersect it. 

611. Def. A Tangent plane to a cylinder is a plane which 
embraces an element of the cylinder. The element embraced by 
the tangent plane is called the Element of Contact. 

612. Def. A prism is inscribed in a cylinder when its 
lateral edges are elements of the cylinder and its bases are in- 
scribed in the bases of the cylinder. 

613. Def. A prism is circumscribed about a cylinder when 
its lateral faces are tangent to the cylinder and its bases are cir- 
cumscribed about the bases of the cylinder. 
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Proposition XXVII. Theorem. 
614. Every section of a cylinder made by a plane jpcm- 



ing through an element is a ^parallelogram. 






Let ABC D be & section of the cylinder A C, made by 
a plane passing through A D. 

We are to prove the section ABC D a parallelogram. 

The line BC, in which the cutting plane intersects the 
curved surface a second time, is an element ; 

for, if through -the point B a line be drawn il to A D, 
it will be an element of the surface. 
It win also lie in the plane A C, 

This element, lying in both the cylindrical surface and plane 
surface, is their intersection. 



Now 



^2>is II toj^C', 
{being elemeTUs of the cylinder). 



and AB is W toJDC, § 465 

(the intersections of two II planes by a third plane are II lines). 

.'. the section A B C B ia sl CJ. § 125 

Q. E. 0. 

615. Corollary. Every section of a right cylinder embrac- 
ing an element is a rectangle. 
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Proposition XXVIII. Theorem. 
616. The ha9es of a cylinder are equal. 




Let ABE and DOG he the bases of the cylinder A C. 

We are to prove ABE = DCG. 

Any sections A C and A G, embracing A 2), an element of 



the cylinder, 


are UJ. 




§614 




.\AB = I)Ca,jidAE-='DG. 


§134 


Now 




BCia II to E^G, 

(each being 1 to A D\ 


§459 


Also 




BC = EG, 


§464 






.'.EC is a, O. 


§136 






.-. EB = GC, 


§ 134 




• 
• 


.AEAB==AGDG. 


§ 108 



Apply the upper base to the lower base, so that D C will 
coincide with A B, 

Then A GJDG will coincide with A EAB, and point G 
will fall upon point E. 

That is, any point G in the perimeter of the upper base will 
coincide with the point in the same element in the lower base. 

.*. the bases coincide, arid are equal. 

Q. E. D. 

617. Corollary 1. Any two parallel sections ABC and 
A' B' G'^ cutting all the elements of a cylinder E F^ are equal. 
For these sections are the bases of the cylinder A C. 

618. Cor. 2. Any section of a cylinder parallel to the base 
is equal to the base. 
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_ - I - _ - 

Proposition XXIX. Theorem. 

619. The lateral area of a cylinder is equal to the 
product of the perimeter of a right section of the cylinder by 
an element of the surface, tm 



Let ABODE be the base, and A A' any element of the 
cylinder A C ; and let the curve abcde be any right 
section of its surface. 

Denote the perimeter of the right section by P, 
and the lateral surface of the cylinder by S, 
We are to prove S=PXAA'. 

Inscribe in the cylinder a prism whose right section abcde 

will be a polygon inscribed in the right section abcde o^ the 

cylinder. § 604 

Denote the lateral area of the prism by «, 

and the perimeter of its right section by p. 

Then 8=.pXAA', §524 

{the lateral area of a prism is equal to the product of the perimeter of a right 

section by a lateral edge). 

I^ow let the number of lateral faces of the inscribed prism 
be indefinitely increased, 

the new edges continually bisecting the arcs in the right 
section. 

Then p approaches P as its limit, 

and 8 approaches S as its limit. 

But, however great the number of faces, 

«=i? X A A', 

.\S==PXAA\ §199 

Q. E. D. 
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620. Corollary 1. The lateral area of a right cylinder u 
equal to the product of the perimeter of its hose hy its altitude. 

621. Cor. 2. Let a cylinder of revolution be generated by 
the rectangle whose sides are H and H revolving about the 
side H. 

Then B is the radius of the base of the cylinder, and IT the 
altitude ef the cylinder. 

The perimeter of the base is 2 ir ^ j § 381 

hence, S^^tr RX H. 

. The area of each base is tt 72^ . § 381 

hence, the total area T of a cylinder of revolution is ex- 
pressed by 

T^^itRX H+^7rB^ = 2,rE{H+ R). 

622. CoR. 3. Let aS', S^ denote the lateral areas of two simi- 
lar cylinders of revolution ; 

T, T' their total areas ; R^ R' the radii of their bases ; IT, W 
their altitudes. 

Since the generating rectangles are similar, we have 

K=^=E±A. 5 266 

W R' H' + R' ^ 

. S_ _ 2,rRH R ^H^_ff^_R^, 
*' ii'~2irR' ir~' R* H'^H'^'^R'^' 

^^ T _ 2^R{H+R) ^R (H-\- 



l)_ _R^ /ff+R \ _S^_^ 
V) '"R'Kh' •\- R') ^ H'^ ^R'^' 



T' lit R' {W 4- R') 

That is, the lateral areaSy or the total areas, of similar cylinr 
ders of revolution are to each other as the squares of their altitudes, 
or as the squares of the radii of their hawses. 
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Proposition XXX. Theorem. 

623. The volume of a cylinder is equal to the jptoduct of 
its base by its altitude. 




Let V denote the volume of the cylinder AG, B its 
base, and H its altitude. 



We are to prove 



V=BXH. 



Let P denote the volume of the inscribed prism A G, B' its 
base, and H will be its altitude. 



Then 



r^B'X H, 



§543 



{the volume of a prisni is equal to the product of its base hy its cUtiiude). 
Kow, let the number of lateral faces of the inscribed prism 
be indefinitely increased, the new edges continually bisecting 
the arcs of the bases. 

Then jB' approaches B as its limit, 

and V approaches V as its limit. 

But however great the number of the lateral faces, • 

r = B'xir. 



.-. V-=BXH. 



§199 



Q. E. D. 
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624. Corollary 1. Let V be the volume of a cylinder of 
revolution, R the radius of its base, and H its altitude. 

Then the area of its base is n- R^y § 381 

625. CoR. 2. Let V and V be the volumes of two similar 
cylinders of revolution, R and R* the radii of their bases, H and 
H' their altitudes. 

Since the generating rectangles are similar, we have 

H* R' ' 

, r ttR^H R^ ff H* R* 

and — = = — X — = = — . 

P nR^B' R^ W H^ R^ 

That is, the volumes of similar cylinders of revolution are to 
each oiluT as the cubes of their oMitudes, or as the cubes of the 
radii of their bases. 

Ex. 1. Required, the entire surface and volume of a cylin- 
der of revolution whose altitude is 30 inches, and whose base 
is a circle of which the diameter is 20 inches. 

2. Required, the volume of a right truncated triangular 
prism the area of whose base is 40 inches, and whose lateral 
edges are 10, 12, and 15 inches, respectively. 

3. Let H denote an edge of a regular tetrahedron ; show 
that the altitude of the tetrahedron is equal to JE y§ ; that the 
surface is equal to U^ ^~^ '> aJid tliat the volume is equal to 
^ r- 

T2V^- 

4. Required, the number of quarts that a cylinder of revo- 
lution will contain whose height is 20 inches, and whose diame- 
ter is 12 inches. 

5. Given S, the surface of a cube, find its edge, diagonal, 
and volume. What do these become when #S' = 54 ? 
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Proposition XXXL Problem. 

626. Through a given ^oini tojpass a plane tangent to a 
given cylinder. 



S' 



Cf 




Case I. — WTien the given point is in the curved swrface of the cylvndtr. 

Let AC* he a given cylinder, and let the given point 
be a point in the element A A', 

It M required to pass a plane tangent to the cylinder and em- 
bracing the element A A', 

Draw the radius A, and A T tangent to the base ; 

and pass a plane R T' through A A' and A T, 

The plane R T* is the plane required. 

For, through any point' P in this plane, not in the ele- 
ment AA\ 

pass a plane 11 to the base, intersecting the cylinder in 
the O MN, 

and the plane R T in MP. 

Prom the centre of the O J[f iV draw Q M, 

MP and i/C,are II respectively \jo AT and AO, § 465 
{fi\^ interaedions of two 11 planes by a third plane are 11 lines) ; 

.\ZPMQ = Z TAG, § 462 

(two A not in the same plane, having their sides II and lying in the same 

direction, are eqiial). 



CTUNDKBS. 337 



.-. FMia tangent to the O MI^ at M. § 186 

.*. P lies without the O JfJV, 

and hence without the cylinder. 

.'. the plane E T does not cut the cylinder, and is tangent 
to it. 

C^E II. — Whem, the given point is wUhovt the cylinder. 

Let P be the given point. 

It is required to pass a plane throiigh P tangent to th^ 
cylinder. 

Through P draw the line PT- II to the elements of the 
cylinder^ 

meeting the plane of the base at T, 

From T draw T A and TC tangents to the base. § 240 

Through P T and the tangent TA pass a plane R P, 

Since A A' is II to P T, Cons. 

the plane R T', passing through P T and the point A will 
contain the element AA'^ 

(j^wo II lines lie in the same plane). 

And, since R T also contains the tangent A T, 

it is a tangent plane to the cylinder. 

In like manner, the plane T S', passed through P T and the 
tangent line T (7, 

is a tangent plane to the cylinder. 

Q. E. F. 

627. Corollary 1. The intersection of fwo tangent planes 
to a cylinder is parallel to the elements of the cylinder. 

628. Cor. 2. Any straight line drawn in a tangent plane, 
and cutting the element of contact, is tangent to the cylinder. 
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On the Cone. 

629. Dep. a Conical surface is a surface generated by a 
moving straight line continually touching a given curve tuid 
passing through a fixed point not in the plane of the curve. 

Thus the surface generated by the mov- 4^ 
ing line A A' continually touching the curve 
ABC D, and passing through the fixed point 
Sf is a conical surface. 

630. Dep. The moving line is called 
the Generatrix ; the curve which directs the 
motion of the generatrix is called the Di- 
rectrix ; the generatrix, in any position, is 
called an Element of the surface. 

631. Dep. A conical surface generated 
by an indefinite straight line consists of two 
portions, called Nappes, one the Lower, the ^V^^, ^ \ ^D 
other the Upper Nappe, A 

632. Dep. A Gone is a solid bounded by a conical surface 
and a plane. 

633. Dep. The Lateral surface of a cone is its conical sur- 
face. 

634. Dep. The Base of a cone is its plane surface. 

635. Dep. The Vertex of a cone is the fixed point through 
which all the elements pass. 

636. Dep. The Altitvde of a cone is the perpendicular dis- 
tance between its vertex and the plane of its base. 

637. Dep. The Axis of a cone is the straight line joining 
its vertex and the centre of its base. 

638. Dep. A Section of a cone is a plane figure whose 
boundary is the intersection of its plane with the surface of the 
cone. 

639. Dep. A Right section of a cone is a section perpen- 
dicular to the axis. 

640. Dep. A Circular cone is a cone whose base is a circle. 

641. Dep. A Right cone is a cone whose axis is perpen- 
dicular to its base. The axis of a right cone is equal to its 
altitude. 

642. Dep. An Ghlique cone is a cone whose axis is oblique 
to its base. The axis of an oblique cone is greater than its alti- 
tude. 
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643. Dep. a Corie of Revolution is a cone generated by the 
revolution of a right triangle about one of its perpendicular sides 
as an axis. 

* The side about which the triangle re- 
volves is the axis of the cone ; the other per- 
pendicular generates the hose, the hypotenuse 
generates the conical surface, Ajiy position 
of the hypotenuse is an element, and any 
element is called the slant. height. 

644. Def. Similar cones of revolution 
are cones generated by the revolution of simi- 
lar right triangles about homologous perpen- 
dicular sides. 

645. Def. A Truncated cone is the portion of a cone 
included between the base and a section cutting all the elements. 

646. Dip. A FrtiMum of a* cone is a truncated cone in 
which the cutting section is parallel to the base. 

647. Def. The base of the cone is called the Lower base of 
the frustum, and the parallel section the Upper base. 

648. Def. The Altitude of a frustum is the perpendicular 
distance between the planes of its bases. 

649. Def. The Lateral surface of a frustum is the portion 
of the lateral surface of the cone included between the bases of 
the frustum. 

650. Def. The Slant height of a frustum of a cone of revo- 
lution is the portion of any element of the cone included between 
fhe bases. 

651. Dep. A Tangent line to a cone is a line having only 
one point in common with the surface. 

652. Def^ a Tangent plane to a cone is a plane embracing 
an element of the cone without cutting the surface. The element 
embraced by the tangent plane is called the Element of Contact, 

653. Def. A pyramid is inscribed in a cone when its lat- 
eral edges are elements of the cone and its base is inscribed in 
the base of the cone. • 

654. Def. A pyramid is circumscribed about a cone when 
its lateral faces are tangent to the cone and its base is circum- 
scribed about the base of the cone. 
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Proposition XXXII. Theorem. 

655. Every section of a cone made hy a jplane passing 
through its vertex is a triangle. 




Let SBD be a section of the cone S-ABC through 

the vertex S, 

We are to prove the section SB D a triangle. 

The straight lines joining S with B and D are elements of 
the surface. § 630 

They also lie in the cutting plane, 
(for their extremities lie in the plane). 

Hence, they are the intersections of the conical surface with 
the plane of the section. 



BD 18 also a straight line, 
{tJie intersection of two planes is a straight line), 

.'. the section SBD is a A. 



§446 



Q. E. D. 
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Proposition XXXIII. Theorem. 

656. Jlvery section of a circular cone made by a plane 
parallel to the base is a circle, 

8 




Let the section ah c of the circular cone S-A BC be 

parallel to the base. 

We are to prove that aha is a circle. 

Let be the centre of the base, and let o be the point in 
which the axis S pierces the plane of the II section. 

Through SO and any number of elements, SA, SB, etc., 
pass planes cutting the base in the radii A, OB, etc., 

and the section a 6 c in the straight lines o a, oh, etc. 

Now o a and o h are II respectively io A and OB, § 4G5 
(the intersections of two 11 planes by a third plane are II lines), 

.'.the A So a and Soh are similar respectively to the 
AS0A2iiL^S0B, §279 

and their homologous sides give the proportion 

oa ( ^ ^\ ^^ 
« OA^ Kso) ^OB' 

But OA = OB; §163 

.', oa =: h. 

That is, all the straight lines drawn from o to the perimeter 
of the section are equal. 

.*. the section ahc is a O. 

Q. E. D. 

657. Corollary. The axis of a circular cone passes through 
the centres of all the sections which are parallel to the base. 
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Proposition XXXIV. Theorem. 

658. The lateral area of a cone of revolution is eqttal to 
one-half the product of the circumference of its base by the 
slant height. 





Let A-E FG HK be a cone generated by the revolution 
of the right triangle A OE about AG as an axis, and 
let S denote its lateral area, G the circumference 
of its base, and L its slant height. 

We are to prove S == ^ G X L. 

Inscribe on the base any regular polygon E F G H K, 

and upon this polygon as a base construct the regular pyra- 
mid A-E F G HK inscribed in the cone. 

Denote the lateral area of this pyramid by «, the perimeter 
of its base by jo, its slant height by I, 

Then 8=.\pXl, §569 

{tlU lateral area of a regular pyramid is equal to one-7ialf the product of the 

perimeter of its base by the slant height). 

Now, let the number of the lateral faces of the inscribed 
pyramid be indefinitely increased, 
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the new edges continually bisecting the arcs of the base. 

Then jt>, « and I approach C, S and L respectively as their 

limits. 

But however great the number of lateral faces of the pyrsr 

mid, 

8 = ^ p X L 

.'.S^iCXL. §199 

a E. D. 



659. Corollary 1. K i? be the radius of the base, we 
have C = 2 TT 7? (§ 381). Theirefore aS' = |(2 tt i2 X L)^nRL. 
Also, since the area of the base is ir i?^, the total area T of the 
cone is expressed by • 

660. Cor. 2. Let S and S' denote the lateral areas of two 
similar cones of revolution, T and T' their total areas, R and R' 
the radii of their bases, H and W their altitudes, L and L' their 
slant heights. Since the generating triangles are similar, we have 

L _n _R _ R + L 

''' S' itR'L' R' L' Z'2 ~Br^ H'^' 

T _ ,rRX{L-\-R) _R y L-\-R ^L^ ^R^ ^IP 
T irR'X^L' + R') R' L' + R' L'^ R'^ H^' 

That is : tlie lateral areas, or total areas, of similar cones of 
revolution are to each other as the squares of their slant heights, the 
squares of t/ieir altitudes, or the squares of the radii of their bases. 
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Proposition XXXV. Theorem. 

661. Tlie lateral area of the frustum of a cone ofrevO' 
lution is equal to one-half the sum of the circunferences of its 
bases multiplied by the slant height. 




liet HBC'EFG be the frustum of a cone of revolution, 
and let S denote its lateral area, C and c the cir- 
cumferences of its lower and upper bases, B and 
r the radii of the bases, and L the slant height. 

We are to prove S=^{G + c)XL, 

Inscribe in the frustum of the cone the frustum of the reg- 
ular pyramid HBC-JSIFG, 

and denote th6 lateral area of this frustum by «, the peri- 
meters of its lower and upper bases by F and p respectively, and 
its slant height by L 

Then s=.^{F-\-p)l, § 570 

(the lateral area of the frustum of a regular pyramid is eqiw,l to one-half 
the sum of the perimeters of its bases multiplied by the slant height). 

Now, let the number of lateral faces be indefinitely in- 
creased, the new elements constantly bisecting the arcs of the 
bases. 
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Then jP, p, and /, approach (7, c, and L, respectively as 
their limits. 

But, however great the number of lateral faces of the frus- 
tum of the pyramid, 

.\S=i(C+c)XL. § 199 

Q. E. D. 





662. Corollary. The lateral area of a frustum of a cone 
of revolution is eqital to the circumference of a section equidistant 
from its bases multiplied by its slant height. 

For the section of the frustum equidistant from its bases 
cuts the frustum of the regular inscribed pyramid equidistant 
from its bases. 

Therefore the perimeter I LK = \ the sum of the perim- 
eters HB C and EFG. § 142 

And this will always be true, however great the number of 
the lateral faces of the frustum of the pyramid. 

Hence, circumference I LK^=\ the sum of the circumfer- 
ences HB and EFG. § 199 
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Proposition XXXVL Theorem. 

663. Any section of a cone parallel to the base is to the 
base as the square of the altitude of the part above the section 
is to the square of the altitude of the cone. 




Let B denote the base of the cone, H its altitude, 
b a section of the cone parallel to the base, and 
h the altitude of the cone above the section. 

We are to prove JB : b :: IP : h\ 

Let B^ denote the base of an inscribed pyramid, b' the base 
of the pyramid formed in the section of the cone. 

Then B :b' :: H^ : h^, § 566 

(any section of a pyramid ii to its base is to the base as the square of the 1. 
from the vertex to the plane of the section is to the sqvtare of the altitude 
of the pyramid).. 

Now let the number of lateral faces of the inscribed pyra- 
mid be indefinitely increased, 

the new edges continually bisecting the arcs in the base of 
the cone. 

Then B' and b^ approach B and b respectively as their 
limits. 

But however great the number of lateral faces of the pyra- 
mid, 



B .V iiH^.h\ 




\B:b::IPih\ 


§199 




Q. E. D 




• 
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Proposition XXXVII. Theorem. 

664. The volume of any cone is equal to the product of 
one-third of its base hy its altitude. 





Let V denote the volume, B the base, and H the al- 
titude of the cone. 
We are to prove V = \ B X H, 

Let the volume of an inscribed pyramid A-GDEFG Be 
denoted by P, and its base by B', 

H will also be the altitude of this pyramid. 

Then V ^ ^ B' X H, § 574 

Now, let the number of lateral faces of the inscribed pyra- 
mid be indefinitely increased, the new edges continually bisect- 
ing the arcs in the base of the cone. 

Then V approaches to V as its limit, and B' to B as its limit. 

But however great the number of lateral faces of the pyramid, 

V'-=^B'X H, 
.'.V=^hBXH. §199 

Q. E. D. 

665. Corollary 1. If the cone be a cone of revolution, 
and R be the radius of the base, then B = irM^ (§ 381); 
.-. V=^7rB'XR, 

666. Cor. 2. Similar cones of revolution are to each other 
as the cubes of their altitudes, or as the cubes of the radii of their 
bases. For, let B and /?' be the radii of two similar cones 
of revolution, H and H* their altitudes, V and T' their volumes. 
Since the generating triangles are similar, we have 

H:H' ::B :B\ 

. V lirB^XH R^ ^H H* R^ 

^/8 



F' ^nR'^XH* R 



12 



w 



R 



iz 
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Proposition XXXVIII. Theorem. 

667. Afnistum of any cone is equivalent to the sum of 
three cones whose common altitude is the altitude of the frus- 
tum and whose bases are the lower base, the upper base, and a 
mean proportional between the bases of the frustum, 

1c 



\ 




Let V denote the volume of the frustum, B its lower 
base, b its upper base, and H its altitude. 

We are to prove 7= iff(B + b + \l BXb). 

Let V denote the volume of an inscribed frustum of a pyra- 
mid, B' its lower base, 6' its upper base. 
Its altitude will also be H. 

Then, V = \H {B' + y -\- \j B' X b% § 578 

(a frustum of any pyramid iso= to the sum of three pyramids whose common 
altitude is the altitude of t/ie frustum y and whose hoses are the lower 
bas€f the upper base, and a m>ean proportional between the bases of the 
frustum). 

Now, let the number of lateral feices of the inscribed frus- 
tum be indefinitely increased, , - 

the new edges continually bisecting the arcs in the bases of 
the frustum of the cone. 

But however great the number of lateral faces of the frus- 
tum of the pyramid, 

P = J ff(B' -\-b'+ ^J B'Xbf . 

.-. V=^\H{B+h-\- \l BXb). § 199 

Q. E. D. 

668. Corollary. If the frustum be that of a cone of revo- 
lution, and R and r be the radii of its bases, we have B =zv -ft*, 
and 6 =: IT r^, 

and yj BXb = nRr. 
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On Sections and TANOENxa 

669. Def. a Sphere is a solid bounded by a surface all 
points of which are equally distant from a point within called 
the centre. A sphere may be generated by the revolution of a 
semicyrcle about its diameter as an axis. 

670. Def. A RadiuB of a sphere is 
the distance from its centre to any point 
in the surface. All the radii of a sphere 
are equal 

671. Def. A Diameter of a sphere 
is any straight line passing through the 
centre and having its extremities in the 
surface of the sphere. All the diameters 
of a sphere are equal, since each is equal to twice the radius. 

672. Def. A Section of a sphere is a plane figure whose boun- 
dary is the intersection of its plane with the surface of the sphere. 

673. Def. A line or plane is Tangent to a sphere when it has 
one, and only one, point in common with the surface of the sphere. 

674. Def. Two spheres are tangent to each other when their 
surfaces have one, and only one, point in common. 

675. Def. A polyhedron is circumscribed about a sphere 
when all of its faces are tangent to the sphere. In this case the 
sphere is inscribed in the polyhedron. 

676. Def. A polyhedron is inscribed in a sphere when all 
of its vertices are in the surface of the sphere. In this case the 
sphere is circumscribed about the polyhedron. 

677. Def. A Cylinder or cone is circumscribed about a 
sphere when its bases and cylindrical surface, or its base and 
conical surface, are tangent to the sphere. In this case the 
sphere is inscribed in the cylinder or cone. 
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Proposition I. Theorem. 
678. Every section of a sphere made by a plane is a circle. 




Let the section ABC be & plane section of a sphere 

whose centre is 0. 

We are to prove section ABC a circle. 

From the centre draw Z) X to the section, and draw 
the radii A, OB, DC, to different points in the boundary of 
the section. 

Inthert. A ODA, ODBemdODC, 

OD is common, and A, B and C are equal, 

(being radii of the sphere). 

.-. thert. A DA, 2> 5 and i) C7 are equal, § 109 

{two rt. ^ are eqtial when they have a side and hypotenuse of the one tqwU 
respectively to a side and hypotenuse of the other). 

.*. DAyDB and D C are equal, 
(being homologous sides of equM ^ ). 

.'. the section .4 ^ C is a circle whose centre is D. 

Q. E. D. 

679. Corollary 1. The line joining the centres of a sphere 
and a circle of a sphere is perpendicular to the circle. 

680. Cor. II. If R, r and p, respectively, denote the 
radius of a sphere, the radius of a circle of a sphere, and the per- 
pendicular from the centre of the sphere to the circle, then 

r = y/ /?* — jo^ Therefore all circles of a sphere equally distant 
from the centre are equal, and of two circles unequally distant 
from the centre of the sphere the more remote, is the smaller. 

Again, if jt> = 0, then r = 7?, and the centre of the sphere and 
the centre of the circle coincide ; such a section is the greatest 
possible circle of the sphere. 
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. 681. Def. a Great circle of a sphere is a section of the 
sphere made by a plane passing through the centre. 

682. Def. A Small circle of a sphere is a section of the 
sphere made by a plane not passing through the centre. 

683. Def. An Axis of a circle of a sphere is the diameter 
of the sphere j>erpendicular to the circle ; and the extremities of 
the axis are the Poles of the circle. 

684. Every great circle bisects the sphere. For, if the parts 
be separated and placed with their plane sections in coinci- 
dence and their convexities turned the same way, their :t;onvex 
surfaces will coincide; otherwise there would be points in the 
spherical surface unequally distant &om the centre. 

^685. Any two great circles, ABGD 
and AECFy bisect each other. For the 
intersection AC oi their planes passes 
through the centre of the sphere, and is 
a diameter of each circle. 




686. An arc of a great circle may 
be drawn through any two given points 
A and E in the surface of a sphere. For 
the t\ro points A and Ey and the centre 
0, determine the plane of a great circle whose circumference 
passes through A and E. § 443 

If, however, the two gyen points are the extremities A and 
C of the diameter of the sphere, the position of the circle is not 
determined. For, the points A, and C, being in the same 
straight line, an infinite number of planes can pass through 
them. § 441 

687. An arc of a circle may be drawn through any three 
given points on the surface of a sphere. For, the three points 
determine the plane which cuts the sphere in a circle. 
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Proposition IL Theorem. 

688. A plane perpendicular to a radius at its extremity 
is tangent to the sphere. 



M 





."P 



Let be the centre of a sphere, and MN apl&ne per- 
pendicular to the radius P, at its extremity P. 

We are to prove M N tangent to the sphere. 

From draw any other straight line ^ to the plane MN, 

OP<OAy §448 

{aXiaihe shortest distance from a point to a plane). 

.'. point A is without the sphere. 

But -4 is any other line than P, 

.". every point in the plane JfefiV is without the sphere, 
except P. 

.\ MN'ia tangent to the sphere at P. § 673 

Q. E. D. 

689. Corollary 1. A plane tangent to a sphere is perpen- 
dicular to the radius drawn to the point of contact. 

690. Cor. 2. A straight line tangent to a circle of a sphere 
lies in a plane tangent to the sphere at the point of contact. 

691. Cor. 3. Any straight line in a tangent plane through 
the point of contact is tangent to the sphere at that point. 

692. Cor. 4. The plane of any two straight lines tangent 
to the sphere at the same point is tangent to the sphere at that 
point. 
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Proposition III. Problem. 
693. Given a material sphere to find its diameter. 



P 

A — ->» 
I / 

!/ 

V 

p' 

Let PBP' C represent a material sphere. 

It is required to find its diameter. 

From any point P of the given surface, with any opening of 
the compasses, describe the circumference ABC on the surface. 

Then the straight line PB, being the opening of the 
compasses, is a known line. 

Tgike any three points A, B and C in this circumference, 
and with the compasses measure the rectilinear distances A B, 
BC ajid CA. 

Construct the* A A' B' G'y with its sides equal respectively 
\jb AB.BC^TidC A. §232 

Circumscribe a circle about the A A' B' C § 239 

The radius D'B' of this O is equal to the radius o^O ABC. 

Construct the rt. Abdp, having the hypotenuse b p==B P, 
and one side b d = B' D', 

Draw 6 jo' JL to 6 jD, and meeting p d produced in p^. 

Then p pf \b equal to the diameter of the given sphere. 

For, if we bisect the sphere through P and B, and in the 
section draw *the diameter P P' and chord BP', the A bpj/, 
when applied to A B P P^, will coincide with it. 

Q. E. F. 
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Proposition IV. Theorem. 



6S4. Through any four points not in the same plane, 
one spherical surf ace can be made to pass, and but one. 



D 
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Let Ay By Cy £>, be four points not in the same plane. 

We are to prove that one, and only one, spherical surface can 
he made to pass through A, By Cy D, 

Construct the tetrahedron ABC Dy having for its vertices 

Ay By CyB. ^ 

Let E be the centre of the circle circumscribed about the 
^LceABC. 

Draw EM J- to this face. 

Every point in EM ia equally distant from the points A, 

B and (7, § 450 

(oblique lines drawn, from, a point to a plane at equal distances from Ihifoot 

of the 1. are equal). 

Also, let F be the centre of the circle circumscribed about 
thefece^CDj 

and draw F K A-to this face. 
Let H be the middle point of B G. 
Dts,w EH ajidFH. 



Then EH and FH are ± to j5 C. 
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.•. the plane passed through EH and FH is ± to -BC, § 449 
iff a straight line be ± to two straigJU lines drawn through its foot in a 
plane, Uis A. to the plane, and in this case the plane is A. to the Urn), 

Hence, this plane is also _L to each of the faces ABC 
and BCD, §471 

(if a straight line he 1. to a plane, every plane passed through that line 

is A. to the plane), 

.-. the J£ ^ Jf and FK lie in the plane EHF. 

m 

Hence they must meet unless they be parallel. 

But if they were II, the planes BCD and ABC would be 
one and the same plane, which is contrary to the hypothesis. 

l^ow 0, the point of intersection of the Js, E M and F Ky 
is equally distant from A, B and C ; and also equally distant 
firom By C and D ; 

.*. it is equally distant from A, B, C and D. 

Hence, a spherical surface, whose centre is 0, and radius 
A, will pass through the four given points. 

Only one sphericaLsurface can be made to pass through the 
points A, By C and D. 

For the centre of such a spherical surface must lie in both 
the j£ J^Jfandi^Z: 

And, since is the only point common to these Jfe, is 
the centre of the only spherical surface passing through Ay By C^ 
and D. ^ 

Q. E. D. 

695. Corollary 1. The four perpendiculars erected at the 
centres of the faces of a tetrahedron meet at the same point. 

696. Cor. 2. The six planes perpendicular to the six edges 
of a tetrahedron at their middle point will intersect at the same 
point. 
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Proposition V. Theorem. 

697. ^ sphere may he inscribed in any given tetrahedron. 

D 




B 
Let A BOB be the given tetrahedron. 

We are to prove that a sphere may he inscribed in A BC Z). 

Bisect the dihedral A at the edges A B, BC and AC hj 
the planes GAB, BC and AC respectively. 

Every point in the plane OABia equally distant from the 
faces ABC SLudABl), § 477 

For a like reason, every point in the plane OBC ia equally 
distant from the faces ABC and BBC; 

and every point in the plane A C ia equally distant from 
the faces ABC and ADC.- 

.'. 0, the common intersection of these three planes, is 
equally distant from the four faces of the tetrahedron. 

.'. a sphere described with as a centre, and with the 
radius equal to the distance of to any face, will be tangent to 
each face, and will be inscribed in the tetrahedron. § 673 

Q. E. D. 

698. Corollary. The six planes which bisect the six dihe- 
dral angles of a tetrahedron intersect in the same point. 



On Distances Measured on the Surface of the Sphere. 

699. Dep. The distance between two points on the surface 
of a sphere is understood to be the arc of a great circle joining 
the points, unless otherwise stated. 

700. Dep. The distance from the pole of a circle to any 
point in the circumference of the circle is the Polar distance of 
the circle. 
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Proposition VL Theorem. 

701. The distances measured on the surface of a sphere 
from all points in the circumference of a circle to its pole are 
equal. 




Let PyP* be the poles of the circle ABC. 

We are to prove arcs PA, PB, PC equal. 

The straight lines PA, PB and PC axe equal, § 450 
(pbliqiLe lines drawn from a point to a plane at equal distances from the foot 

of the ± are equal) ; 



•*. the arcs P A, P B and P C ATe equal, 
{in equaZ (D equal chords subtend equal arcs). 



§182 



In like manner arcs P^A, P B and PC axQ equal 

Q. E. D. 



702. Corollary 1. The polar distance of a great circle is a 
quadrant. Thus, aixjs PA', PB', PA', P B', polar distances of 
the great circle A' B' C D', are quadrants ; for they are the meas- 
ures of the right angles A' OP, B' P, A' P, P P, whose 
vertices are at the centres of the great circles PA' PC, PB'PD'. 

703. ScHOLiiTM. Every point in the circumference of a small 
circle ia at unequal distances from the two poles of the circle. 
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Proposition VII. Problem. 

704. To pa88 a circumference of a great circle through 
any two points on the surface of a sphere. 




Let A' and B be any two points on the surface of a 

sphere. 

It is required to jxiss a circumference of a great circle through 

A and'B. 

From A SiS a. pole, with an arc equal to a quadrant, strike 
an arc ab, 

and from B as a, pole, with the same radius, describe an arc 
c d, intersecting ab a.t P. 

Then a circumference described with a quadrant arc, with 
P as a pole, will pass through A and B and be the circumference 
of a great circle. 

Q. E. F. 

706. Corollary. Through any two points on the surface 
of a sphere, not at the extremities of the same diameter, only 
one circumference of a great circle can be made to pass. 

706. Scholium. By means of poles arcs of circles may be 
drawn on the surface of a sphere with the same facility as upon 
a plane surface, and, in general, the methods of construction in 
Spherical Geometry are similar to those of Plane Geometry. 
Thus we may draw an arc perpendicular to a given spherical arc, 
bisect a given spherical angle or arc, make a.spherical angle equal 
to a given spherical angle, etc., in the same way that we make 
analogous constructions in Plane Geometry. 
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Proposition VIII. Theorem. 

707. The shortest distance on the surface of a sphere 
between any two points on that surface is the arc, not greater 
than a semi-circumference y of the great circle which joins 
them. 



Let AB be the arc of a great circle which Joins any 
two points A and B on the surface of a sphere; 
and Jet A C PQB be any other line on the surface 
between A and B. 

We are to prove arc AB<ACPQB. 

Let P be any point in AC PQB. 

Pass arcs of great circles through A and P, and P 
and ^. § 704 

Join A, P and B with the centre of the sphere 0, 

The A A OB, AG P a,nd POB are the face A of the tri- 
hedral Z whose vertex is at 0. 

The arcs A B, A P and P B &tq measures of these A, § 202 

:Now Z AOB<ZAOP-\' Z POB, ' §487 

ifthi sum of any two face A of a trihedral is > the third /.). 
.*. arc ^ .B < arc -4 P + arc P B, 

In like manner, joining any point in AC P with A and P 
by arcs of great ®, their sum would be greater than arc -4 P ; 

and, joining any point in P Q B with P and B by arcs of 
great (D, the sum of these arcs would be greater than arc P B, 

If this process be indefinitely repeated the distance from A 
to ^ on the arcs of the great © will continually increase and 
approach to the line -4 C PQB, 

.\a.TcAB<ACPQB. 

Q. E. D. 
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Proposition IX. Theorem. 

« 

708. Every point in an arc of a great circle which 
bisects a given arc at right angles is equally distant from the 
extremities of the given arc, 

liBt arc CD bisect arc AB at 
light angles. 

We are to prove any point in 
C D is equally distant from A and B. 

Since great circle ODE bisects 
arc ^^ at right angles, it also bisects 
chord ^ ^ at right angles. 

Hence, chord ^jB is JL to the 
plane C Z> JSr at iT. 

•". A" is ± to chord ABzk, its middle point. 

.\ straight lines A and OB are equal. 




.\arcs A and OB are equal. 



§430 
§58 

§182 

Q. E. D. 



Proposition X. Problem. 

709. To pass the circumference of a small circle through 
any three points on the surface of a sphere. 

Let A, B and C be any tluree 
points on the sniface of a 
sphere. 

It IS required to pass the drcum- 
ference of a small circle through the 
points Ay B and C, 

Pass arcs of great circles through 
A and B, A and C, B and C. § 704 

Arcs of great circles a o and h o 
l.io AC and BC aX their middle points intersect at o. 

Then o is equally distant from A, B and C. _^ § 708 

.*. the circumference of a small circle drawn from o as a 
pole, with an arc o A will pass through A, B and C, and be the 
circumference required. 

Q. E. D. 
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On* Spherical Angles. 

710. Dep. The angle of two curves which have a common 
point is the angle included by the two tangents to the two corves 
at that point. 

711. Dep. A spherical angle is the angle included between 
two arcs of great circles. 

Proposition XI. Theorem. 

712. The angle of two curves which intersect on the sur- 
face of a sphere is equal to the dihedral angle between the 
planes passed through the centre of the sphere, and the tan- 
gents of the two curves at their point of intersection. 



v« 




Let the curves A B and A intersect at A on the sur- 
face of a sphere whose centre is \ and Jet A T 
and AS he the tangents to the two curves re- 
spectively. 

We are to prove A T AS equal to the dihedral angle formed 
by the planes OAT and A S. 

Since A ,T and A S (io not cut the curves at -4, they do not 
cut the surface of the sphere, 

and are therefore tangents to the sphere. 

.*. A T and -4 /S are JL to the radius Ay drawn to the point 
of contact. § 186 

.*. Z T AS measures the dihedral Z of the planes OAT 
and A 8, passed through the radius A and the tangents A T 
and ^ aS: § 470 

But Z r^ aS' is the Z of the two curves AB^tAAC. § 710 

•". the A of the two curves A B and AC=' the dihedral Z 
of the planes OAToxi^OAS, 

Q. E. D. 
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Proposition XII. Theorem. 

713. A spherical angle is equal to the measure of the 
dihedral angle included hy the great circles whose arcs form 

the sides of the angle, 

P 
T 




Let BPC he any spherical angle, and BPDP' and 
C PE P' the great circles whose arcs BP and CP 
include the angle. 

We are to prove /L BPC equal to the m^easure of the dihe- 
dral Z C-PP'-B. 

Since two great © intersect in a diameter, i^P' is a 
diameter. § 685 

Draw P T tangent to the O ^ P Z) P', 

Then P T lies in the same plane as the Q BP D P', and is 

± to PP' at P. 

In like manner draw P T* tangent to ih^Q C PEP*. 
Then P T' lies in the same plane as the O C P JS^P', and is 

± to PP' at P. 

,\ZTPT'\^ the measure of the dihedral Z C-PP'B. § 470 
But spherical Z ^ P C is the same as plane ATPT'\ § 710 
.*. spherical A BPC \& equal to the measure of dihedral 

Z C'PP'-B. 

Q. E. D. 

714. Corollary. A spherical angle is measured hy the arc 
of a great circle described about its vertex as a pole and intercepted 
by its sides (produced if necessary). For, if BC he the arc of a 
great circle described about the vertex P as a pole, P B and P C 
are quadrants. Hence, B and (7 are perpendicular to PP'. 
Therefore BOC measures the dihedral angle B-P O-C, and, 
hence, the spherical angle BPC. Therefore, arc BC, which 
measures the angle BOC, measures the spherical angle BPC. 
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On Spherical Polygons and Pyramids. 

715. Def. a spherical Polygon is a portion of a surface of 
a sphere bounded by three or more arcs of great circles. 

The sides of a spherical polygon -are the bounding arcs ; 
the angles are the angles included by consecutive sides; the 
vertices are the intersections of the sides. 

716. Def. The Diagoiial of a spherical polygon is an arc 
of a great circle dividing the polygon, and terminating in two 
vertices not adjacent. 

The planes of the sides of a spherical polygon form by 
their intersections a polyhedral angle whose vertex is the centre 
of the sphere, and whose face angles are measured by the sides 
of the polygon. 

717. Dep. a spherical Pyramid is a portion of a sphere 
bounded by a spherical polygon and the planes of the sides of 
the polygon. 

The spherical polygon is the base of the pyramid, and the 
centre of the sphere is its vertex, 

718. Def. A spherical Triangle is a spheric«CL polygon of 
three sides. 

A spherical triangle, like a plane triangle, is right, or oblique; 
scalene, isosceles or equilateral, 

719. Def. Two spherical triangles are equal if their suc- 
cessive sides and angles, taken in the same order, be equal each 
to each. 

720. Dep. Two spherical triangles are symmetrical if their 
successive sides and angles, taken in reverse order, be equal each 
to each. 

721. Def. The Polar of a spherical triangle is a spherical 
triangle, the poles of whose sides are respectively the vertices of 
the given triangle. 

Since the sides of a spherical triangle are arcs, they may be 
expressed in degrees and minutes. 
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Proposition XIIL Theorem. 

722. Any side of a apherical triangle is less than the 
sum of the other two sides. 

Let ABC be any spheiicad triangle. 
We are to prove BC < BA + AC. 

Join the vertices A, B and C with the 
centre of the sphere. 

Then, in the trihedral Z 0-A BC thus 
formed, the face A AOC, AOB and 
BOC SLie measured, respectively, by the 
sides AC, A Band BC. § 202 

l^ow^BOCKBOA + AOC, § 487 

(the sum of any two A of a trihedral is grecUer than the third Z. ). 

.\BC<BA + AC. 

Q. E. D. 

723. Corollary. Any side of a spherical polygon is less 
than the sum of the other sides. 




Ex. 1. Given a cone of revolution whose side is 24 feet, and. 
the diameter of its base 6 feet ; find its entire surface, and its 
volume. 

2. Given the frustum of a cone whose altitude is 24 feet, 
the circumference of its lower base 20 feet, and that of its upper 
base 16 feet; find its volume. 

3. The volume of the frustum of a cone of revolution is 
8025 cubic inches; its altitude 14 inches; the circumference of 
the lower base twice that of the upper base. What are the cir- 
cumferences of the bases 1 

4. The frustum of a cone of revolution whose altitude is 
20 feet, and the diameters of its bases 12 feet and 8 feet respec- 
tively, is divided into two equal parts by a plane parallel to its 
bases. What is the altitude of each part % 
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Proposition XIV. Theorem. 

724. The sum of the sides of a spherical polygon is less 
than the circumference of a great circle. 



Let ABODE be a spherical polygon. 

We are to prove AB -{- BC etc, less than the circumference 
of a great circle,. 

Join the vertices A, B, etc., with the centre of the 
sphere. 

The sum of the face A AO B, BOO etc., which form a 
polyhedral Z at 0, is less than four rt. ^ . § 488 

.'. the sum of the arcs AB, BO etc, which measure these 
&ce A , is less than the circumference of a great circle. 

Q. E. D, 

725. CoROLLART. If we denote the sides of a spherical tri- 
angle hy a, b and c, then a -{- b + c< 360®. 



Ex. 1. The surface of a cone is 640 square inches ; what 
is the surface of' a similar cone whose voltlme is 8 times as 
great) 

2. The lateral surface of a cone is S; what is the lateral 
surface of a similar cone whose volume is n times as great ) 
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Proposition XV. Theorem. 

726. A point upon the surface of a sphere, which is at 
the distance of a quadrant from each of two other points, is 
one of the poles of the great circle which passes through these 
points. 




Let P be a point at the distance of a quadrant from 
each of the two points A aid B. 

We are to prove P a pole of ike great circle which passes 
throvgh A and B. 

Since PA and PB are quadrants, 

A POA and P J? are rt. A. 

.-. P0i8±to the plane of theO ABC, § 449 * 

(a straight line ± to two straight lines drawn through its foot in a plane is ' 

± to the plane). 



.-. P is a pole of the O ABO. 



§683 

Q. E. D. 



Ex. 1. Show that two symmetrical polyhedrons may be de- 
composed into the same number of tetrahedrons symmetrical each 
to each. 

2. Show that two symmetrical polyhedrons are equivalent. 

3. Show that the intersection of two planes of symmetry of 
a solid is an axis of symmetry. 

4. Show that the intersections of three planes of symmetry 
of a solid are three axes of symmetry; and that the common 
intersection of these axes is the centre of symmetry. 
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Proposition XVI. Theorem. 

727. If y from the vertieea of a gwen spherical triangle 
as poles, arcs of great circles be described, another triangle is 
formed, the vertices of which are the poles of the sides of the 
given triai^gle. 




Let A B be the given triangle: and, from its vertices 
A, B and G as poles, let the arcs B'C, A' C and 
A' B' respectively be described. 

We are to prove vertices A'^ B' and 0' poles respectively of 
arcs BCy AG and A B. 

Since B is the pole of the arc A' G\ and G the pole of the 
arc A'B\ 

^' is at a quadrant's distance from each of the points B and G, 

.-. il' is a pole of the arc BG, § 726 

(a point upon the surface of a sphere which is at a qiiadrami*s distance from 
each of two other points is one of the poles of the great circle which passes 
through those points). 

In like manner, it may be shown that £' is a pole of the 

arc A G, and C" a pole of the arc A B, 

Q. E. a 

728. Scholium 1. l^A'B'G' is the polar oiAABG, and, 
reciprocally, A ^ ^ (7 is the polar of A A' B' G'. 

729. ScH. 2. The arcs of great circles described about A] 
B and G as poles will, if produced, form three triangles exterior 
to the polar. The polar triangles are distinguished by having 
their homologous vertices A and A' on the same side of BG and 
B' G'y B and B' on the same side oi AG and A' G'^ and G and 
G' on the same side oi AB and A^ B', 
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Proposition XVIL Theorem. 

730. In two polar triangles each angle of either is the 
supplement of the side lying opposite to it in the other. 




Let ABC and A' B' C be two polar txi&ngles. 

We are to prove A A, B and respectively the supplements 
of the sides B' C", A' C and A' B'. 

Let the sides A B and A C, produced if necessary, meet the 
side B' C in the points h and c. 

Since the vertex .4 is a pole of the arc B' (7, § 721 

Z ^ is measured hy 6 c, . § 714 

(a spherical A is measured by the arc of a great circle described ah<mt its 
vertex as a pole and intercepted by its sides), 

Now, since B' is the pole of the arc Ac, B' c^= 90®. 

Since C" is the pole of the arc Ah.C'h^ 90^ 

.-. 5'c + C7'6 = 5' C" + 6c= 180^ 

.*. Z ^ ( == 6 c) is the supplement of the side B' C 

In like manner it may be shown that each Z of either A is 
the supplement of the side lying opposite to it in the other. 

Q. E. D. 

731. Scholium. In two polar triangles each side of either 
is the supplement of the angle lying opposite to it in the other. If 
A, B and C denote the angles, and a, h and c the sides of a tri- 
angle, the angles of the polar triangle will be 180° — a, 180® 
— h and 180° — c; and the sides of the polar triangle will be 
180° - A, 180° — B and 180° - C, 

By reason of these relations polar triangles are often called 
supplemental triangles. 
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Proposition XVill. Theorem. ^*^ 

732. The sum of the angles of a apherical triangle is 
greater than two, and less than six, right angles. 




Let ABO be a, spherical tTi&ngle. 

We are to prove A A-V A B •\- A C greater than 2, and U99 
than 6, right angles. 

Denote the sides of the polar A opposite the A A,B,C to- 
spectively, by a', ^, &, 

Then ZA= 180° - a', Z ^ = 180° - 6' and ZC = 
180° - (/, § 730 

(in two polar ^ each /. of either is the supplement of the side lying opposite 

to it in the other.) 

By adding, ZA + ZB + ZG=^ 540° - {a' + ft< + cf\ 

But a' + 6' + (/ is less than 360°, § 724 

{(he sum of the sides of a spherical polygon is less than the drcwmferenee of 

a great circle), 

.\ZA + ZB-¥ZG>\%0\ 

Also, since each Z is less than 2 rt. A, 

their sum is less than 6 rt. A, 

Q. E. D. 

733. Corollary. A spherical triangle may have two, or 
even three right angles ; or two, or even three obtuse angles. 

734. Def. a spherical triangle having one right angle Is 
called rectangular; having two right angles, hi^ectangular ; 
having three right angles, tri-rectangular. 

Each of the sides of a tri-rectangular triangle is a quadrant, 
and the triangle is called, when reference is had to its sides, tri- 
quadrantal. 
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Proposition XIX. Theorem. 

735. Each angle of a spherical triangle is greater than 
the difference between two right angles and the sum of the 
other two angles. 




Let AAyB and C be the angles of the spherical tri- 
angle ABC. 

We are to prove A A greater than the difference between 180® 
and{ZB + /.C). 

L Suppose {/.B + /.C)< 180*». 

NowZ^ + Z^ + ZC>180^ §732 

By transposing, Z ^ > 180** — (Z J? + Z (7). 

II. Suppose {ZB-\- ZC)> 180^ 

Now of the three sides (180° - Z A), (180° - Z B\ (180** 
— Z (7), of the polar A, each is less than the sum of the other 
two, § 722 

{eUher side of a spherical A is less tJian the sum of the other two sides), 

.\ (180** - Z ^) + (180° - Z (7) > 180° -ZA; 

or, 360° -(ZB + ZC)> 180° - Z A. 

By transposing, ZA>{ZB + ZC)-' 180°. 

Q. E. D. 



Ex. 1. The volume of a cone is 1728 cubic inches; what is 
the volume of a similar cone whose surface is 4 times as great ? 

2. The volume of a cone is V; what is the volume of a simi- 
lar cone whose surface is n times as great ? 
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736. Dep. Equal sphetncal triangles are triangles which 
have their corresponding sides and angles equal each to each and 
arranged in the same order, so that when applied to each other 
they will coincide. Thus in Fig. I, ABC and -4' B' C" are equal 
spherical triangles. 





Kg. L Plg.2. 

737. Dep. Symmetrical spherical triangles are triangles 
^iiich have their corresponding sides and angles equal each to 
each, but arranged in reverse order. 

Thus, in Fig. 2, ABC and A' B' C are symmetrical spheri- 
cal triangles. For, since the face angles of the two trihedrals 
are equal respectively, but are arranged in reverse order, the 
sides of the spherical triangles, which measure these face angles, 
are equal, each to each, and are arranged in reverse order ; and 
since the dihedral angles of the two trihedrals are equal respec- 
tively, but are arranged in reverse order, the angles of the 
spherical triangles, which are equal to these trihedrals, are equal, 
each to each, and are arranged in reverse order. 

In like manner we may have symmetrical spherical poly- 
gons of any number of sides, and corresponding symmetrical 
spherical pyramids. 

Two symmetrical spherical triangles cannot be made to 
coincide. For, if their convexities lie in opposite directions, 
they evidently will not coincide ; and if their convexities lie in 
the same direction, and we apply ^ ^ to -4' B'^ the vertices C 
and C will lie on opposite sides of A' B', 
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738. There is, however, one exception. Two symmetrical 
isoscdes spherical triangles can he made to coincide. 





Thus, if il jB (7 be an isosceles spherical triangle, AB^AO 
and in its symmetrical triangle A' B' = A' G'. Hence -A B =" 
A' O and AC ^= A' B', And, since A A and A! are equal, if 
il jB be placed on A' C, A C will fall on its equal A' B*. 

In consequence of the relations established between poly- 
hedral angles and spherical polygons, from any property of poly- 
hedral angles, we may infer a corresponding property of spherical 
polygons. Reciprocally, from any property of spherical polygons, 
we may infer a corresponding property of polyhedral angles. 



Ex. 1. The altitude of a cone of revolution is 12 inches ; at 
what distances from the vertex must three planes be passed par- 
allel to the base of the cone, in order to divide the lateral surfece 
into four equal parts? 

2. The altitude of a given solid is 2 inches, its surface 24 
square inches, and its volume 8 cubic inches ; find the altitude 
and surface of a similar solid whose Tolume is 512 cubic inches. 

3. The volumes of two similar cones of revolution are 6 cubic 
inches and 48 cubic inches respectively, and the slant height 
of the first is 5 inches ; find the slant heigM of the second. 
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Proposition XX. Theorem. 
739. Two symmetrical spherical triangles are equivalent. 




Let ABO &nd A' B^ C* be two symmetrical spheiiced 
tziskngles, having A B,AC and B C equal respectively 
to A' B', A' C and B' C, 

We are to prtm A A BG ^ A A' B' C. 

Let P and P' be poles of small circles which pass through 
A, By and A', B', C". 

Now, since the arcs AB, AC m^ BC^ A' B', A' C and 
B* C, respectively, the chords of the arcs AB, AC and BC ^=^ 
chords of the arcs A* B\ A' C and B' C respectively. § 181 

.'. the -plane A formed by the chords of these arcs are 
equal § 108 

.'. (^ ABC and A' B' C which circumscribe these equal 
plane A are equal. 

.'. the six spherical Sistances PA, P B, P' A' etc. are equal, 
{bemg polar distances of equal ® on t?ie same sphere), 

.\ A PAB, P' A' B' are symmetrical and isosceles. 

So likewise q.tqAPBC,P' B' C and A P^ C, P' A' C. 

.', A P AB may be applied to A P' A' B' and will coincide 
with it. § 738 

So likewise A P^ (7 with A P' B' C ond A P A C with 
AFA'C. 

.-. ^PAB'VPBC-PAC<>^^P'A'B-\^ F B' C — 
FA'C. 

.'.AABC^AA'B'C, 

Q. E. D. 

740. GoROLLART. Two symmetrical spherical pyramids are 
equivalent. 
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Proposition XXI. * Theorem. 

741. On the same sphere, or equal spheres, two triangles 
are either equal, or symmetrical and equivalent, if two sides 
and the included angle of the one be respectively equal to two 
sides and the included angle of the other, f (^U 





In the A ABC and BEF, let ZA^/.D, and the 
sides A B and A C equal respectively the sides 
DE and D F. 

We are to prove A ABC and D E F equal, or ^symmetrical 
and equivalent, 

I. When the parts of the two A are in the same order as in A 

ABCsLTidBEF, 

A ABC can be applied to' A DEF, as in the corre- 
sponding case of plane A, and will coincide with it. § 106 

II. When the parts are in reverse order, as in A ABC and 

ly E' F, 

construct the A Z)jE^/^ symmetrical with respect to A I^E' F, 

Then A D E F will have its A and sides equal respectively 
to those of the AD E' F. § 737 

Now in the AABC^tA BEF, 

AA=-AB, AB=^ BEQ,ndiAC = BF, 

and these parts are arranged in the same order. 

.\ AABC = ABEF. Case I. 

But AB'E'F^ABEF, §739 

.'.AABC^AB'E'F. 

Q. E. D. 
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Proposition XXII. Theorem. 

742. Two triangles on the same sphere; or equal spheres, 
are either equal , or symmetrical and equivalent, if a side and 
two adjacent angles of the one be equal respectively to a side 
and two adjacent angles of the other. 





For one of the A may be applied to the other, or to its sym- 
metrical A, as in the corresponding case of plane A. § lo7 



Q. E. D. 



Proposition XXIll. Theorem. 

743. Two mutually equilateral triangles on the same 
sphere, or equal spheres, are mutually equiangular, and ara 
either equal, or symmetrical and equivalent. 





For the face A of the corresponding trihedral angles at the 
centre of the sphere are equal respectively, § 202 

{siiice they are measured by equal sides -of the ^). 
.*. the corresponding dihedral A are equal. § 492 

.*. the A of the spherical A are respectively equal. 
.*. the A are either equal, or symmetrical and equivalent, 
according as their equal sides are arranged in the same, or reverse 
order. 

Q. E. D. 
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Proposition XXIV. Theorem. 

744. Two mutually equiangular triangles on the same 
sphere, or equal spheres, are mutually equilateral, and are 
either equal, or symmetrical and equivalent. 





Letthesphexic&ltiianglesABG&ndDEFhemutuaUjr 

equiangal&T. 

We are to prove A ABC and D E F mutually equiUxteraly 
and equaly or symmetrical and equivalent. 

Let A A'B C and I^ E F he the polar AofAABO'snd 
DBF respectively. 

Then the A A' B' C and ly E' F are mutually equilatr 
eral, § 731 

(m two polar A ectch side of the one is the suppUmevU of the A lying opposite 

to it in the other), 

.'. A A' B' C and D E' F dxe mutually equiangular, § 743 
{two mutually equilateral ^ on equal spheres are mutually equiangular). 

.', A ABC and DEFare mutually equilateral ; § 731 

hence A ABC and DEFaie either equal, or symmetri- 
cal and equivalent, § 743 
{ttoo mutiudly equilateral ^ on equal spheres are either equals or symmetrical 

and equi'valerU), 

Q. E. D. 
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Proposition XXY. Theorem, 



745. The angles opposite equal sides of an isosceles 
spherical triotngle are equal. 



In the spherical A ABO, let A£^ AC. 
We are to prove ^ B = Z. C. 

Draw arc A D oi a. great circle, from the vertex A to the 
middle of the base B C. 

Then A. AB D aud ACBave mutually equilateral. 

.'. A ABD and ACJD Q.Te mutually equiangular, § 743 
{two miUttally equilateral A on the same sphere are mutttally equiangular), 

.-. Z J5 = Z C, 

QniMX they are homologous A of symmetrical A), 

Q. E. D. 



746. Corollary. The arc of a great circle drawn from the 
vertex of an isosceles spherical triangle to the middle of the base 
bisects the vertical angle, is perpendicular to the base, and di- 
vides the triangle into two symmetrical triangles. 
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Proposition XXVI. Theorem. 

747. If two angles of a^ spherical triangle be equal, the 
sides opposite these angles are equal, and the triangle is 
isosceles. 




In the sphericed A ABO, let /.B^ AC. 



We are to prove 



AC = AB, 



Let A ^'j?'(7 be the polar A oiAABC. 



Since 



ZB^Z 0, 



Hyp. 



.-. ^'C" = il'^', §731 

(in two polar ^ each side of one is the supplement of the Z lying opposite to 

it in the other). 

.-. ZB'==ZC', § 745 

{in an isosceles sphmcaX A, the A opposite the equal sides aire equal). 



r.AC^AB. 



§731 

Q. E. D. 
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Proposition XXVII. Theorem. 

748. In a spherical triangle the greater side is opposite 
the greater angle ; andy conversely y the greater angle is oppo- 
site the greater side. 




I. 



Intliel^ABC,letAABG>/.G. 
We are to prove AO AB. 

Draw the arc J5 2) of a great circle, making Z. B JD =^ A 0. 

Then I)C=DB, §747 

(if two A of a spherical A he eqiud (he sides opposite these A are equcU). 



Add 
then 



i>-4 to each of these equals; 
1)0+ DA==DB'\' DA. 



IL 



But I)B+DA>AB, §722 

{the sum of two sides of a spherical A is greater than the third side). 

.'.DC + I)A>AB, 01 AOAB. 
Let AOAB. 
We are to prove Z ABO Z 0, 
If ZABC = ZC,AC = AB, 

and if ZABC<Z C,AC<AB. 

But both of these conclusions are contrary to the hypothesis. 

.'.Z A BOZO. 

a E. D. 



§747 
Case I. 
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Pboposition XXVIII. Theorem. 

749. On uneqiuil spAeres mutually equiangular triangles 
are similar. 




From 0, the common centrei of two unequal spheres, 
draw the radii A, B and G cutting: the sur- 
face of the smaller sphere in a, b and c. Draw 
arcs of great circles, AB, AC, BC, ah, ac, he. 
We are to prove A ABC similar to A ah e. 

A A,B,C are equal respectively to A a, h, c, 
{since the coiTesponding dihedrals in each case are the same). 

In the similar sectors AOB and a Oh, 

AB :ah ::A0 :aO; §385 

and in the similar sectors A C and aOc, 

AC :ac::AO :aO, §385 

,\ AB : ah :: A C : ac. 

In like manner, AB : ah :: BC : he. 
That is, the homologous sides of the two A are proportional, 
and their homologous A are equal. 

»'. A ABC is similar to A a 5 c. 

Q. E. D. 

750. Scholium. The statement that mutually equiangular 
spherical A are mutually equilateral, and equal, or symmetrical 
and equivalent, is true only when limited to the same sphere, or 
equal spheres. But when the spheres are unequal, the spherical 
A are similar, but not equal. Hence, to compare two similar 
spherical A, it is necessary to know the linear extent of two 
homologous sides ; or, what is equivalent, to know the radii of 
the spheres. And, as in the case of plane A, two similar spheri- 
cal A have the same ratio as the squares of the linear measures 
of any two homologous sides, and therefore as the squares of the 
radii of the spheres. 
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On Comparison and Measurement op Spherical Surfaces. 

751. Dep. a LuTie is a part of the surface of a sphere in- 
cluded between two semi-circumferences of great circles. 

752. Dep. The Aiigle of a lune is ^ 
the angle included h^ the semi-circum- 
ferences which forms its boundary. 
Thus Z (7^ jB is the angle of the lune. 

753. Dep. A Spherical Ungida, or 
Wedge, is a part of a sphere bounded 
by a lune and two great semicircles. 

754. Dep. The Base of an ungula 
is the bounding lune. 

755. Dep. The Angle of an ungula 
is the dihedral of its bounding semicir- 
cles, and is equal to the angle of the bounding lune. 

756. Dep. The Edge of an ungula is the edge of its angle. 

757. Dep. The Spherical Excess of a spherical triangle is 
the excess of the sum of its angles over two right angles. 

758. Dep. Three planes which 
pass through the centre of the sphere, 
each perpendicular to the other two, 
divide the surface of the sphere into 
eight tri-rectangular triangles. Thus 
\Bthe three planes G A D B, CEDE 
and AEBF divide the surface of 
the sphere into the eight tri-rectangular 
triangles GEE, DEB, GBF, DBF, 
etc. 

As in Plane Geometry the whole 
angular magnitude about any point in a plane is divided by two 
straight lines perpendicular to each other into four right angles, 
and each right angle is measured by a quadrant, or fourth part 
of a circumference described about that point as a centre with 
any given radius ; so, if, through a point in space, three planes 
be made to pass perpendicular to one another, they will divide 
the whole angular magnitude about that point into eight solid 
right angles, each of which is measured by an eighth part of the 
suiface of a sphere described about that point with any given 
radius. 

And, as in Plane Geometry, each quadrant which measures 
a right angle is divided into 90 equal parts called degrees, so 
each of the eight tri-rectangular spherical triangles is divided 
into 90 equal parts called degrees of surface. Hence, the whole 
surface of the sphere is divided into 720 degrees of surface. 
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Proposition XXIX. Lemma. 

769. The area of the surface generated hy the revolution 
of a straight line about another line in the same plane with it 
as an axis, is equal to the product of the projection of the line 
on the axis hy the circumference whose radium is perpendicular 
to the revolving line erected at its middle point and termi- 
nated by tlie axis. 




Let the stmight line A B revolve about the axis T T 
in the same plane; let E F be its projection on 
the axis; and G the perpendicular taAB at its 
middle point C, and terminated in the axis. 

We are to prove area AB = E F X 2 ir OC. 
The surface generated hj AB is the lateral surface of the 
frustum of a cone of revolution. 

Draw CH±, and A D II, to YT. 

Then 2LT^AB = ABX2irCH, * §662 

(fhe lateral area of a frustum of a cone of revolution is equal to the slant 

Tieight multiplied by the circumference of a section equidistant from its 

bases). 

The AABD and C ff sltb similar; 

.\AD :AB ::CH : CO, 

But GH: CO :: 2 tt CH :2 ir CO, 

(circumferences of (D have the same ratio as their radii). 

.\AD '.AB ::2irCH :2'irC0. 

.\ADX27rC0 = ABX 2 it C H. 

.'. area oiAB = ADX2nCO. 

l^awAD^EF. 

.\8LTea,AB = EFX 2 n C 0. 

Q. E. D. 

760. Scholium. If either extremity of AB be in the axis 
YY',AB generates the lateral surface of a cone of revolution ; and 
if ^ J5 he parallel to the axis Y Y\ it generates the lateral area of 
a cylinder of revolution. In either case the formula holds good 



§287 
§375 



§135 
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Exercises. 

1. If, from the extremities of one side of a spherical triangle, 
two arcs of great circles be drawn to a point within the triangle, 
the sum of these arcs is less than the sum of the other two sides 
of the triangle. 

2. On the same sphere, or on equal spheres, if two spherical 
triangles have two sides of the one elqual respectively to two 
sides of the other, but the included angle of the first greater 
than the included angle of the second, then the third side of the 
first will be greater than the third side of the second. 

r 

3. To draw an^ arc perpendicular to a given spherical arc, 
from a given point without it. 

4. At a given point in a given arc, to construct a spherical 
angle equal to a given spherical angle. 

5. To inscribe a circle in a given spherical triangle. 

6. Given a spherical triangle whose sides are 60**, 80°, and 
100° ; find the angles of its polar triangle. 

7. The volume of a pyramid is 200 cubic feet ; find the vol- 
ume of a similar pyramid which is three times as high. 

8. Find the centre of a sphere whose surface shall pass through 
three given points, and shall £ouch a given plane. 

9. Find the centre of a sphere whose surface shall pass through 
three given points, and shall also touch the surface of a given 
sphere. 

10. Find the centre of a sphere whose surface shall touch two 
given planes, and also pass through two given points which lie 
between the planes. 
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Pbopositios yxx, Theorem. 

761. The area of the surface of a sphere i» equal to the 
product of its diameter by the circumference of a great circle. 




Lot ABODE be the circnmterence ot s great circle, 
and AD the diameter, and OA the radius of » 
sphere. 

We are to prove fur/aee of tpkere ^ A D X 2 v OA. 

Let the semicircle and any regular inEcribed semi<polygon 
revolve together about the diameter A^ D. 

The aemi-circumference will generate the etuface of the 
sphere, 

and the Bnmi-periiQeter a snr&ce equal to tbe som of the 
snriacea generated by the sides AB, BC, CD, etc 

Draw from the centre 0, ^ if, / and ^ to the chords 
AB,BC, Ci),etc. 

These J» bisect the chorda and are equal; §185 

.-.area JB = JPX 2^ OiT; § 759 

area5C=P-B X 2 «■ 01; 

and area GD = RD X 2 jr OK. 
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Adding, and observing that Hy 1 and K are equal, 

.\^%Q.ABC£> = AD X 2 IT OH. 

Now, if the number of sides of the regular inscribed semi- 
polygon be indefinitely increased, the surface generated by th« 
semi-perimeter will approach the surface of the sphere as its 
limit, and H will approach A as its limit. 

.'.at the limit we have 

surface of the sphere ^ADy^lifOA. §199 

Q. E. b. 



762. CoROijLART 1. If i? denote the radius of the sphere, 
then A D will equal 2 R, and A will equal R, Hence the 
surface of a sphere equals 2 R X 2 n R = ^ ir R\ 

763. Cor. 2. Since the area of a great circle of a sphere is 
equal to «■ R^ (§ 381), and the area of the surface of a sphere is 
equal to 4 «■ R^y the surface of a sphere is eqiial to four great 
circles, 

764. Cor. 3. If we denote the surfaces of two spheres by 
S and S^y and their radii by R and R^, we have S : S^ :: 4: ir R^ : 
4 TT R'^y 01 S : S' :: R^ : i?'^ ; that is, the surfaces of two spheres 
have the same ratio as the squares on their radii. 

765. Cor. 4. Since AS'=47ri?^ = 7r(2 R)^, the surface of a 
sphere is equivalent to a circle whose radius is eqtial to the diameter 
of the sphere. 
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Proposition XXXII. Theorem. 

769. If two circumferences of great circles intersect on 
the surface of a hemisphere y the sum of the opposite triangles 
this formed is equivalent to a lune whose angle is equal to 
that included by the semi-circumferences. 




Let the semi- circumferences BAD and CAE intersect 
at A on the surface of a hemisphere. 

We are to pi^ove A ABC + A DAE equivalent to a lune 
whose angle is B AC, 

The semi-circumferences produced intersect on the opposite 
hemisphere at A\ 

Then each of the arcs A D and ii' ^ is the supplement of 
AB, 

(two great (D bisect each other), 

.\AD = A'B. 

In like manner, A E = A' C smd DE = B C. 

.*. A ADE and A'BC are symmetrical and equiva- 
lent. § 743 

.\AABC-^AADE=-AABC+ A A' EC == lune 
ABA'CA. 

That \b,AABC'\-AADE=- lune whose /Li^BAC, 

Q. E. D. 

770. Corollary. The sum of two spherical pyramids, the 
sum of whose bases is equivalent to a lune, is equivalent to a 
wedge whose base is the luue. 
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Proposition XXXIII. Theorem. 
771. The area of a spherical triangle is equal to the 
tri-rectangular triangle multiplied hy the ratio of the spherical 
excess of the given triangle to one right angle. 




Let ABC be a spherical triangle, and T the area of 
the tri-rectangnlar triangle. 
Wearetoprove Z!^ ABC "= T {A A-\- B-^ C —2). 

Complete the circumference ABBE, 
Produce A G and BC to meet this circumference in JD and E, 
Then A ABC + BCD (=l\iue A) = TX 2 Z A, § 767 
A A B C + A C E {=hiue B) = T X 2 Z B, § 767 

AABC + DCE{=\\iueC) (§ 769)=TX2ZC, § 767 
By adding these equalities, 
2AABC + AABC-^BCD-^ACE+J)GE 
= TX2{AA-^B+C), 
But AABC + BCI) + ACE+ DCE=^IT, §758 

(t?ie surface of a hemisphere is equal to 4 tri-rectangular ^). 

.\2AABC-\-iT=TX2{AA'\-B+C); 
.\AABC = TX(AA'{-B+C-2). 

Q. E. D. 

772. Scholium 1. If Z ^ = 140°, ZB==- 120° and Z (7 = 
100°, a right angle being the unit, 

then,A^^(7 = ^(li2:+l^+l^-2)=2r. 
' \90° 90° 90° / 

773. ScHO. 2. To find the area of a spherical tmangle on a 
given sphere, the angles of the triangle being give^i, we may multi- 
ply the area of the hemisphere hy the ratio of the spherical excess 
to 366°. 

Thus \i ZA = 140°, ZB = 120° and Z (7 = 100°, since 
the hemisphere is 2 ir B^, we have A A BC = 2 v B^ X 
ZA + ZB^ZC- 180° ^ 1?2!- pa 
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Proposition XXXIV. Theorem. 

774. Tke area of a spherical polygon is equal to the 
tri-rectangular triangle multiplied by the ratio of the spherical 
excess to one right angle. 




Let P denote the area of the spherical polygon; S the 
sum of its angles; n the number ot its sides ; t, (/, 
^' . . . the areas of the triangles formed by drawing 
diagonals from any vertex A ; a, s!, sf' ... respec- 
tively the sums of the angles of these triangles; 
and T the tri- rectangular triangle. 

We are to prcyve P = ^ [^— 2 (w — 2)]. 

Now t = T(s-2), § 771 

(tJie area of a spherical A is equal to Us spherical excess multiplied into the 

area of the tri-rectangular A). 

e' = r (y - 2), § 771 

and <" = 2^(s"-2), ... 

By adding these equalities, 

<+«'+<'',... = ^ [« + ^^ + «"+... — 2 (» — 2) ]. 

But t-h t'-ht" + . .. = P', 

and « + y + «" + ... = & 

.\P=T[S-2{n-'2)]. 

Q. E. D. 
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775. Corollary. The volume of a spherical pyramid is to \ 
the volume of the tri-rectangular pyramid, as the base of the pyra- \ 
mid is to the tri-rectangular triangle. And, since the volume of i 
the tri-rectangular pyramid is ^ the volume of the sphere, and I 
the area of the tri-rectangular triangle is ^ of the surface of the I 
sphere ; the volume of a spherical pyramid is to the volume of the J 
iphere as its base is to the surface of the sphere, J 




776. Dep. a Zom£, is the part of the surface of a sphere in- 
cluded between two parallel circles of the sphere ; as the surface 
included between the circles ABC and EFG, 

777. Dep. The Bases of a zone are the circumferences of 
the intercepting circles; as circumferences ABC and EFG, 
If the plane of one base become tangent to the sphere, that 
base becomes a point, and the zone will have but one base. 

"^ 778. Dep. The altitude of a zone is the perpendicular dis- 
tance between the planes of its bases. 

779. Dep. A Spherical Segment is a part of the sphere in- 
cluded between two parallel planes. 

780. Dep. The Bases of a spherical segment are the bound- 
ing circles. 

One of the planes may become a tangent plane to the sphere. 
In this case the segment has but one base. 

781. Dep. The Altitude of a spherical segment is the per- 
pendicular distance between the planj^s of its bases. 
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782. Def. a Spherical Sector is a part of a sphere gener- 
ated by a circular sector of tlie semicircle whicli geaeratea the 
sphere ; a& AOCK. 

783. Dep. The Base of a spherical sector is the zone gener- 
ated by the arc of the circular sector ; aa AC K. 

The other bounding surfaces of a spherical sector may be 
one conical surface, or two conical surfaces ; or one conical and 
one plane surface. 

Thus, let J 5 be the diameter around which the semicircle 
A OS revolves to generate the sphere. The solid generated by 
the circular sector AOC will be a spherical sector having the 
zone A C KloT its base, and for its other bounding surface the 
conical surface generated by C 0. 

The spherical sector generated hj C D has for its base the 
zone generated by C D, and for its other surfaces the concave 
conical surface generated by D 0, and the convex conical surface 
generated by C 0. 

The spherical sector generated "by EO F has for its base the 
«one generated by E F, and for one surface the plane surface 
generated by E 0, and for the other Burfiice the concave conical 
flurface generated by FO. 
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Proposition XXXV. Theorem. 

784. The area of a zone is equal to the product of its 
altitude by the circumference of a great circle. 

A 




Let ABODE bB the circumfexence of a great circle, 
BC any arc ol this circumfeTence, and OA the 
radius of the sphere. And, let FE be the altitude 
of the zone generated by arc B C. 

We are to prove zone BG = P R X 2 n A. 

If the semicircle A BG D revolve about the diameter A D 
as an axis, the semi-circumference ABG D will generate the sur- 
fiace of a sphere ; the arc B G, o. zone, 

and the chord BGfSL surface whose area is Pi? X 2nOL §769 

Now if we bisect the arc B G, and continue this process in- 
definitely, the surface generated by the chords of these arcs will 
approach the zone as its limit ; 

the J. 01 will approach the radius of the sphere as its limit ; 

while F R will remain constant. 

.-. at the limit, zone BG = FRX2itOA. 

Q. E. D. 

785. Corollary 1. Zon^es on the same sphere, or equal 
spheres, Imve live saine ratio as their altitudes. 

786. Cor. 2. A zone is to the surface of the sphere as the 
altitude of the zone is to the diameter of the spfiere, 

787. Cor. 3. Let arc A B generate a zone of a single base. 
Then, zone AB = AFX 2 tt A, Hence, zone AB = nAF 

X AD = IT AB^. (§ 307.) That is, a zone of one base is equiih 
alent to a circle whose radius is the chord of the generating arc. 
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On the Volume op the Sphere. 



Proposition XXXVI. Theorem. 

788. The volume of a sphere is equal to the area of its 
surface multiplied hy one-third of its radius. 



G 




:>xd 



D 




Let R be the radius of a sphere whose centre is 0, S its 

surface, and V its volume. 

We are to prove V== JS X J jB. 

Conceive a cube to be circumscribed about the sphere. 

From 0, the centre of the sphere, conceive lines to be 
drawn to the vertices of each of the polyhedral A Ay By G, By etc. 

These lines are the edges of six quadrangular pyramids, 
whose bases are the faces of the cube, and whose common altitude 
is the radius of the sphere. 

The volume of each pyramid is equal to the product of its 
base by J its altitude. § 574 

.*. the volume of the six pyramids, that is, the volume of 
the circumscribed cube, is equal to the surface of the cube mul- 
tiplied by J B. 

Now conceive planes drawn tangent to the sphere, cutting 
each of the polyhedral A of the cube. 

We shall then have a ciTcumscribed solid whose volume will 
be nearer that of the sphere than is the volume of the circum- 
scribed cube. 
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From conceive lines to be drawn to each of the polyhedral 
A of the solid thus formed, a, 6, c, etc. 

These lines will form the edges of a series of pyramids, 
whose bases are the surface of the solid, and whose common alti- 
tude is the radius of the sphere ; 

and the volume of each pyramid thus formed is equal to 
the product of its base by \ its altitude. 

.*. the sum of the volumes of these pyramids, that is, the 
volume of this new solid, is equal to the surface of the solid mul- 
tiplied by J R, 

Now, this process of cutting the polyhedral A by tangent 
planes may be considered as continued indefinitely, 

and, however far this process is carried, it will always be 
true that the volume of the solid is equal to its surface multiplied 

But the sphere is the limit of this circumscribed solid. 

.\V==SX\R. §199 

Q. E. D. 

789. Corollary 1. Since ^= 4 5r 72^ (§ 762), V^iirR^'X 
\R = ^v R^, If we denote the diameter of the sphere by 

790. Cor. 2. Denote the radius of another sphere by R' and 

V ^w R^ R^ 
its volume by P: we have V'=^v R'\ •'•-^,=•7 — ?^~-?i75-' 

J y 3 y, f^jrR^^ R'^ 

That is, spheres are to each other as the cubes of their radii. 

791. Cor. 3. The volume of a spherical sector is equal to the 
product of the area of the zone which forms its base by one-third 
the radius of the sphere, ' 

Let R denote the radius of a sphere, C the circumference of 
a great circle, H the altitude of the zone, Z the surface of the 
«one, and T the volume of the corresponding sector. 
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Then (7 = 2 7ri?; 

s 

Z=CXH=2irRXH; 



§381 
§784 



792. Cor. 4. The volumes of spherical sectors of the same 
spherCy or equal spheres^ are to each other as the zcmes which form, 
their hoses, or as the altitudes of these zones. 

For, let V and W denote the volumes of two spherical 
sectors, Z and Z' the zones which form their bases, H and EP 
the altitudes of these zones, and R the radius of the sphere. 



Then 



And since 



V\^ Z X \R ^Z 

v z'xIr Z' 



z _ 


H 


Z' 


W' 


V 


H 


v 


W 



§785 
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793. CoR. 5. The volume of a spherical segment of one 
base, less than a hemisphere, generated by the revolution of a 
semi-segment ABC about the diameter A D, may be found by 
subtracting the volume of the cone of revolution generated by 
B G from that of the spherical sector A O B, 

In like manner, the volume of a spherical segment of one 
base, greater than a hemisphere, generated by the revolution of 
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A B'C may be found by adding the volume of the cone of revo- 
lution generated by B' C to that of the spherical sector gener- 
ated by ^ B', 

794. Cor. 6: The volume of a spherical segment of two 
bases, generated by the revolution of G B B' C about the diame- 
ter A D, may be found by subtracting the volume of the segment 
of one base generated hj A B C from that of the segment of 
one base generated by A B' C. 



Exercises. 



1. Given a sphere whose diameter is 20 inches ; find the cir- 
cumference of a small circle whose plane cuts the diameter 4 
inches from the centre. 

2. Construct, on the spherical blackboard, spherical angles of 
30^ 45°, 90°, 120°, 150° and 135°. 

3. Construct, on the spherical blackboard, a spherical triangle, 
whose sides are 100°, 80° and 70° respectively. What is true 
of its polar triangle 1 

4. Find the surface and volume of a sphere whose radius is 10 
inches ; also find the area of a spherical triangle on this sphere, 
the angles of the triangle being §0°, 85° and 100° respectively. 

5. If 7 equidistant planes cut a sphere, each perpendicular to 
the same diameter, what are the relative areas of the zones ? 

6. Given, two mutually equiangular triangles on spheres whose 
radii are 10 inches and 40 inches respectively j what are their 
relative areas ? 

7. Let V denote the volume of a spherical pyramid, S its base, 
E the spherical excess of its base, and R the radius of the sphere ; 
show that aS' = J «• i?^ E, and V=\ v B} E, 

8. Given, the volume of a sphere 1 728 inches : find its radius 
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9. Find the ratio of the surfaces, and the ratio of the volumes, 
of a cube and of the inscribed sphere. 

10. Find the ratio of the surfaces, and the ratio of the vol- 
umes, of a sphere and the circumscribed cylinder. 

11. Let r denote the volume and H the altitude of the spher- 
ical segment of one base, and R the radius of the sphere ; show 
that Y='aR'^{R — \ H). Also, find V when ^ ^ 12 and 
i7=3. 

12. Given, a sphere 2 feet in diameter; find the volume of a 
segment of the sphere included between two parallel planes, one 
at 3 and the other at 9 inches from the centre. (Two solutions.) 

13. A sphere 4 inches in diameter is bored through the centre 
with a two-inch auger ; find the volume remaining. 



THE END. 
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THIS work is based upon the assumption that Geometry is 
a branch of practical logic, the object of which is to 
detect, and state clearly and precisely, the successive steps from 
premise to conclusion. 

In each proposition, a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. The reason for each step is 
indicated in small type, between that step and the one follow- 
ing, thus preventing the necessity of interrupting the process of 
demonstration by referring to a previous proposition. The 
number of the section, however, on which the reason depends, 
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is placed at the side of the page ; and the pupil should be pre- 
pared,- when called upon, to give the proof of each reason. 

A limited use has been made of symbols, wherein symbols 
stand for words and not for operations. 

Great pains have been taken to make the page attractive. 
The figures are large and elegant, and the propositions have 
been so arranged that in no case is it necessary to turn the page 
in reading a demonstration. 

A large experience in the class-room convinces the author 
that, if the teacher will rigidly insist upon the logical form 
adopted in this work, the pupil will avoid the discouraging 
difficulties which usually beset the beginner in Geometry ; that 
he will rapidly develop his reasoning faculty, acquire facility in 
simple and accurate expression, and -lay a foundation of geo- 
metrical knowledge which will be the more solid and enduring 
from the fact that it will not rest upon an effort of the memory 
simply. 

Strong evidence of the merit of this book is found in the fact 
that since the beginning of the school year^ 1877-78, // has been 
introduced into one hundred and five Colleges and five hundred 
and eighiy-four High Schools and Academies^ of which a list 
May be seen on page 34. 

Teachers should not fail to examine this book before forming 
new classes. 
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